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HO  S E  who  are  content  with  learning  by 
rote  the  mechanical  rules  which  compofe  the 
practice  of  an  arty  without  any  JoUcitation  con-y 
cemwig  the feps  which  redjon  purfued  tti  their 
invefi^atidn,  are  more  fitted  for  works  of  labour 
than  of  genius  .*  however  their  cotempoi  aries 
may  admire  their  indujiry,  pofierity  will  never 
hear  of  their  improvements  and  inventions.  ^  In 
a  wordy  they  are  totally  void  of  that  fpirit  of 
enquiry y  and  liberality  of  fentiment  whichy  by 
exciting  the  mind  to  trace  effelfs  up  to  their 
caufes,  becomes  the  parent  of  difcoVery,  f  is  . 
this  difpofition  to  which  we  owe  the  perfeSlion  of 
the  artSy  and  the  extenfm  of  Jcience  i  and 
which,  with  pleafiire,  is  obferved  to  charadterize 
ihe  moft  eminent  of  thofe  whofe  purfuits  lead  them 
to  fiand  in  need  of  the  art  of  perfpeSlive. 

It  is  not  wonderfiily  then,  that  thofe  books 
which  treat  this  art  in  a  mechanical  manner, 
Jliould  difgufi  the  generality  of  their  readers,  or 
that  the  mofi  encouragement  dnd  attention  has 
been  paid  to  thofe  who  have  accompanied  their 
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precepts  'with  demonftratlons  of  their  evidence: 
But  as  it  muji  be  allo'wed  that  the  pradti  ceof 
perfpedlive  is  much  more  generally  underjlood 
than  the  reafons  on  'which  it  is  founded^  it  fol- 
lo'wsy  that  either  thefe  domonjirations  have  been 
unintelligible  for  'want  of  fo7ne  pracognita  'with 
"which  the  fudeiit  is  generally  unacquainted^  or 
elfe  their  evidence  has  been  too  feeble  to  engage 
attention^  or  efablijh  rejnembrance :  that  each  of 
thefe  may  have  been  the  cafe,  'will  appear  by  di¬ 
viding  the  theoretical  'writers  on  perfpedlive  into 
t'wo  clafes. 

In  the  firf  clafs  may  be  ranked  thofe  'writers 
who  have  treated  this  fubjedi  in  a  liberal  a?id  maf- 
terly  jnanner ,  by  inveJUgating  its  rides  'with  that 
geometrical  rigour,  and  applying  them  to  pradiice 
'With  that  univerfality,  'which  difinguijhes  the 
works  of  mathematicians  ;  but  as  they  reqidre 
forne  pre"oious  geometrical  knoivledge,  with  which 
mcf  of  thofe  to  whom  perfpedlive  is  more  imme¬ 
diately  necefary  are  unacquainted,  they  are  un¬ 
intelligible  where  they  are  moft  wanted,  and  con- 
fequently  ufelefs  "where  they  would  be  moft  prized. 

In  the  fecond  clafs  I  comprize  thofe  who  endea¬ 
vour  to  demonftrate  the  principles  of  perfpedlive 
ivithout  having  recourfe  to  mathematical  fpecu- 
lations.  Thefe  gentlemen  may  be  compared  to  an 
archil edl  who  'would  fupport  a  building  "whilft 
the  foundation  is  removed :  His  Jkill  and  contri- 
"cance  in  a  curious  difpojition  and  arrangement  of 
props,  might  be  worthy  of  commendation  -,  hut  his 
abjiirdhy  would  be  equally  ridiculous,  'was  he  to  af- 
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fure  ui  his  fabric  was  7norc  durable ,  beautiful  and  ^ 

convenient,  becaufe  it  food  upon  crutches,  I 
mean  not,  therefore,  to  depreciate  the  ingenuity  oj 
this  clafs  of  writers,  but  cannot  fubfcribe  to  their 
utility,  fheir  mode  of  demonftration,  by  an  in¬ 
finity  of  pafieboard  and  firing  machinery,  *  bears 
the  fame  relation  to  geometrical  reafoning,  which 
gefiures  and  dumb  Jhew  do  to  verbal  exprefiioni 
and  even  this  comparifon  is  more  honorary  than 
ill  ft  ‘yfor  gefiiculation  is  oj  real  advantage  where 
the  organs  of  hearing  or  of  fpeech  are  wanting  j 
but  if  the  underfianding  is  deficient  this  pafie¬ 
board  apparatus  is  ufelefs,  as  more  acutenejs  is 
required  to  comprehend  its  conftruuiion  and  ap¬ 
plication,  than  will  be  wanted  in  a  train  of  ge¬ 
ometrical  reafoning.  He  who  generoufiy  wijhes 
not  only  to  learn,  but  alfo  to  improve  any  mathe¬ 
matical  art,  Should  make  himjelf  rnafter  of  thofe 
mathematical  principles  on  which  it  is  founded  •, 
ctherwife  he  is  as  abfurd  as  one  who,  being  to  fettle 
in  a  foreign  country,  fpends  more  time  in  invent- 
ingfigns  and geft'Ures  to  make  liimfelfunderftood, 
than  would  render  him  rnafter  of  the  language  of 
its  inhabitants.  Nor  is  a  partial  and  confined 
idea  of  the  art  the  only  inconvenience  that  is  ob¬ 
tained  from  ftudying  this  clafs  of  writers for 
fame  of  them,  being  deficient  in  mathematical 


This  is  not  meant  as  a  refleftion  on  fuch  ingenious  ap¬ 
paratus  as  have  been  exhibited  in  leftures  on  this  iubjeT, 
(particularly  by  Mr.  Thomas  Malton)  which  are  ufeful  to  give 
a  general  introduftory  notion  of  iliis  art  to  beginners ;  and  are 
highly  entertaining  to  proficients. 

know- 
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knowledge,  ha^ve  fallen  into  errors  winch  they 
have  charged  upon  the  art  itfef  and  have  aCcu^ 
fed perfpeBive  ( whofe  utility  they  extol,  and  with 
whofe  charms  they  pretend  to  be  enamoured )  of 
imperfeaions  which  exift  no  where  but  in  then- 
own  conceptions.  Some  of  thefe  %vill  be  taken 
notice  (fin  the  courfe  of  this  work,  not  with  any 
intention  to- gratify  fpleen,  or  to  depreciate  per- 
fons  who,  in  other  infances,  inufi  be  allowed  to 
have  merit,  but  purely  to  vindicate  an  art 
founded  on  the  immutable  evide?ice  of  re  af on  and 
geometry,  fro7n  falfe  imputatmis. 

Dr .  Brook  Taylor  ts  the  mof  excellent,  as 
well  as  the  mof  concife  writer  on  this  fubjeSl. 
In  the  year  1715  he ^  new  modelled  the  art  of 
perfpeSltve,  and  comprized  it  in  a  few  pages  ele-^ 
gantly  deduced  from  geometrical  principles  :  but 
his  treatife  being  two  fpeculative  for  the  people 
for  whofe  ufe  he  intenfd  it,  and  the  fchemes  be^ 
ing  entirely  void  of  ornament,  which  he  after^ 
wards  thought  made  it  appear  fill  more  dry  and 
obfcure-,  in  iji^  he  re-publified  it  in  a  form 
Jomewhat  different  and  enlarged  the  plates  alfo 
are  more  ornamental  than  thofe  ofthe  firf  edition. 
Tet  his  fate  has  been  to  be  more  admired  and  ce^ 
lebrated  than  unneifood ,  Uis  work  has  been  ge~  ■ 
nerally  thought  only  fit  for  mathematicians.  He 
Jometimes  quotes  Euclid  in  his  demonf  rations,  and 
thereby  alarms  thofe  who  know  not  that  Euclid's 
Elements  are  built  upon  a  few  principles  of  com¬ 
mon  fenje,  without  whic/fthe  moft  domefic  and 
fimple  negotiations  of  life  cannot  be  tranfaBied  s 

and 
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find  that  ivhat  theyjhunas  fiihje^stoofublime  and 
intricate  for  their  ccmprehenfion,  are  only  the 
mo  ft  familiar  truth  made  artificial  by  regularity, 
and  difguifed  by  a  technical  language. 

PerJpeSli've  is  one  of  the  many  arts  which  owe 
their  being  to  geometry,  and  whofe  principles 
cannot  be  explained  with  fo  much  eafe,  elegance 
and  evidence  by  any  arguments  which  are  not 
derived  from  this  divine  fcience.  But  fiich  a 
profound  knowledge  of  geometry  as  cannot  be  ob¬ 
tained  without  intenfe  application,  and  a  very 
extenfive  capacity,  is  by  no  means  necef ary  to 

mderftand  the  principles  of  perfpebiive :  on  the 

contrary,  they  are  eafily^  deduced  from  a  Jew  oj 
the  moft fmple  and  ufejul propojitjons  in  Euclid  s 
Elements,  which  will  not  require  much  exertion 
of  the  underftanding  to  conceive  or  harrafs  the 
memory  to  retain  them ;  and  are^  as  appli¬ 
cable  to  many  other  arts  as  this  fop  which  f 
have  Jeledted  them  in  the  mtrodudtiqn  to  this 

work.  .  j 

To  expatiate  on  the  ufefuhiefs  of  geometrical 

knowledge,  would  require  greater  po^rs  than  I 

can  exert,  and  is  more  unnecefary,  as  that  tajk ^ 
has  been  fuperfeded  by  many  elegant  ^  writers  oJ 
every  age  and  country.  The  mind,  like^  the  body, 
acquires  firength  from  exercife.  Prejudice  and 
credulity  are  the  great  fources  of  error  ^  but  thofe 
who  are  accujtomed  to  that  cxadinefs^  and  imparti¬ 
ality  which  is  exerted  in  geometrical ^  enquiries, 
will  not  often  condemn  without  examination,  or 
adopt  without  proof.  For  theje  reafons  feme 
■  r  ■  '  know- 


S 


•  .<sr 


via 


P  R  E,F  A  C  F. 

knowledge  of  the  elements  of  geometry  has  ever 
been  conjidered  as  a  necejfary  appendage  to  a  li¬ 
beral  education ;  and  the  little  that  compofes  the 
intreduSlion  to  this  work^  is  but  what  the  young 
artiji  Jhould  be  acquainted  with,  even  if  it  had 
no  relation  to  his  bufmefs.  Surely  then,  when 
at  the  fame  time  it  is  the  foundation  of  that  art 
which  Jhapes  his  outline,  and  makes  his  piece  ap¬ 
pear  what  he  dcfgns  it  Jhould  reprefent,  he  will 
not  grudge  the  trouble  which  this  little  geometri¬ 
cal  knowledge  will  coft  him  to  attain. 

^  lam  not  ignorantthat  the  warmth  of  imagina¬ 
tion  and  luxuriance  of  fancy,  which  impels  the  mind 
to  the  cultivation  of  the  fine  arts,  is  little  cap¬ 
tivated  with  abfradied  and  difficult  fpeculations. 
It  is  ejfentially  different from  that  calm  and  pen- 
Jive  turn  of  mind  and  frength  of  reafon  that, 
withjilent  enjoyment  and  inflexible  induflry,  will 
trace  an  intricate  truth  through  all  its  mazes  and 
eluflons,  and  exult  in  the  dfcovery  with  a  zefl 
unknown  to  all  but  mathematicians :  thefe 
are^  formed  to  explore  the  meanders  of  the 
vein,  and  are  happy  to  dig  the  ore  of  fcience, 
whilfl  the  others  apply  it  to  the  convenience  and 
ornament,  of  life,  by  branching  it  into  thofe  arts, 
whofe  utility  adds  to  our  eaj'e  and  fafety ;  and 
whofe  poiifli  enlivens  our  fancy,  and  engages  our 
admiration.  ' 

fo  make,  therefore,  a  book  of  fcience  agree¬ 
able  to  an  artifl,  the  elementary  part  Jhould 
not  be  all  crowded  together,  but  the  irkj'omenej} 
of  abflruje  invefligation  fleould  be  conjlantly  re¬ 
lieved  by  pleaj'ant  and  ufeful  applications  to  prac¬ 
tice 
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tice,  that fo  without  lejfenhig  the  force  of  demon- 
f  ration,  it’*  rigour  may  be  lefs  obferved  by  ap¬ 
pearing  in  piecemeal.  . 

For  this  purpofe  in  th  e  difpofition  of  the  fol¬ 
lowing  work,  1  have  been  careful  to  blend  the 
Fheory  with  the  PraFiice.  The  Geometrical  Intro¬ 
duction,  extradled  from  Euclid,  1  have  endea¬ 
voured  to  render  more  agreeable  by  concife  ac¬ 
counts  of  the  life  of  each  Propoftion ;  and  have 
pointed  out  the  places  wherein  they  are  rej erred 
to  in  the  demo7if  rations  of  the  fever  al  Operations 
of  PerfpeBive,  in  order  to  convince  the  Tyro 
of  their  utility.  The  work  then  begins  with  an 
account  of  the  Nature  and  De/ign  of  Perfpec- 
tive  •,  this  is  followed  by  a  little  Theory  from 
which  a  rude  and  fmple  'method  of  Practice  is 
deduced ;  and  this,  by  a  gradual  enlargeffient  of 
Theory,  is  at  length  improved  to  the  mojl  concife 
and  general  Modes  of  Practice  hitherto  difco- 
covered.  The  utility  and  defeats  of  each  method, 
are  alfo  pointed  out,  and  the  latter  are  fupplied, 
by  confiderations  drawn  from  the  Geometrical 
Introdiitlicn,  in  a  more  ample  manner  than  is 
to  be  found  in  more  Voluminous  Works. 

In  order  to  render  my  reader  perfedily  mafer 
of  the  Jubjedi,  I  have,  by  way  of  Digrejions, 
explained  fo  much  of  the  nature  of  Catoptrics, 
and  the  conftrudiion  of  the  Eye,  as  will  make 
him  underfand  the  manner  in  which  Vifion  is  per¬ 
formed-,  and  will  enable  him  to  judge  of  fever  al 
controverted  points  better  than  fame  writers  fee  m 
to  have  done. 
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7;2  the  choice  of  Examples  I  have  Jl tidied  life 
and  fmpUcity  more  than  intricacy  and  ofenta- 
tion,  and  have  laboured  more  to  afjift  the  fkill 
of  the  learner  than  to  difplay  my  own.  Prifms 
on  multiform  Bafes,  and  in  every  variety  offtu- 
at  ion  ^  with  their  fdes  dtverfified  with  the  likenefs 
of  doors  and  windows  ^  and  their  tops fhaped fmilar 
to  the  roofs  of  houfes,  are  efeemed  more  proper  to 
dliifrate  this  fiibjehi  than  the  Platonic  Bodies, 
which  are  fo  much  paraded  with  in  tnoft  books 
on  thisfibjeSi  j  but  which  are  as  void  of  utility 
to  the  Artift,  as  their  greek  names  are  void  of 
Harmony  to  the  ear:  nor  is  the  double-crofs  Jo 
largely  expatiated  on  in  this,  as  in  many  works 
(f  this  kind:  but  to  make  amends  for  this  neg- 
lehf,  I  have  enlarged  on  points  %vhofe  importance 
and  difficulty  will,  I  hope,  apologize  for  pro¬ 
lixity. 

Ornament  does  not  facilitate  perfpicuity ;  fine 
prints  are  valuable  as  pieces  of  art,  but  they  are 
ufelej's  in  books  offcience  :  Ifobfcurity  is  avoided, 
beauty  may  be  dffpenfed  with,  provided  there  is 
an  adequate  abatement  in  the  price  of  the  book: 
it  is  hoped  this  will  fuffice  for  want  of  elegance 
in  the  Plates,  which  were  not  intended  to  pleafe 
the  eye,  but  to  ajjifi  the  iinderfianding. 

A  treatife  on  a  jiibject  -which  has  been  handled 
By  a  fuccejjion  of  men  eminent  for  genius  and  in¬ 
vention,  cannot  abound  with  new  Difcoveries  : 
claims  to  novelty  mujl  arife  more  Jrom  manner 
than  matter :  at  the  Jame  time  it  is  hoped  no¬ 
thing  of  Importance  is  omitted  that  can  be  found 
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mother  works  of  this  nature  %  and  that  fome 
things  of  confeqtience  are  explained  which  have 
hitherto  been  very  little  touched  upon,  if  not 

wholly  negleSied.  ^  . 

It  would  be  equally  foolijh  and  vain  to  Jup- 
pofe  I  have  been  fo  happy  tn  my  defgns  and 
execution  as  to  preclude  all  juft  reprehenjion :  or 
that  there  is  no  wajit  of  regularity  in^  the  ar¬ 
rangement  of  the  work,  no  inelegance  in  the  de- 
monft rations,  or  no  incorreltnefs  of  ftyle,  to  en¬ 
title  me  to  cenfure  j  per  haps  in  fome  places  I  ant 
tedioufty  prolix,  and  in  others  olfcure  through 
brevity :  but  as  care  has  been  taken  to  guard 
againft  thele  faults,  it  is  to  be  hoped  they  do 
not  fo  much  abound  as  to  deferve  the  condemn¬ 
ation  of  the  candid  and  judicious,  who  know 
how  much  eafier  it  is  to  difcover  faults  than  to 
avoid  them.  • 


t 
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INTRO- 


intro  duction* 


containing  such 

» 

Geometrical  Propofitions, 


(Extra^edfrom  Euclid s  Elements J 

As  are  neceflary  to  demonftrate 

I 

the 

PRINCIPLES  »/  PERSPECTIVE. 


I  N  TROD  U  C  T  I  ON. 

IT  may  be  proper,  before  we  fet  out,  to 
apprize  the  Learner,  that  the  improve¬ 
ment  he  will  derive  from  reading  any  Boole 
of  Science,  will  he  nearly  proportionable  to 
the  Care  and  Attention  with  which  he  pe- 
rqfes:  it  that  the  following  Work  will  bq 
read  to  mod  advantage  in  the  order  in  which 
it  is  printed:  and  that  if  he  draws  the  feve- 
ral  fchemes  on  a  larger  fcale  than  are  here 
exhibited  the  advantages  he  will  derive 
therefrom  will  niore  than  compenfate  for  the 
trouble. 

Bxplanaiion  of  Chnra^ers, 

+  This  mark  is  called  and  when  it 

hands  between  two  quantities,  it  flaews  they 
are  to  be  added  together.  Ex.  A+B  is  read 
A  plus  B,  and  means  that  the  quantity  repre- 
prefented  by  A  is  to  be  added  to  that  repre- 

fented  by  B.  _  j  u 

This  mark  is  called  wzzzzzj- :  and  when 

placed  between  two  quantities,  it  means  that 
the  quantity  which  follows  it  muft  be  fub- 
tradted  from  that  which  precedes  it.  Ex. 

— B  is  read,  A  minus  B;  and  means  that  the 
quantity  reprefented  by  B,  muft  be  fubtradt- 
ed  from  that  reprefented  by  A. 


ExpLinatton  of  Charadfors, 

X,  Is  the  mark  for  Multiplication,  and 
when  placed  between  two  quantities  it  ihews 
,mey  are  to  be  multiplied  together.  Ex.  AxB, 
Ihews  the  quantities  reprelented  by  A  and  B 
are  to  be  rnultiplicd  together. 

When  one  quantity  is  to  be  divided  by  an¬ 
other^  quantity,  we  draw  a  line  below  the 
lormer,  and  ^nte  the  latter  underneath  ;  as 
for  example  -g-  ihews  that  the  quantity  repre, 

fented  by  A,  is  to  be  divided  by  that  repre¬ 
lented  by  B.  ^ 

This  mark  =  muft  be  read  equal  td'  and 
lignihes  that  the  quantity,  or  quantities,  which 
precede  it  are  equal  to  thofe  which  follow 
It.  Thus  A-B  fignifies  that  the  quantity  de- 
uo^d  by  A  IS  equal  to  that  denoted  by  B. 

To  exemplify  all  this,  fuppofe  A  fignifies 
12,  and  B  fignifies  3,  that  is  A=i2  and  B:^^, 
Then  is  A  +  B=if 

A-B=9 

AxB^-36 

A_ 

.  B  r4 
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/ 

B  O  O  K  I. 

definitions. 

1. 

A  Point  is  that  which  hath  no  parts,  pr 
magnitude. 

11. 

A  line  is  length  without  breadth. 

IV. 

A  right  line  is  that  which  is  perfefty 
ftraight,  or  which  every  where  tends  the 

fame  way. 

V. 

A  furface  is  that  which  has  only  length 
or  breadth;  or  concerning  which  the  idea 
of  thicknefs  does  not  enter  into  confideration. 

VII. 

7  A  Plane  furface  (generally  called  a 
plane)  is  that  which  lies  evenly  between  its 
boundaries:  or  which  every  where  agrees 
with  a  right  line  paffing  through  any  two 

points  in  that  furface.  VIII 


*  •  • 

xvm 
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lA. 


A  right  lined-angle  (fimply  and  generally 
called  an  angle)  is  the  inclination,  which  two 

other  in  a  point  have  to  each 


An  angle  then  is  [aid  to  be  greater  or  lefs  ac^ 
cording  as  the  lines  which  form  it  are  lefs  or 
more  mclined  to  each  other:  and  this  inclina¬ 
tion  IS  meafured  by  defcribing  a  circle  (CCD) 
aboui  the  angular  point  (A)  ^  center-,  and  the 

arch  (B  C)  intercepted  between  the  lines  form¬ 
ing  the  angle  it  its  meafure. 

arch  magnitude  of  the 

arcu  C)  which  meafiires  an  angle  (B  A  C) 

or  the  proportion  which  it  bears  to  the  whole 
circiimjerence  of  the  circle  (B  C  D).  Ehe  faid 
circumference  is  fuppcfed  to  he  divided into\f>c 
equal  parts  called  degrees :  each  of  thefe  is  again 
diviydmlo  6o  equal  parts  called  minutes:  and 
each  oj  thefe  ( when  very  great  accuracy  is  re¬ 
quired)  IS  fubdivided  into  to  equal  parts,  called 
Jeconds.  And  the  angle  is  faid  to  be  off  many  de¬ 
grees  minutes,  and  feconds,  as  are  contained  in  the 
arch  intercepted  between  the  lines  %vhichform  it. 


If  a  right  line  (D  C)  Handing  upon  ano¬ 
ther  right  line  fA  B)  make  the  angles  on  each 
fide  of  It  (as  A  C  D  and  B  C  D^)  equal  to 

4  each 


When  leveral  angles  are  formed  at  the  fame  point  they  are 
diftinguilhed  by  three  letters,  the  middle  one,  of  ^yhich  ex- 
prefles  the  angular  point,  and  the  other  two,  the  extremeties 
Qi  the  lines  forming  the  angle. 
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each  other,  each  of  thofe  angles  ^ 

rirht  angle,  and  thofe  lines  (A  B)  and  D) 
are  faid  to  be  perpendicular  to  each  other. 

XL 

An  Obtufe  Angle,  is  that  which  is  greater 
than  a  right  angle. 

r/ius  %e  angle  A  C  E  is  obtufe  becaiife  it 
is  greater  than  the  right  angle^  A  C  D 

XII. 

An  Acute  Angle,  is  that  which  is  lefs  than 

a  right  angle.  • 

<rhus  the  angle  E  C  B  is  acute  becauje  it  is 

lefs  than  the  right  angle  D  C  B. 

XIV. 

A  Fkure,  is  any  bounded  fpace;  and  if  it  is 
formed  on  a  plane  furface,  it  is  called  a  plane 

figure. 

XV. 

A  Circle  Is  a  plane  figure  bounded  by  an 
uniformly  curved  line,  called  its  Circumjerence, 
to  which  all  lines  drawn  from  a  certain  point 
within  the  figure  are  equal:  which  equal  lines 

are  called  Radii, 

XVI . 

And  that  point  is  called  the  cmlcr  of  the 
circle. 


XVII 
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XVII. 

^he  diameter  of  a  circle  is  a  right  line  drawn 
through  the  center,  and  terminated  at  both 
ends  by  the  circumference. 

XVIII. 

^  f^icircle  is  a  plane  figure  bounded  by  a 
diameter,  and  that  part  of  the  circumferenpe 
of  a  circle  cut  off  by  that  diameter. 

A  B  DE  is  the  circumference  %  C,  its 
center  i  B  C,  AC  W  CD  &c.  are  Radii: 
B  D  w  a  diameter:  and  thefgure  B  E  D 
^  femicirclf, 

XXI. 

^  A  plane  figure  bounded  by  three  right  lines, 
js  called  a  triangle. 

XXIL 

Any  plane  figure  bounded  by  four  righ'l 
lines  is  called  a  quadrangle. 

xxni. 

Plane  figures  bounded  by  rnore  than  four 
right  lines  are  called  Polygons.  Whereof  thofe 
having  five  fides  are  called  Pentagons,  thofe 
having^  fix  fides  are  Hexagons,  thofe  having 
feven  fides  are  Heptagons,  thofe  having  eight 
fides  are  05iagcns,  &c. 

If  the  fides  and  angles  of  a  polygon  are  all 
e^ual,  it  is  called  a  Regular  Polygon',  or  a 

Regular 
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XXI 


Regular  Pentagcn,  Cfeven 

according  as  it  confifts  of  tive,  lix, 

lides,  &c. 

XXIV. 

An  Equilateral  ‘Triangle  is  that  whofe  fides 
are  all  equal- 

XXV. 

An  Ifofceles  T'riangle  is  that  which  hath  two 
equal  fides. 

XXVII. 

A  right  angled  Triangle  is  that  which  hath 
one  ri^t  Angle. 

XXX. 

A  is  a  quadrangle, 

equal,  Ld  whofe  angles  are  all  right  angles. 

XXXI. 

A  ReBangle  is  a  quadrangle,  whofe  angles 
are  all  right  angles,  but  whofe  fides  are  not 

all  equal. 

XXXII. 

A  Rhombus'^  a  quadrangle  which  has  all  its 
fides  equal,  but  its  angles  are  not  right  angles. 

XXXV. 

Parallel  Lines  are  fuch,  which  being  fitii- 
ated  in  the  fa(ne  plane  are  every  where  equally 
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diftant;  or  jf  infinitely  produced  both  ways 
WiJJ  never  meet. 

^  T/ieJormer  oj  thefe  definitions  of  parallel  lines 
tmpaes^  tJ:e  latter,  but  it  lays  m  under  the  tieceffity 
oj  dejming  what  is  meant  by  the  difiance  of 
a  point  from  a  line. 

_  Tfhe  difiance  ofi  a  point  (A)  firom  a  line  (B  C) 
IS  a  right  line  (A  D)  drawn  from  the  given 

point  {A)  perpendicular  to,  and  terminated  by 
that  line.  - 

XXXV!. 

A  faralkhgram  is  .1  quadrangle,  whofe  op- 
polite  iides  are  parallel. 

I  have  been  obliged  tofiollow  the  order  of  Euclid 
m  his  definitions,  becaufe  of  the  quotations  in 
the  enfiumg  work,  but  it  would  have  been  better 
to  have  placed  the  q^^th  definition  immediately 
after  the  loth,  and  the  ^^6th  (which  is  omitted 
in  Euclid)  fliould  have  preceded  the  -joth  • 
Jor  a  redlangle  is  only  that  f pedes  ofi  a  Lrai 
ielograni,  whofie  angles  are  all  right :  and  a 
Jquare  is  that  particular  kind  ofi  redangle,  whole 
Jnes  are  all  equal.  I  Jhall  conclude  with  what 
Euclid  makes  his  34th  definition. 

Every  quadrangle  which  is  not  a  parallelo¬ 
gram,  is  called  a  trapezium. 


POSTULATES 


fit  1^1 


L 
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POSTULATES*. 

1.  That  a  right  line  may  be  drawn  through 
any  two  points. 

2.  That  a  given  right  line  may  be  conti¬ 
nued  or  lengthened  at  pleafure  from  each  end. 

3.  That  about  any  point  as  a  center,  and 
with  a  radius  equal  to  any  given  line,  a  circle 
may  be  deicribed. 

A  X  I  O  M  S  J}. 

1.  Things  equal  to  one  and  the  fame  thing' 
are  equal  to  each  other. 

2.  If  equal  things  be  added  to  equal  things, 
the  fums  will  be  equal. 

3.  If  equal  things  be  taken  from  equal 
things,  the  remainders  will  be  equal. 

6.  Things  that  are  double  of  the  fame 
thing,  are  equal  to  each  other. 

7.  Things  that  are  halves  of  the  fame  thing, 
are  equal  to  each  other. 

8.  Such  figures  as  being  laid  upon  each 
other,  every  where  agree,  are  equal :  that  is, 
the  fides  and  angles  of  the  one  arc  refpedtively 
equal  to  the  fides  and  angles  of  the.  other. 

'  9.  The 


*  A  poftulafe  is  a  petition  for  the  learner's  aflent  to  the  pofll- 
bility  of  performing  feme  very  eafy  operation ;  the  method  of 
doing  which  is  obvious  to  every  one,  or  which  every  one  imme¬ 
diately  knows  he  can  do  without  any  inftruftions. 

II  An  Axiom  is  a  truth  fo  very  apparent  as  to  Hand  in  no 
need  ofdemonftration:  but  extorts  an  alTentasfoon  as  propofed 
bv  being  lelf-evident.' No  truth,  however  certain,  can  be  ad¬ 
mitted  5s  an  Axiom,  unlefs  its  evidence  can  be  immediately 
undtrftood  without  any  argument  to  enforce  it. 
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9.  The  whole  is  equal  to  all  its  parts 
taken  together,  and  is  greater  than  any  part 
alone. 

10.  Two  lines  cannot  include  or  bound 
a  fpace. 

12.  If  two  right  lines  (A.  E  and  A  B) 
meet  in  a  point  (A)  they  cannot  be  both 
parallel  to  another  line  C  D.  tho' more 

flain  than  Euclid’s  i2t\\  jdxiom,  is  hardly  felf 
evident :  voherefore  let  A  C  and  F  G  he  both 
perpendicular  toC  F).  Thc?i  ^'A  B  is  parallel  to 
C  D,  voe  have  F  G  =  A  C  fby  Def.  35.^  alfo 
if  BE  is  parallel  to  C  D  then  is  F  H^^A  C. 
Wherefore  (by  Axiom  i.)  F  G=F  FI,  apart 
to  the  ivhole^  which  is  impojjible-,  confequently  if 
A  B  is  parallel  to  CD,  A  E  is  not  fo. 

PROPOSITIONf  I. 

,  Problem. 

Upon  a  given  right  line  (A  B)  to  defer ibe  an 
equilateral  triangle  (A  B  C.) 

id.  About  A,  as  a  center,  with  the  dif- 
fance  A  B,  deferibe  the  arch  of  a  circle  B  C 
(bypoft.  3.) 

2d.  About 


f  A  Propofition  is  either  an  aflertion  of  fome  property,  whofe 
truth  is  to  be  inveftigated;  in  which  cafe  it  is  called  a  Theorem. 
Or  it  is  fome  pradical  opperation  propnfed  for  performance; 
and  then  the  Prepojition  is  called  a  Problem,  as  in  the 
Cafe  before  us. 
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.  2d.  About  B,  as  a  center,  with  the  fame , 
idiftance  A  Bj  dcfcnbe  the  arch  A  G.  cutting 
the  former  arch  B  C,  ill  the  point  C. 

3d.  Draw  A  C  and  B  C  {hypojl.i.)  then  is 
ABC,  an  equilateral  triangle,  whofe  fides'are 
all  equal  to  A  B.  Q^E.  F,  \v, 

demonstration. 

For  becaufe  A  is  the  center  of  the  arch  BC/ 
A  C  is  equal  to  A  B  (by  Def.  15.)  And  be¬ 
caufe  B  is  the  center  oWhc  arch  A  C,  B  C 
is  alfo  equal  to  A  B  {by  Def.  15.)  wherefore 
A  C  and  B  C  being  both  equal  to  A  B,  they 
are  equal  to  each  other  {by  Ax.  i.)  confe- 
quently  the  fides  A  C,  B  0  and  A  B  being 
equal,  the  triangle  ABC  is  equilateral  {by 
Def.  2^.  J 

This  problem  is  ujed.  to  demoif  rate  fever al 
other'  propoJitionSy  It  alfo  fumijhes  us  'with 
a  method  of  dividing  a  given  line  into  any 
number  of  equal  parts. 

'Thus  to  divide  the  line  A  B  into  4  tqual 
parts :  fet  off  on  any  other  line  C  D  4  equal  parts _ 
from  C  D ;  and  on  C  D  make  an  equilateral 
triangle,  C  E  D,  and  from  the  Vertical  angle 
C  E  D  draw  lines  to  the  divfons  on  C  D  j 
then  will  this  triangle,  C  E  D,ferve  us  to  divide 
any  line,  that  is  kfs  than  C  D,  into  4  tqual 
parts :  thus  take  the  difianee  A  B  in  the  com-^ 
pafes  and  lay  it  from  E  on  both  files  E  C  and 
E  D  to  F  and  G,  then  draw  F  G,  which  will 
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he  equal  to  KB  and  will  he  divided  into  4  equal 
farts  by  the  lines  drawn  from  the  vertical  angle 
E  to  the  diviftons  on  C  D,  as  the figure  fiiews. 

The  reafon  of  all  this  will  appear  when  the 
reader  underfiands  the  propofitions,  we  have 
extracted from  the  6  th  book, 

PROPOSITION  II. 

Problem. 

At  a  given  point  (A)  to  put  a  right  line  equal 
to  a  given  right  line  (B  C.) 

1 .  At  the  given  point  A  as  a  center,  with  a 
radius  equal  to  the  given  line  B  C  deferibe  the 
arch  of  a  circle  D  E  [by  pofi.  3.) 

2d.  Draw  aline  ^A  D)  from  the  center  A  to 
the  circumference  D  E  of  this  arch,  then  ihall 
this  line  A  D  be  equal  to  the  given  line  B  C, 

DEMONSTRATION. 

It  is  evident  from  this  conftrudlion  and  def, 
15.  that  all  lines  drawn  from  the  center  A  to 
the  circumference  D  E,  muft  be  equal  to 
the  given  line  B  C,  confequently  A  D  muft  be 
equal  to  B  C.  Q^E.  D. 

This  problem  is  as  necejjary  in  almoft  every 
practical  operation  as  its  folution  is  eafy. 

PROPOSITION  III. 

Problem. 

Two  unequal  lines  (A  B  and  C  D)  being  gi¬ 
ven  ;  to  cut  ofi'  from  the  greater,  (A  B)  a  part 
(A  E)  equal  to  the  lefs  (C  D.) 


At 
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,  At  the  extremity  (A)  of  the  greater  line 
(A  B)  as  a  center,  with  a  radius  equal  to  the 
lefs,  (C  D)  defcribe  the  arch  of  a  circle  [ly 
pojl.  3.)  cutting  A  B  in  E,  then  is  A  E  a  part 
of  A  B,  equal  to  C  D.  Q^E.  F. 

I'his  is.  too  evident  to  need  demonfir ation, 
^his  problem  is  as  ufeful  and  extenjive  in  a}^ 
lication  as  the  preceding. 

PROPOSITION  IV. 

T^heorem. 

■.  If  there  are  two  triangles  (ABC)  and  (D 
E  F)  having  two  Jides  (A  B)  and  (A  C)  and 
their  contained  angle  (A)  in  the  one^  refpediively 
equal  to  two  Jides  (D  E)  and  {T>  F)  and  their 
contained  angle  (D)  in  the  others  then  will 
thofe  triangles  be  equal  in  all  refpedls :  that  is, 
the  remaining Jide  (BC)  in  the  one,  will  be  equal 
to  the  remaining  jide  (E  E)  in  the  other,  and 
the  remainingangles  (B  and  C)  in  the  one  triangle, 
will  be  equal  to  the  remaining  angles  (E  and  F)- 
in  the  other each  to  each,  which  are  oppofite 
to  equal  fides, 

DEMONSTRATION. 

Conceive  the  point  D,  to  be  laid  on  the 
point  A,  and  the  line  D  E,  upon  jihe  line 
A  B,  then,  becaufe  thefe  lines  are  equal,  the 
point  E  will  fall  upon  B  ;  alfo  becaufe  the 
angle  D,  is  eoual  to  the  angle  A,  the  line 

PF 
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D  F  will  coincide  with  A  C;  and  fince  thefe 
lines  are  equal  {by  fuppojition)  the  point  F  will 
fall  on  C,  wherefore  the  line  E  F  coincides 
with  the  fide  B  C,  and  the  two  triangles  (A  B 
C  and  D  E  F)  agree  in  all^refpedis  {Vide  Ax. 
8.)  ^E.  D. 

'T'bis  propofdion  is  of  ufe  to  demonflrate  the 
next,  as  well  as  many  others,  and  will  be  wanted 
in  page  i  of  the  enfuing  work. 

PROPOSITION  V. 

Theorem. 

The  angles  (B  and  C)  at  the  bafe  *  {B  C)  f 
an  ifofceles  triangle  (ABC)  are  equal. 

-  DEMONSTRATION. 

Conceive  the  line  A  D,  to  be  fo  drawn  as 
to  divide  the  angle  at  A  into  the  two  equal 
parts  BAD  and  D  A  C,  then  hecaufe  B  A 
is  equal  to  A  C  {by  Juppodtion)  and  the  fide  A 
D  is  common,  the  two  triangles  BAD  and  D 
A  C  will  have  two  fides  B  A  and  A  D,  and 
the  included  angle  BAD,  dn  the  one  trian¬ 
gle,  equal  to  the  two  fides  A  C  and  A  D,  and 
the  included  angle  D  A  C,  in  the  other  tri¬ 
angle  ;  wherefore  the  correfponding  angles  C 
and  B  (which  are  oppofite  to  the  equal  fides 
A  B  and  A  C)  are  equal  {by prop.  4.) 

PROPOSITION 


*  The  bafe  of  hgurs  is  thathde-on  which  it  is  fuppofcd 
eC  ftaiid. 
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PROPOSITION  VI. 

theorem. 

If  two  angles  (A  B  C  dnd  K  C  W)  of  a  tri¬ 
angle  (A  B  C)  are'  equal,  the fides  (A  B  and 
A  C)  oppofite  to  them  will  be  equal. 

DEMONSTRATION. 

For  if  the  fides  A  B  and  A  C  are  not  equal 
let  one  of  them,  as  A  C,  be  the  biggeft, 
from  which  cut  qff  a  part,  C  D  equal  to  A  B. 
(by prop.  3.) 

Then  in  the  two  triangles,  ABC  and  D 
B  C,  the  two  (ides  A  B  and  B  C,  with  the 
included  angle  A  B  C,  in  the  one  triangle 
(A  B  C)  is  equal  to  the  two  fides  D  C  and  B 
C,  and  the  included  angle  D  C  B  in  the  other 
triangle  (D  B  C)  wherefore  ( by  prop.  4.)  thofe 
two  triangles  (A  B  C  and  D  B  C)  are  equal 
in  all  refpedts,  which  is  impoffible,  there¬ 
fore  .  the  fides  A  B  and  A  C  cannot  be  une¬ 
qual.  Q^E.  D. 

« 

Corol. 

Hence  if  all  the  angles  of  a  triangle  are  equal, 
all  the  fdes  niufi  be  equal,  and  the  triangle  is 
equilateral  (Def.  24.) 

T/6/j  propofition  will  be  wanted  to  demonfrate 
the  19th.  Alfo  by  it,  and  the  32d  we  know  that 
if  one  angle  of  a  right  angled  triangle  is  equal 
to  45®.  the  other  is  alfo  equal  to  45".  and  the 

c  3  two 
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tivo  fide s  are  equal y  and  thence  we  have  an  eafy^ 
way  to-weafurc  the  height  of  a  building  h.  B^for 
f  we  take  a  quadrant  and  go  from  the  building 
till  thc^  plumb-line  cuts  as  in  the  point  C, 
the  eye  is  then  at  the  fame  horizontal  diftance  B  C 
as  is  equal  to  the  height  of  the  building  A  B  above 
the  eye. 

PROPOSITION  VIII. 

theorem. 

If  the  three  fdes  of  one  triangle  (A  Bjt)  are 
refpcdlively  equal  to  the  three  f  des  of  another 
triangle  (D  E  E)  the  correfponding  angles  (A 
and  D,  B  and  E,  C  and  F)  which  are  oppojite 
to  the  equal fdes  (A  B  and  D 'Ey  B  C  and  E  F, 
A  C  and  D  F)  will  be  equal y  and  the  triangles 
will  be  equal  in  all  refpelis, 

DEMONSTRATION. 

On  the  point  B,  as  a  center,  with  the  ra¬ 
dius  equal  to  B  A,  deferibe  an  arch  A  f 
through  the  point  A  {by  poft  3.)  alfo  on  C  as  a 
center  with  the  radius  C  A,  deferibe’ another 
arch  (A  e)‘paffing  through  the  fame  point  A. 
Suppofe  now  the  line  E  F  to  be  laid  on  the 
line  B  C  they  will  agree,  becaufe  they  are 
fuppofed  equal  j  alfo  becaufe  D  E  is  equal  to 
A  B,  the  point  D  muH  fall  fomewhere  in  the 

arch 


*  An  Archy  or  an  Arc  is  any  part  of  a  circumference  of  a 
circle.  .  •  v  .  :  < 
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arch  Af  (by  Def.  15.)  and  becaufe  D  F  is 
equal  to  A  C,  the  faid  point  D  muft  fall  fome- 
where  in  the  arch  A  e  j  feeing  then  the  point 
D  falls  in  both  the  arches  A  e  and  A  f,  it  muft 
fall  on  the  point  A,  where  thofe  arcs  inter- 
fedt  each  other,  and  the  triangles  muft  agree 
in  all  refpedts  (by  Ax.  8.j  Q4_E.  D. 

^his  proportion  will  enable  us  to  perform  the 
?3d-  when  we  are  unprovided  with  any  in- 
Jlrument  to  meafure  an  angle  we  cany  from  this 
confideration,  take  the  plot  of  a  fieldy  ^c.  by 
tneafuring  its  fides  and  diagonal, 

PROPOSITION  IX. 

Problem. 

P’0  bifeBy  or  divide  a  given  angle  (B  AG) 
into  two  equal  parts  (BAD  and  D  A  C.) 

At  the  angular  point  A,  as  a  center,  with 
any  radius  at  pleafure  defcrlbe  an  arch  (B  C) 
cutting  the  fides  of  the  given  angle  in  the 
points  B  and  C.  {by  pofi.  3.) 

At  each  of  thefe  points,  as  centers,  with 
the  fame  radius,  deferibe  arcs,  cutting  each 
other  in  D. 

Laftly,  draw  A  D,  which  will  bifedl  the 
given  angle  BAG,  as  required. 

DEMONSTRATION. 

In  the  two  triangles  BAD  and  DAG,  we 
have  A  B=A  G  j  B  D=D  C  and  the  fide  A  D 
common  to  both,  wherefore  feeing  the  three 

c  4  fides 
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Tides  of  one  triangle,  B  A  D»  are  refpcd;ivel3r 
equal  to  the  three  hdes  of  the  other  triangle 
D  A  C,  the  correfponding  angles  BAD  and 
D  A  C  (which  are  oppohte  to  the  equal  Tides 
B  D  and  D  C)  are  equal,  (by  prop.  8.)  and  be- 
caufe  thefe  equal  angles  together,  compoTethe 
given  angle -B  AC,  that  angle  is  bifedled.  Q. 
E.  F. 

This  is  a  7noJi  ufeful  problem  in  pradiicnl  geo-, 

me  try,  as  it  helps  us  to  perforfji  many  others: 

alfo  fince  by  this  method  of  bifeBting  an  angle, 

we  alfo  bifeBt  the  arch,  which  trieafures  that 

(ingle,  we  can,  by  continual  bifeBiions,  divide  a 

quadrant  into  eight  equal  parts,  whereby  the 

whole  circumference  of 'the  circle  will  be  divided 

into  32  equal  pcirts  as  in  the  nautical  card,  or 

cempafs.  We  fhall  alfo  refer  to  it  in  pages 

?07  and  208. 

*  -  • 

PROPOSITION  X. 

Problem. 

To  cut  a  given  right  line  (A  B)  into  two  equal 
parts. 

- .  SOLUTION. 

I  ft,  On  the  A  B  rnake  an  equilateral  trian¬ 
gle  ABC.  (fy  prop  I.) 

24.  Draw  C  D  bife<fting  the  angle  A  C  B 
(by  prop.  9.)  which  will  cut  A  B  in  the  two 
^;quft  parts  A  D  and  D  B,  Q^E,  F. 


P  E  M  O  N- 


XXXI 
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demonstration. 

For  becaufe  A  C  is  equal  C  B.  and  the  angle 
AC  D=the  angle  D  C  B.  In  the  two  tr.anglM 
A  C  D  and  D  C  B,  we  have  two  fides  (A  C 
and  C  D)  and  the  included  angle  (A  C  D)  of 
one  triangle,  equal  to  the  two  fide^CB  C  and 
c  D)  and  the  included  angle  (D  C  n)  or 
the  other  triangle,  wherefore  the  corref- 
ponding  fides  A  D  and  D  B  arc  equal,  (iy 

problem  U  of  great  ufe  in  thefilutmn  of 
manyothen,  and  theprefaration  of  many  theorems 
for  demonf  ration.  It  is  alfo  quoted  m  page  223. 

PROPOSITION  XI. 

'  Problem, 


Ti  draw  a  right  line  (C  D)  perpendicular  to 
a  given  indefinite  right  line  (A  B)/«»  any  point 
(C)  given  in  the  fame, 

SOLUTION. 

I  ft.  At  the  given  point  C,  with  any  radius, 
deferibe  arcs,  cutting  the  given  line  in  the 
points  A  and  B. 

'  2d.  At  thefe  points  (as  centers)  with  any 

radius  larger  than  A  C  or  B  C,  deferibe  arcs 

cutting  each  other  in  D.  • 

3d.  Draw  D  C,  which  is  the  perpendicu¬ 
lar  fought. 


demon 
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demonstration. 

Vmiby  conftruaion)  A  C=C  B,  and  A  D=D 

Si  wherefore  m  the  two  contiguous  triangles  A 

C  D  and  p  C  B,  the  three  fides  A  D,  A  C  and  • 
p  of  foe  one;  are  refpeaively  equal  to  the 
three  tides  D  p  B  C  and  D  C  of  the  other  : 
conlequently  the  contiguous  and  correfpond- 
rng  angles  A  CD  and  D  C  B  are. equal  (tfy 

fjop,  8.)  and  C  D  is  perpendicular  toA  B  <h 
ifcj.  lo.J  ' 

The  utility^  of  ths  problem  extends  ta  the  mod 
domefiec  purpofes  of  life.  The  rferences  to  ii 
m  the  enfutng  feat  if e  are  too  many  to  be  recited, 
here:  the folutwn  lure  given  is  chiefly  ufefulwhen 
the  given  point  is  not  very  near  the  end  of  the 
given  line,  for  when  it  is  fo,,  and  we  have  not 
room  to  continue  it,  recourfe  mufl  be  had  to  a 

31ft  t^opojition  of  the 

PROPOSITION  XII. 

_  froblem.^ 

.  perpendicular  to  a  given 

wdcflmte  line  (A  B)from  a  given  point  {Q)  out 
oj  that,  line  {A  B.)  r  \  i 

SOLUTION. 

lil.  At  the  given  point  C,  as  a  center,  with 
any  radius  (that  will  reach  beyond  the  kiven 
line  A  B)  defcribc  an  arch  A  D  B,  cutting 
the  given  line  A  B  in  the  points  A  and  B, 

{by 
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K 

{hy  poji  0,^)  and  ofi  thefe  points  centers, 
with  any  radius,  defcribe  arcs  Cutting  each 
other  in  E. 

2d.  Draw  a  line  through  the  points  C  alia 

perpendiculaC 

DEMONSTRATION. 

K  ....  ^ 

It  is  .evident  from  this  conflriiiaiori,  th^t 
the  tvvo  contiguous  triangles  A  C  E;and  B  C 
E  have  the  three  fides  A  C,  A  E  and  C  E, 
of  the  one,  refpedlively  equal  to  th,e  three  fides 
fe  C,  B  E  and  C  E  of  the  other,  :wherefore 
the  angle  A  C  E=angle  B  "C  E  (by  prop.  8.) 

‘  Again  the  two  contiguous  triangles  A  C  D 
and  O  C  B,  having  two  fides  A  C  and  C  D 
with  the  included  angle  A  C  D,  in  the  one 
triangle,  equal  to  the  two  fides  B  C  and  CD, 
and  the  included  kngle  B  CD  in  the  other  j  the 
adjacent  and  correfponding  angles  C  D-A  and 
C  D  B  are. equal,  and  C  D.  is.  perpendicular  to 

J'his  problem  wiU  be  •uery  often  wanted  in  de- 
monjlrating  the  principles  of  perfpediiye :  its^ 
ufes  are  almoft  as  manifold  as  the  preceding:  alfo 
the folution  here  given  has  the  fame  refir  amt  ^  and 
admits  of  the  fame  remedy  as  the  laft^  which  will 
appear from  prop,  3 1 .  book^  3 . 


E  {pofi,  I .)  which  ;wi.ll  he  th 
Required. 


P  R  O- 
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PROPOSITION 

Idheorem. 

If  one  line  (A  B) funds  upon  another  line  (C 
D)  they  make  two  angles  (ABC  and  K  B  D,) 
which  are  either  two  right  angles,  or  taken  toge¬ 
ther  are  equal  to  two  right  angles^ 

If  A  B  is  perpendicular  to  C  D  the  an¬ 
gles  ABC  and  A  B  D  are  right  angles  fhy 
def  lo.)  ^  6 

‘  ^  A  B  is  not  perpendicular  to  C  D  draw 

(hy  I.  II.;  B  E  perpendicular  to  B  D,  then 
It  is  evident  the  angle  A  B  C  is  greater  than  a 
right  angle  TC  B  E;  by  the  angle  E  B  A  j  alfo 
^e  angle  A  B  D  is  lefs  than  a  right  angle  (E 
B  D)  by  the  fame  angle  E  B  A,  fo  that  the 
excefs  of  the  one  angle  (A  B  C)  exadlly  ba¬ 
lances  the  deficiency  of  the  other  ( A  B  D)  and 
renders  their  fum  equal  to  two  right  angles. 

I^his  theorem  will  be  wanted  in  demonf  rating 
many  others,  alfo  when  we  know  either  of  the 
A  B  V>  or  ABC,  we  can  find  the  other 
byfubtrahimg  the  given  angle from  r  Zo°  .Thus  if 
ABD=.^f  the  angle  A  BCis=  135-. 


XV. 


PROPOSITION 

Theorem. 

If  two  lines  (A  B  and  C  D)  cut  one  another, 
the  oppofite  angles  ( A E  C  and  DEB)  Jhall be 
,  tqual. 

For 
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For  becaufe  C  E  ftands  upon  A  B,  the 
angles  CEA+CEB=:two  right  angles 
I  I  -2  )  alfo  becaufe  B  E  ftands  upon  C  D  the 
angles  C  E  B  +  B  E  D  are  equal  to  two  right 
angles  j  wherefore  AEC  +  CEB  —  CEB 
+  BED  (l^y  ax.  i.)  take  away  the  common 
angle  C  E  B  and  there  remains  A  E  C=B  E  D 
(byax.'^,)  Q^E.  D. 

COROLLARY  L  . 

Jf  two  lines  cut  each  other the  four  angles 
nvhich  they  make  at  the  point  where  they  cut  are 
together  equal  to  four  right  angles. 

COROLLARY  11. 

All  the  angles  made  by  any  number  of  lines 
7neeting  in  one  point,  are  together  equal  to  four 
right  angles, 

Tdliis  theorem  is  of  ufe  to  demonfrate  the  next, 
and  a  great  many  others,  in  all  parts  of  the 
mathematics, 

PROPOSITION  XVL 

theorem. 

If  one  fide  {ft  Q,)  of  a  triangle  (A  B  Q)  is 
produced,  the  exterior  angle,  A  C  D,  is  greater 
than  either  of  the  interior  oppofite  angles 
(B  or  A). 

BifedA  Cin  E  [by  i.io.)  drav/BEand  pro¬ 
duce  it  to  F,  and  make  E  FniB  E,  alfo  join  b  C. 

Becaufe  A  E  and  B  E  are  refpedively  equal 
to  C  E  and  E  F,  {by  conjlruHi)  and  the  in 

'  eluded 
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claded'-'angle  A E  B;=  ^included'  angle  GEP 
W  I.  i5->  therefore  the  angle  ACF  or 
ECF— angle  A  (hy  i,  4.)  But  A  CD.  is 
greater  than  ACF,  wherefore  it  is  greater 
than  the:  angle  A.  ^ 

In^the,  fame  manner  if  B  C  is  bifededl 
and  A  C  IS  produced  to  G,  it  may  be  proved 
that  the  angle  BCG  or  its  equal  ACE) 

1;  greater  than  the  angle  B. 

E.  D.  °  ' 

T^his  propoJitiQn  ‘will  be  ‘iv anted- to  demo7iJirate 
tjie  ^  16th'  and  2yth  :  it  is  alfo  referred 
0  tn  page  1^2.  It  might  have  been  made  a 
corollary  to  the  32^/,  ‘ivereit  ngt  that  it  is  ‘want¬ 
ed  in  the-2yth  on  v)hich  thedemohf ration  of  the 
22d  depends. 

proposition  XVIII. 


Theorem. 

in  any  triangle  (A  B  C)  the  greater  angk  is 
oppfte  to  the  greater  fide  I  to ‘wit,  if  the  fide 
B  C  IS  greater  than  A  C  the  angle  A  is  greater 
than  the  angle  B. 

DEMONSTRATION. 

^  Since  (by  .fuppofition)  BC  is  greater  than 
BC-AC 

Then  becaute  ACe:C  D  the  anijle  D  A  C' 

~K  EG  f by  prop,  3.) 

But 

N 
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But  ADC  is  greater  than  the  angle  B 
(kjr  prop.  i6.)  wherefore  D  A  C  (which  is  onlyy 
part  of  the  angle  A)  is  greater  than  the  angte 
.  Q^E.  D. 

This  propofition  is  iio  anted' to  demonfir  ate 
next. 

PROPOSITION  XIX. 

Theorem'. 

In  any  triangle  (ABC)  the  greater  fide  is 
oppojite  to  the  greater  angle ;  to.  wit,  if  the  angle 
A  is  greater  than  the  angle  B,  then' is  the  fids 
B  C  greater  than  A  C. 

D  E.M  O  N  S  T  R  A  T  I  O  N. 

If  B  C  is  not  greater  that  A  C,  it  muft  'he' 
either  equal  to  it,  or  lefs  than  AC. 

If  B  C  is  equal  to  A  C,  then  {by  prop.  6.) 
the  angle  A— angle  B,  which  is  contrary  to 
the  fuppolition. 

If  B  C  is  lefs  than  A  C,  then  {by  prop.  i8.) 
the  angle  A  is  lefs  than  the  angle  B,  which  is* 
alfo  contrary  to  the  fuppofition,  wherefore 
B  C  muft  be  greater  than  A  C.  Q^E.  D. 

This  propofition  will  be  wanted  in  page  1 52; 

.  PROPOSITION  XXIII. 

Problem. 

At  any  foint  (A)  in  a  given  line  (A  B)  to 
make  an  angle  (F  AG;  equal  to  a  given  angle 
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At  the  angular  point  (D)  of  the  given  angle 
(EDH)  as  a  center  with  any  radius  (D  E) 
defcribe  an  arch  cutting  its  fides  in  the  points  E 
andH.  Alfowith  the  fame  radius  from  A,  as  a 
center,  defcribe  the  arch  F  G,  cutting  the 
given  line  (A  B)  in  F.  Laftly,  open  the 
compaifes  to  the  diflance  EH,  and  fetting 
one  foot  in  F  with  the  other  cut  the  arch  F  G 
in  G,  and  draw  A  G,  then  fhall  the  angle 
FAG=angle  EDH. 

DEMONSTRATION. 

For  if  the  lines  E  H  and  F  G  are  drawn,  it 
is  evident,  from  the  conftrudion,  that  the  three 
tides  of  one  triangle  (D  E  H)  are  refpedively 
equal  to  the  three  fides  of  the  other,  A  G  F  j 
and  therefore  E  DH=F  A  G  i.  8.) 

problem  is  of  vaji  fervice  in  all  parts  of 
the  mathematics y  it  nvili  be  wanted  in  the 
of  this  book  and  in  the  '^'^d  of  the  '^d  book.  In 
the  praSiice  of  perfpediive  we  often  want  to  make 
‘  9n£  angle  equal  to  another.  But  in  this  folution 
we  are  fuppofed  to  have  the  given  angle  aliually 
drawn  out ;  whereas  it  frequently  happens  we 
have  only  given  the  number  of  degrees,.  C^c.  of 
which  the  angle  to  be  drawn  muft  conff  ;  m 
this  cafe  we  muf  ufe  the  line  of  chords,  whoje 
conjirticiion  and  ufe  is  as  follows :  Draw  two 
lines  A  B  and  A  D  perpendicular  to  each  other 
(by  prop,  ii.)  at  Psy  as  a  center  with  any  ra¬ 
dius  defcribe  the  quadrant  B  D,  and  draw  the 
line  B  D  ;  then  with  the  fame  opening  fet  the 

compaJJfS 
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compajjh  in  B  and  D,  and  cut  the  arch  of  the 
quadrant  in  d  and  c,  which  by  this  meojis  will 
be  divided  into  three  equal  parts  i  divide  (by 
trials)  each  of  thefe  parts  into  three  equal  parts, 
which  will  contain  io°,  each  of  which  being 
bifebled  (by  prop.  9.)  the  arch  B  D  will  be  di¬ 
vided  into  18  equal  parts  of  5°  each.^  ^  Lafly, 
each  of  thefe  divijions  being  again  divided  into 
5  equal  parts  {by  trials)  the  whole  quadrant  %vill 
be  divided  into  degrees. 

Set  one  foot  of  the  compajjes  in  D  and  open  the 
other  to  the  feveral  divijions  on  the  arch  B  c  D, 
and  transfer  them  to  the  chord  B  D,  which  by 
this  means  will  be  divided  into  90  unequal  parts, 
and  may  be  transferred  to  any  fraight  line  drawn 
on  a  ruler  or fcale. 

A  D  is  a  given  line  and  we  want  to  make 
an  angle  of  25°  at  the  point  A:  take  from  the 
line  of  chords  an  opening  of  60°,  and fct  one 
foot  in  A,  and  with  the  other  defcribe  an  arch 
(D  d)  then  take  zf  Jr om  the  line  of  chords, 
and  fstting  one  foot  in  D  with  the  other  cut  the 
arch  D  d  in  e.  Laflly,  draw  A  t,fo  Jhall  D  A  e 
be  an  angle  oj  25°. 

PROPOSITION  XXVI. 

Theorem. 

\ 

If  two  triangles  (ABC  and  D  E  F)  have 
two  angles  (B  and  C)  in  one  (A  B  C) 
equal  to  two  angles  E  and  F  in  the  other 
triangle  (DEE)  and  one  fide  equal  to  one 

d  J^de  i 


xlii  Euclid’’^  Elements.  Book  I. 

fide  ;  viz.  either  the  fides  (B  C  and  E  F) 
cent  to  the  equal  angles.,  or  the  fides  (AB  and' 
D  E)  'which  are  oppofte  to  equal  angles  in  each ; 
then  fall  the  other  correfponding  fides  be  equal, 
each  to  each,  alfo  the  reniaining  angles  [kandlDy 
jliall  be  equal. 

C  A  S  E  I. 

When' ihofe  fides  (B  C  and  E  F)  are  equal, 
•which  are  adjacent  to  the  angles  'which  are  equah 

1^,  If  A  B  is  not  equal  to  D  E,  one  of 
them  muft  be  greater:  then  (by  prop,  q.) 
cut  oif  from  the  greater  (as  A  B)  a  part  (B  G) 
equal  to  the  lefs  D  E.  Then  becaufe  BG 
and  B  C  ate  refpeTively  equal  to  D  E  and 
EF,  and  the  angle  B=angle  E  (by  fuppoft.J- 
the  angle  B  C  G=angle  F  (by  prop.  4.)  But 
the  angle  F=B  C  A  (by  fuppoft.J  wherefore 
the  angle  B  C  G=angle  B  C  A  ( by  ax.  i .)  but 
this  is  impoffible,  becaufe  the  lefs  cannot  be 
equal  to  the  greater  j  wherefore  A  B  cannot 
be. unequal  to  D  E  :  fince  then  A  B  and  B  C 
are  equal  to  D  E  and  E  F,  and  the  included 
angle  B  is  equal  to  the  included  angle  E.  The 
triangles  ABC-  and  D  E  F  are  equal  in  all 
refpedls  (by  prop.  \.) 

C  A  a  E  II. 

Uhen  the  fides  ,(A  B  and  D  E)  'which  are, 
Qppofite  to  equal  angles  C  and  F  in  each  triangle, 
are  equal. 


'Firll 
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Firft,  I  fay  B  C=E  F,  for  if  it  is  not  let 
B  C  be  the  greater,  and  (by  prop.  3J  make 
B  H=E  F. 

Then  becaufe  A  B  and  B  H,  with  the  in¬ 
cluded  angle  B,  are  refpedively  equal  to  D  E 
and  E  F,  with  the  including  angle  E  fup.) 
the  angle  AHB— angleF  (by  prop.  4.J  but  the 
angle  C=angle  F  {by  fup  1)  wherefore  the  angle 
AHB  =angle  C  {by  ax.  i.)that  is  the  exte¬ 
rior  angle  ( A  H  B)  of  a  triangle  (A  H  C)  is  equal 
to  its  interior  and  oppofite  angle  (C)  which 
is  impoffible  (by  prop.  16.)  wherefore  B  C  is 
not  unequal  to  E  F. 

Since  then  AB  and  BC  are  refpeftively 
equal  to  D  E  and  E  F,  and  the  included  angle 
B=in^cluded  angle  E  :  the  triangles  ABC  and 
,DE  F  are  equal  in  all  refpefts  {by  prop.  4.) 

We  fiall  have  occafion  for  this  theorem  in 
page  19.  21.  2.2.  ajid  175.  It  is  alfo  particu¬ 
larly  ifeful  in  furveying. 

PROPOSITION  XXVII. 

Theorem. 

If  a  right  line  (E  F)  falling  upon  tvoo  other 
right  lines  (A  B  and  C  D)  makes  the  alternate 
angles  A  E  F  and  E  F  D  equal  to  one  another ; 
thefe  tvoo  lines  (A  B  and  C  D)  fiall  be  parallel. 
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DEMONSTRATION. 

For  if  A  B  and  CD  ^re  not  parallel  they 
will,  if  produced,  cut  each  other :  fuppofq 
then  they  cut  each  other,  when  produced,  in 
G.  Then  will  E  F  G  be  a  triangle, '  whereof 
the  outward  angle  A  E  F  is  greater  than  the 
inward  oppofite  angle  E  F  G '(/^  i.  i6.)  con¬ 
trary  to  the  fuppofition  by  w’hich  thofc  angles 
are  equal  :  confequently  the  lines  A  B  and 
C  D  cannot  meet  when  produced  towards  B 
and  D  ;  and  the  fame  argument  will  provq 
they  cannot  meet  if  produced  towards  A  and 
C  ;  feeing  then  they  can  never  meet,  they  are 
parallel  {hy  def.  31;.)  Q.  E.  D, 

Ehis  theorem  will  be  anted  to  dcmonjlrat^ 
the  next  a7id  to  perform  prop  ^  31.  and  is  referred 
to  page 

PROPOSITION  XXVIIL 

^keorei7i. 

If  a  Jiraight  line  (E  F)  falling  upon  two^ 
Jii  aight  lines  (A  B  and  G  D)  makes  the  exterior 
angle  (E  G  B)  equal  to  the  interior  and  oppofite 
a^igle  (E  H  D)  upon  the  fame  fide  cf  the  line  i 
or  makes  the  fum  of  the  two  interior  angles 
(BGH  +  GHD)  upon  the  fame  fide  equal  to 
two  right  angles-,  thoje  two  Jiraight  lines  (A  b' 
and  C  jp]fiall  be  parallel  to  each  other.  - 

p  E  M  O  N- 
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DEMONSTRATION. 

Since  we  fuppofe  E  G  B=G  H  D,  and  becaufe 
(^v  I.  15.)  EGB^AGH,  it  follows  {by  • 
I.)  that  GHD:=AGH,  but  thefe  are 
alternate  an^lesi  wherefore  A  B  is  parallel  to 
CD  (by  I.  27.)  Again  if  BGH  +  GHD 
=^2  right  angles,  and  becaufe  B  G  H  + A  G  H 
=  2  right  angles  {by  i.  I3‘)  follows  that 
B  G  H  +  G  fl  D=B  G  H+ A  G  R  {by  ax.  i.) 
.wherefore,  taking  away  BGH  from  both  fides, 
we  have  left  {by  ax.  3.)  G  H  D=A  G  H.  And 
tjhefe  being  alternate  angles,  it  follows  that 
A  B  and  C  D  are  parallel  {by  1 . 27.)  E.  D 
T/iiS  propcfition  be  ^uoanted  in  pages  23 
and  163. 

PROPOSITION  XXIX. 

Theorem. 

If  d  right  line  (E  Y')  falls  upon  two  parallel 
lines  (A  B  and  CD)  the?i, 

I  ft,  The  alter  fiat  e  angles  ( A  G  H  and  G  PI  D) 

are  equal.  .  .  ^  , 

2d,  The  exterior  angle  (E  G  B)  is  equal  to 

the  interior  oppcfite  angle  {GW  Yj)y  and 

3d,  Thefunl  of  the  two  interior  angles  (B  G  IP 
+  G  H  D)  is  equal  to  two  right  angles. 

DEMONSTRATION. 
ifty  If  A  G  H  is  not_equal^  to  G  H  D,  make 
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t 

are  alternate  angles  H  K  is  parallel  to  A  B 
iky  1 .  27.)  and  fo  is  C  D  (ky  fuppofit.)  which  is 
impoffible  {hy  ax.  12.)  confequently  A  G  H 
is  not  unequal  to  G  H  D. 

Since  AG H=G HD,  andfince  AGH 

EGB  [by  I.  15.)  it  follows  [by  ax.  i.) 
that  G  H  D=E  G  B.  ^ 

3</,  Since  G  H  D=E  G  B,  we  have  (by  ax. 
1.)  GHD+BGH=E  GB  +  BGH.  But 
EGB+BGH  is  equal  to  two  right  angles  • 
wherefore  G  H  D  +  B  G  H  is  alfo  equal  to  two 
right  angles.  (iE.  D. 

V  Fro?n  this  theorem  we  defnonjlrate  prop.  32. 
aJJo  it  is  referred  to  in  pages  22.  31.  and 


PROPOSITION  XXXI. 

Problem, 

through  any  given  point  (A)  to  draw  a  line’ 
(E  Fj  parallel  to  a  given  line  (C  D). 

From  the  given  point  (A;  draw  a  line 
(AB)  cutting  (CD;  in  any  point  (B)  and 
make  [by  i.  23.)  the  angle  EAB=ABD> 
then  diall  E  F  be  parallel  to  C  D,  becaufe  the 
alternate  angles  are  equal  [by  i.  29.) 

The  ife  oj  parallel  lines  is  as  frequent  as 
perpendiculars  j  particularly  in  perJpeSlive  they 
are  fo  very  often  wanted,  that ‘the  fquare  and' 
parallel  ruler  are  almojl  indi/penfable  for  perfons 
who  make  perjpediive  reprefentatians,  as  by  them 
more  than  nine- tenths  of  the  labour  which  would 

arife 
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■hrife  by  ouorking  according  to  this propof.tion,  and 
the  tenths  isjaved. 

proposition  XXXII. 

If  any  fide  (BC)  W  « 

h)Tthemo  interior  and  oppofie 

ti:'aML\fthethn^ 

Tingle  is  equal  to  t^o  rsght  angles,  o,  i8o 

degrees. 

demonstration. 
Throuph  C  draw  i.  31O  parallel 

;;rr-i,"ferf.”ec“S“S 

{bycix..  ().)  APD  +  ACB  is  equal 

Again  {hy  i.  13O  r  ,  \ 

to  tio  right  angles,  wherefore  ^7  <«•  ■•) 

A+B+AC-B  is  equal  to  two  right  angles 
which  laft  are  the  three  angles  of  the  tnang 

ABC. 

COROLLARY  L 

Hence  any  angle  of  an  equilateral  triangle 
is  one-third  of  two  right  angles  or  to  . 
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COROLLARY  11. 

If  the  fum  of  two  of  the  angles  of  any  trl^ 
yle,  IS  equal  to  the  fum  of  two  of  the  angles 
oj  any  other  triangle,  the  remaining  angk  in 

other!  remaining  angle  in  the 

COROLLARY  III. 

^ ^  right  angle,  the 
othei  two  taken  together  is  equal  to  a  right  angle  ; 

c'r  ihe  one  is  the  complement  *  of  the  other. 

COROLLARY  IV. 

angled  triangle  are 
eqiial  the  oblique  angles  are  each  equal  to  half  a 
right  angle  or  45°  (vide  prop. 

SCHOLIUM  If. 

The  fum  of  the  four  inward  angles  of  an^ 

rft  fffz 

For  if  the  diagonal  C  B  is  drawn,  the  oua- 

fC  Tii  triangles 

(C  A  B  and  C  D  B)  the  fnm  of  whofe  anl 

equa  to  the  fum  of  the  angles  of  the 
quadrangle,  and  alfo  to  four  right  angle! 

S  C  Ho¬ 

of  90  it  wants 

t  A  ftholinm  is  a  rcmatk  on  fo„e  preceding  propoCion. 
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SCHOLIUM  ir. 

‘The  fum  of  the  interior  angles  of  any  right 
lined  plane  figure  is  equal  to  twice  as  many  right 
angles  ah  at  mg  four  y  as  that  figure  hath fides. 

For  if  from  any  point  (S )  within  the  figure, 
lines  are  drawn  to  its  angular  points  j  there 
will  be  as  many  triangles  formed  as  the  figure 
has  fides.  But  the  angles  of  thefe  triangles 
f which  are  equal  to  twice  as  many  right 
angles^  exceed  the  angles  of  the  figure,  by 
thofe  which  are  formed  about  the  point  S, 
which  (by  i.  15.  cor.  2.)  are  equal  to  four 
right  angles  j  whence  the  propofition  is  ma- 
fiifeft. 

SCHOLIUM  III. 

If  the  fides  of  any  right  lined  plane  figure  are 
produced,  the  furn  of  the  exterior  angles  will  be 
equal  to  four  right  angles  or  360  °. 

It  is  evident  that  the  exterior  and  interior 
angles  taken  together  will  make  twice  as 
many  right  angles  as  the  figure  has  fides;, but 
the  interior  angles  alone  make  that  number  of 
right  anges  abating  four,  wherefore  the  exte¬ 
rior  angles  are  equal  to  thofe  four  right  angles. 

SCHOLIUM  IV. 

Hence  we  have  a  method  of  confirudling  a 
regular  polygon  of  any  number  of  fide  Sy  each  of 
which  jhall  be  equal  to  a  given  line, 

.  For 
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For  as  the  interior  angles  of  a  regular  poly¬ 
gon  are  equal  (6y  def.  23.;  the  exterior  angles 
mull  be  alfo  equal  among  themfelves  j  where¬ 
fore  360°  divided  by  the  number  of  fides  of 
which  the  polygon  is  to  confifl,  gives  the  de¬ 
grees  containecf  in  its  exterior  angle ;  by  this  ‘ 
means’ I  find. 

In  a  regular  pentagon  1  ^ 

the  exterior  ang.  /“•L- 


In  a  regular  Hexagon,  =  360' 

6 

Heptagon,-:  3  60' 

7 

Od:agon*  =360® 


•=  72 


60' 


=51°  26' nearly. 


■=45' 


Decagon,  =360' 


=  36%  &c. 


to 

Let  A  B  be  a  line  on  which  it  is  required 
to  conftrud:  a  regular  heptagon.  Produce  the 
given  line  A  B  both  ways  to  C  and  D,  and 
draw  E  A  and  B  F  each  —A  B,  and  making 
the  angles  F  B  D  and  E  A  C  each  =51-^“ 
(nearly)  alfo  draw  (lyE  1. 10. and  1 1.)  GO  and 
H  O  bifedling  B  F  and  EA  at  right  angles,  and 
cutting  each  other  in  O.  Laftly,  at  O  as  a  cen¬ 
ter  with  the  radius  E  O,  AO,  BO,  or  F  Oi 
(which  are  all  equal)  defcrlbe  a  circle,  in 
whofe  circumference  the  line  A  B  may  be 

repeated 
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repeated  exadtly  feven  times,  by  which  means 
the  angular  points  of  the  regular  heptagon 
will  be  obtained. 

Various  other  advantage  are  derived  from  this 
pt'opojitiony  vohofe  ufe  runs  through  all  the  mathe^ 
matical  arts :  in  the  enfuing  treatife  it  will  be 
quoted  in  pages  i6,  83,  loi  and  152. 

PROPOSITION  XXXIIL 

^Theorem. 

Right  lines  (A  C  and  B  joining  the  extre¬ 
mities  of  two  equal  and  parallel  lines  (A  B  and 
CD)  towards  the  fame  parts,  are  alfo  equal  and 
parallel. 

DEMONSTRATION. 

Draw  A  D,  then  becaufe  A  B  is  parallel  to 
C  D  (by  fippofition)  the  angle  D  A  B  is  equal 
to  the  alternate  angle  hD  C  (by  prop.  29. ^ 
Wherefore  in  the  two  triangles  BAD  and 
ADC,  we  have  two  tides  A  B  and  A  D, 
and  the  included  angle  DAB  retpedtively 
equal  to  the  two  tides  C  D  and  A  D  and  the 
included  angle  A  D  C  j  wherefore  (by  prop.  4.) 
B  D=A  C,  and'  the  angle  C  A  D=A  D  B: 
but  thefe  are  alternate  angles  formed  by  the 
line  A  D  cutting  the  two  lines  B  D  and  A  C,- 
which  therefore  {by  prop.  27.)  are  parallel 
as  well  as  equal.  Q^E.  D. 

proportion  will  be  quoted  page  261. 

PROPO- 
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■  PROPOSITION  XXXIV. 

Theorem. 

The  oppofitejldes  and  angles  of  a  parallelogt'ain 

itre  equal  and  a  diagojzal  line  divides  it  into  tnjco 
tqiial  parts. 

For  if  ABC  D  is  a  parallelogram,  and  a 
diagonal  DB  is  drawn  (videdef.'^6.)  Thenin  the 
tv/o  contiguous  triangles  A  B  D  and  B  D  C, 
We  have  th6  angle  A  D  B=angle  D  B  C 
I.  29.)  alfo  angle  B  D  C  =angle  A  B  D  (4‘ 
I.  29.)  and  the  iide  D  B  between  the  equal 
angles  is  common.  Wherefore  (hy  i.  26.) 
^  C  and  A  D=B  C  and  the  angle  A— 
angle  C,  and  the  triangle  A  B  D=triane}e 
BDC.  Q^E,  D.  .  ^ 

B  would  be  eafy  to  demonjlrate  the  converfe  of 
this  propofition ;  viz.  That  if  the  oppofte  fides 
of  a  quadrangle  are  equal,  they  are  alfo  parallel, 
andjropn  hence  arifes  the  confruciion  of  that  very 
ufeful  hifirmnent  caUed  a  parallel  ruler.  This  'is 
compofed  of  two  fat  rulers  (A  B  and  C  D) 
connected  together  by  two  equal  brafs-bars  (AC 
and  B  Vi)  moving  round  the  centers  A,  C,  B  and 
p,  which  with  the  intercepted  parts  of  the  riders 
in  all poftions  inclofe  a  quadralateral fpace,  wltofe 
oppojite  fdes  arc  equal,  and  confequently  parallel. 
~—A  fingle  view  of  this  inf  rument  will  didl ate 
Its  ufe  and  application .  The  pradtice  of  peifpec- 

tive  would  be  intolerably  tedious  were  we  obliged 
to  have  recourje  to  prob.  3 1 .  every  time  we  want 
to  draw  one  line  parallel  to  another. 


PROPO^ 
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PROPOSITION  XXXV. 

Theorem. 

Parallelograms  {ABC\y  and  ABEF) Jiand- 
mg  on  the  jame  bafe  {A.  B)  and  bet  wen  the  fame 
parallels  (A  B  and  C  F)  are  equal  to  each  other. 

DEMONSTRATION. 

For  {by  I.  34  )  C  D=A  B,  alfo  E  F=A  B 
whence  {by  ax.  i .)  C  D=E  F  j  add  D  E  to  each, 
and  we  have  C  E=D  F,  alfo  A  C=B  D  {by 
1,  34.)  aijd  the  angle  A  C  F=B  {by  1. 
29.)  wherefore  the  triangle  A  C  E=triangle 
BDF,(^_y  1.4.)  take  away  the  common  triangle 
DGE  and  the  trapezium  CAGD=trapezium 
B  F  E  G  (by  ax.  3.;  add  the  common  trian¬ 
gle  A  G  B  to  each,  and  the  parallelogram  A 
B  C  D=parallelograni  ABEF,  E.  D. 

This  propojition  will  be  wanted  to  demonjir ate 
the  next.  It  is  alfo  particularly  ufeful  in  menfura- 
iion  of  land  or  other  fuperfees  by  teaching  to 
7ncafure  a  parallelogram,  whofe  angles  are  obhque ; 
j'or  the  parallelogram  A  B  E  F  zr  equal  to  the 
rectangle  A  B  C  D,  whofe  content  is  found  by 
multiplying  its  bafe  by  its  altitude  A  C. 

PROPOSITION  XXXVI. 

i  .  t 

Theorem. 

Parallelograms  (A  B  C  D  and  E  F  G  PI) 
(landing  on  equal  bafes  (B  C  and  F  G)  and  be¬ 
tween  the  fame  parallels  are  equal  to  each  other. 

DEMON- 
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demonstration. 

Draw  B  E  and  C  H.  Then  becaufe  B  C= 
F  G  ^ by  fuppojition J  and  F  G— E  H  ^by  i. 
34.)  B  C— E  H  (ax.  I.)  alfo  B  C  is  parallel  to 
E  H  (byfuppofition)  whence  i.  33.)  B  E  is 
parallel  to  C  H,  and  B  C  E  H  is  a  parallelo¬ 
gram  equal  both  to  A  B  C  D  and  alfo  to  E  F 
G  H  (by  I.  35.)  wherefore  ABC  D=E  F  G 
H.  (^E.  D. 

This  propofition  will  be  wanted  to  defnonjlat 

3 

PROPOSITION  XXXVII. 

Theorem. 

Triangles  (A  B  C  and  D  B  G)  Jianding  on 
the  fame  bafe  (B  C)  and  between  the  fame  paral^ 
lels  (A  D  and  B  C)  are  equal  to  each  other. 

DEMONSTRATION. 

Through  B,  draw  B  E  parallel  to  A  C,  and 
through  C,  draw  C  F  parallel  to  B  D. 

Now  each  of  the  figures  E  A  B  C  and  D 
F  B  C  are  parallelograms  (by  def.  36,)  and  they 
are  equal  i.  36.) 

V  But  the  triangle  ABC  is  half  the  paralle¬ 
logram  E  A  B  C,  becaufe  the  diagonal  A  B 
bifedls  it  (by  i.  34.)  Alfo  the  triangle  D  B  C 
is  half  the  parallelogram  D  F  B  C  E  i.  34,) 
whence  the  triangle  A  B  C*=triangle  D  B  C 
(by  ax.  y.)  Q^E.  D. 

This  propofition  will  be  wanted  in  the  demon- 
f  rat  ion  of  the  fcond  of  the  6  th  book.  By  it 

alfo 


Euclid's  Elements.  Book  I.  Iv 

alfo  we  are  taught  to  find  the  cojitents  of  a  tri^ 
angle  (BCD)  hecaufe  it  is  half  the  redlangle 
fA  B  C  yiy which  fiands  on  the  fame  bafiy  (B 
C)  and  has  the  fame  altitude  ( A  B.) 

PROPOSITION  XXXVIII. 

Triangles  (ABC  a7idE>  E  F) fiaiiding  on 
equal  bafes  (B  C  and  E  F)  and  between  the 
fame  parallels  (B  F  aiid  G  D)  are  equal. 

Draw  B  G  parallel  to  A  C  and  E  H  parallel 
to  D  F  I.  31.)  Then  the  parallelograms 
G  A  B  C  and  H  D  E  F  are  equal  [byE  i .  36.) 
wherefore  the  triangles  ABC  and  D  E  F, 
which  {by  i.  34.)  are  half  the  faid  parallelo¬ 
grams,  are  alfo  equal  {by  ax.  y.) 

By  this  propo/ition  we  are  taught  to  divide  a 

triangle  (ABC)  into  a?2y  number  of  equal  parts. 

Thus  divide  its  bafe  in  'the  number  of  equal  parts 

propofed,  and  to  the  points  of  divifion  draw  lines 

fro7n  the  vertical  angle  (A)  which  will  divide  the 

given  triangle  mto  the  propofed  7iumber  of  t7-ian- 

glesy  all  equal  becaufe  they  fi and  on  equal  bafes. 

This  propofition  will  alfo  be  wa72ted  in  the  of 

the  6  th  book. 

\ 

PROPOSITION  XLVI. 

*  "  • 

Proble/n. 

Upon  a  give7i  line  (A  B)  to  defier ibe  a fqtiare 
(A  B  D  E.) 

From  A  draw  A  C  perpendicular  to  A  B 
.  {by  prop.  II.)  and  make  A  D=A  B  {by  prop.q^.') 

through 
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Through  D,  draw  D  E  parallel  to  A  B,  and 
through  B  draw  B  E  parallel  to  A  D  (by  prop 
31.)  then  is  the  figure  A  B  D  E  a  fquaref 

DEMONSTRATION. 

For  the  figure  A  B  D  E  is  a  parallelogram 
{by  conjiru^tion  and  def.  ^6.)  whence  {by  prop. 

34.)  B  E=A  D=A  B  {by  conJirii5iion)=E)  E‘ 
{prop.  34.) 

Alfo  becaufe  D  E  is  parallel  to  A  B,  the 
angles  A  +  D=two  right  angles  {by  prop.  29.) 

but  A  is  a  right  angle,  wherefore  D  is  alfo  a 
right  angle. 

And  becaufe  A  and  D  are  right  angles 
their  oppofite  angles  E  and  B  are  alfo  righi 
angles;  (by  i.  34.)  confequently  {by  def.  ^o.) 
the  figure  A  B  D  E  is  a  fquare.  Q^E.  D.  ^ 

^be  conjiruclton  of  a  Jquare  is  very  often 
wanted  in  prablical  7nat hematics.,  and  will  be 
Made  uje  of  in  many  parts  of  the'enfuing  work. 
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« 

book  ni, 

I 

definitions. 

11. 

A  right  line  (A)  is  fald  to  touch  a  circle 
when  it  meets  the  circumference,  but  does 
not  cut  it  wheu  produced. 

^  line  touching  a  circle  is  called  a  'Tangent. 

VI. 

fegment  (A  B  C)  of  a  circle  is  a  figure 
contained  by  a  ftraight  line  *  (A  B)  and  that 
part  of  the  circumference  which  it  cuts  off. 

VIII. 

Jn  angle  (A  C  B)  in  a  fegment,  is  the  an¬ 
gle  formed  by  two  right  lines  (A  C  and  C  B^ 
drawn  from  any  point  (C)  in  the  circumfe- 

e  rence 


*  Any  part  of  the  circumference  of  a  circle  is  commonly 
^Iled  an  arch:  and  the  right  line  joining  the  extrernities  of  an 
arch  is  called  the  chord  of  that  arch,  h  fegment  therefore 
better  defined  a  figure  contained  under  an  firch  (A  C  B)  and  its 
chord  A  B. 


T 
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rence  to  the  extremities  of  the  chord  (A  B)  of 
the  fegment. 


PROPOSITION  I, 

Problem. 

T<7 find  the  center  ifi')  of  a  given  circle  (A  E 
B  F.) 

Draw  within  the  given  circle  any  right  line 
(A  B)  hifeft  it  in  D  [by  i.  lo.)  and  draw  D 
F  perpendicular  to  A  B  and  produce  it  to  E. 
Laftly  bire<!I:  E  F  in  C,  which  is  the  center  of 
the  given  circle. 

DEMONSTRATION. 

Firfl  I  fay  the  center  (C)  muft  fall  fome- 
where  in  the  line  D  F. 

For  if  it  does  not,  let  the  center  be  in  any 
point,  G,  out  of  the  line  D  F,  and  draw  G  A, 
G  B  and  G  D. 

Then  becaufe  G  is  the  center,  G  A=G  B 
(by  def.  15.  B  i.)  Alfo  A  D=D  B  (by  con- 
firuSiion.')  wherefore  the  two  triangles  A  D  G 
and  B  D  G  having  three  fides  in  one  refpec- 
tively  equal  to  the  three  lides  of  the  other, 
the  angle  A  D  G— B  D  G  (by  i.  8.)=aright 
^Ti<fit(by  def.  10.  B  i.) 

But  the  angle  B  D  C— to  a  right  angle  by 
conjlruBion)  v/hence  the  angle  B  D  C=B  DG 
the  Icfs  to  ihe  greater,  which  is  impoffible. 
Wherefore  the  center  of  th». circle  is  in  F  D, 

and 
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and  confequently  it  muft  be  in  the  middle  of 
F  E,  becaufe  the  center  of  a  circle  is  equally 
remote  from  every  point  in  its  circumference 
(^^15.61.)  Q^E.  D. 

Tins  is  of  ufe  to  demonjirate  others,  farticu-, 
larly  the  25th  of  this  book :  it  is  alfo  often  want¬ 
ed  in  pradlical  geometry,  and  will  be  quoted  in 
page  223. 


PROPOSITION  XVI. 

Theorem. 

A  right  line  drawn  perpendicular  to  the  dia¬ 
meter  (A  B)  of  a  circle,  from  one  extremity  (A) 
of  it,  falls  'wholly  without  the  circle. 

!■ 

DEMONSTRATION. 

For  if  it  does  not,  let,  if  poffible,  D  A  be 
perpendicular  to  B  A,  and  alfo  cutting  it  ia 
another  point,  as  (D)  and  drawC  D. 

Then  becaufe  (  by  def.  15.  B  i.)  C  A==C  D 
the  angle  A=angle  D,  and  they  are  each  right 
*  angles,  and  fo  the  two  angles  A+D  are  equal 
to  the  three  angles  A+D+C  fbyi.‘^2.)  which 
is  abfurd :  wherefore  the  line  A  D  muft  fall 
wholly  without  the  circle.  Q^E.  D. 


Corollary. 

Hence  a  perpendicular  at  the  end  of , a  dia¬ 
meter  touches  the  circle  tn  one  pgint  only... 

This  propofitton  will  be  wanted  in  the  demon- 
f  ration  of  the  33d  c/*  this  book. 

e  2  PROPO- 


PROPO- 
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PROPOSITION  XVIII. 

Theorem. 

If  0>  right  line  (D  G)  touches  a  circle y  the 
line  (C  F)  drawn from  the  center  {Q)  to  the  point 
of  conta^  (df)fnall  be  perpendicular  to  the  tan¬ 
gent  (D  G.) 

DEMONSTRATION. 

If  it  be  denied  that  C  F  is  perpendicular  to 
F  G,  let  if  poffible  any  other  line,  as  C  G, 
be  drawn  from  C  perpendicular  to  the  tangent 
D  G.  Then  becaufe  the  triangle  C  G  F  is 
right  angled  at  G;  the  angle  F  muft  be  lefs 
than  a  right  angle  (by  i.  32.  cor.  3.)  and  C  F 
mufl:  be  greater  than  QG  (by  i.  19.)  But  C 
F=C  B  (by  def.  15.  B  i.)  wherefore  C  B  is 
greater  than  C  G,  a  part  than  the  whole: 
which  is  impofliblei  therefore  F  C  is  perpen¬ 
dicular  to  D  G.  Q^.  D. 

This  propoftion Jerves  to  demonjlrate  the  next 
md  alfo  will  be  quoted  in  pages  152  and  163. 

PROPOSITION  XIX. 

Theorem. 

If  a  right  line  (F  A)  be  drawn  perpendicular 
to  a  tangent  of  a  circle  (B  E')from  the  point 
of  contaSi  (F)}  the  center  of  the  circle  fhall  be 
ill  that  line. 

DEMON. 
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Ui 

DEMONSTRATION. 

\ 

For  if. the  center  is  not  in  the  line  F  A,  let 
it  be  (if  pofTible)  in  the  point  C  and  draw 

C  F. 

Then  the  angle  C^F  E  is  aright  angle  (ky 

i8.)  But  A  F  E  is  alfo  a  right  angle  ^by 
fupfojition)  whence  C  F  E=A  F  E  the  lefs  tb 
the  greater,  which  i?  impoffible.  In  like 
manner  it  may  be  fhewn  that  the  center  can¬ 
not  be  in  any  point  out  of  the  line  A  F,  and 
Confequently  niuH;  be  in  it.  Q^E.  D. 

This  is  wanted  to  demonjirate  the  -^^dpropo^ 
Jition  of  this  book. 

P  R  O  P  O  S  I  T  I  O.N  XX. 

Theorem. 

The  angle  at  the  center  of  a  circle  is  double 
to  an  angle  at  the  circumference^  which  Jlands  on 
the  fame  arch. 

DEMONSTRATION. 

CASE  1. 

Let  B  C  E  be  an  angle,  whofe  angular 
point  C  is  at  the  center  of  the  circle,  and 
llanding  on  the  arch  B  E  ;  alfo  let  B  A  E  be 
an  angle,  whofe  angular  point  A  is  in  the 
circumference,  and  (landing  on  the  fame  arch 
js  Ej  alfo  let  the  center  C  be  within  the  an- 

e  3  gle 
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gle  B  A  E  :  then  I  fay  the  angle  B  C  E  is 
double  the  angle  B  A  C. 

Draw  A  C  and  produce  it  to  F.  Then  be- 
caufe  B  C=C  A,  the  angle  B  A  F=A  B  C 
(byi.  ^.)  whence  angle  B  A  F  + A  B  C=twice 
B  AF,  alfoBCF-B  A  F  +  A  BCj^^y  i.  32 J 
wherefore  B  C  Fi=  twice  B  A  F  :  for  the  fame 
reafon  F  C  E  equal  to  tv/ice  F  A  E  j  confe- 
quently  the  whole  angle  BCE  equal  to  twice 
the  whole  angle  B  A  E. 

CASE  II. 

When  the  center  C  is  not  ‘within  the  angle 
B  A  E.  ■ 

Through  C  draw  C  A,  and  produce  it 
to  F,  then  F  C  E  is  double  F  A  E,  alfo  F  C 
B  (which  is  a  part  of  F  C  E)  is  double  FAB 
which  is  a  part  of  F  A  E,  wherefore  the  re¬ 
maining  angle  B  C  E  is  double  the  remaining 
angle  B  A  E.  Q^E.  D. 

This  is  wanted  to  demonjirate  the  next  propo^ 
fition :  it  is  alfo  cf  great  ufe  in  7nany  parts  of 
practical  mathematics,  particularly  in  the-Jlere~ 
ographic  projection  of  the  fphere  in  piano. 

P  R  O  P  O  S  I  T  I'O  N  XXL 
Theorem. 

All  angles  (BAD  and'Q  E  D)  in  the  fmije 
figment  (B  A  E  D  vide  def.  *6.)  are  equal. 

DEMON- 
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demonstration. 

CASE  I. 

If  the  fegment  (B  A  E  D)  is  greater  thand 
femicircle.  From  the  center  (C)  draw  C  B  and 
C  D,  then  the  angle  B  A.D  is  equal  to  half  B 
C  D  3.  20.)  Alfo  the  angle  B  E  D  is  equal 
to  half  B  C  D  3.  20.)  wherefore  B  A  D  is 
equal  to  B  Ef  D  (by  ax.  y.  B  i.)  Q^E.  D* 

C  A  S  E  IL 

^  the figment  (B  A  E  D)  A  not  greater  than 
a  femicircle.  Through  the  center  (C)  draw  A 
C  and  produce  it  to  F,  alfo  drav/  E  F,  B  G 
and  C  D.  Then  {by  the  ift  cafe.)  the  angle  B  A 
F==B  E  F,  alfo  the  angle  F  A  D=F  E  D, 
wherefore  (by  ax.  2-  B  i.)  the Ungle  BAD 
(1baFm-F  AD)=B  ED(  =  BEF+FE 
‘DO  Q^E.D. 

By  this  propqftion  nve  can  find  federal  fta- 
tions  fituated  at  very  unequal  dijiances  Jro?n 
the  front  of  a  buildings  frmn  all  which  the  fata 
front  fialfappear  of  an  equal  width  :  for  it  is  a 
principle  in  optiesy  that  objects  which  form 
equal  angles  at  the  eye  appear  equali  wherefore 
let  be  the  ground  plan  of  a  wall,  C^c.  take 
any  dijiance  A  C  in  the  cofnpafjesy  and  from  A 
and  B  as  centers,  deferibe  arcs  cutting  in  C  i 
from  C  with  the  fame  radius  deferibe  the  figment 
A  D  E  B,  then  if  a  man  walk  round  the  pere- 
phery  of  this  circle y  the  length  of  t he  wall  A  B, 
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will  every  where  appear  equal,  becauje  its  ap¬ 
pearance  will  be  meafured  by  equal  angles  AD 
B,  A  E  B,  (iff, 

P  R  O  POSITION  XXIL 

I’heorem. 

V'he  oppojite  angles  (B  and  D)  of  any  quad¬ 
rangle  (A  B  C  D)  inf  crib  ed  in  a  circle  are  equal 
to  two  right  angles. 

DEMONSTRATION. 

The  angle  B  is  meafured  by  half  the  arch 
ADC  {by  20.)  alfo  the  angle  D  is  mea¬ 
fured  by  half  the  arch  ABC. 

But  the  arches  ADC  +  ABCis  equal  to  the 
whole  circumference,  or  q6o°  (vide  def.  g. 
book  I.)  Confequently,  the  angle  B  +  D  is  equal 
to  half  a  circumference ;  or  two  right  angles  j 
or  1 8o  degrees.  Q^E.  D. 

^  Iliis  propoftion  will  help  to  dcmonfrate  the 
31ft  and  of  this  book. 

PROPOSITION  XXV. 

Problem. 

yin  arch  {ABT>)  f  a  circle  being  given  to find 
its  center  (C). 

To  any  point  (B)  in  the  given  arch,  draw 
lines  (A  B)  and  B  D)  from  its  extremcties  (A 
and  D.) 


Bifedt 
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Befe<^  thefe  lines  B  D  and  A  B  (by  i.  lo,) 
in  the  points  E  and  F  :  and  {by  i.  1 1.)  draw 
{he  perpendicialars  E  C  and  F  C,  cutting  each 
other  in  the  point  C,  which  is  the  center  of 
the  circle  whole  arch  was  given. 

DEMONSTRA-TION. 

Since  B  D  and  B  A  are  chords  {by  def.  6, 
book  3.;  and  fince  E  C  and  F  C  are  perpendi¬ 
culars  palling  through  their  middles  (E  and 
F)  the  center  of  the  circle  mull  be  in  both 
thefe  lines  (by  the  demon,  of  i-  i.)  and  confe- 
quently  mull  be  their  interfeftion  (C).  Q^.D. 

‘^his  problem  is  of  great  ufe  in  many  mathe¬ 
matical  operations.,  and  will  be  quoted  in  page 
224. 

PROPOSITION  XXXL 

'theorem. 

"The  angle  (BAG)  that  is  contained  in  a  femi- 
circkj  is  a  right  angle :  the  angle  (ABC)  con¬ 
tained  in  a  greater  fegment,  is  an  acute  angle, 
and  the  angle  (A  D  C)  contained  in  a  lefs  Jeg- 
ment  than  a  femkircle  is  obtufe. 

DEMONSTRATION. 

Draw,  from  the  center  of  the  circle  (E)  the, 
line  EA,  and  produce  BAtoF ;  thenbecaufe  BE 
*=E  A,  the  angle  E  B  A=angle  B  A  E  [by  1.5.) 
alfo  becaufe  AE==EC,  the  angle  EAC=ACE; 
wherefore  the  two  angles  ABC'-f^ACB  are 

equal 
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equal  to  the  whole  angle  BAG.  But  the 
angle  FAC  is  alfo  equal  to  the  two  angles 
ABC  +  ACB  (i>y  I.  32.)  wherefore  {ky  ax.  i. 
‘book  1.)  the  angle  F  A  C^angle  BAG,  and 
are  borb  right  angles  (ky  aef.  10.  book  i)  con^ 
Jequently  the  angles  ^B  A  Cj,  ^  femicircle.  is  a 
right  line. 

Again  becaufe  the  angle  F  A  C  is  a  right 
angle,  and  is  alfo  equal  to  both  the  aneies 
ABC  +  ACB  ijy  I.  22.)  the  angle  ABC  alone, 
IS  lefs  than  a  right  angle. 

Again,  becaufe  A  B  ( :  D  is  a  quadrangle  in- 
fcribed  in  a  circle ;  the  oppofite  angles  ABC 
+  A  pc  is  equal  to  two  right  angles  {by  3.  22.) 
and  it  has  been  fhewn  that  ABC  alone,  is  lefs 
than  one  right  angle  ;  it  follows  that  ADC 
is  greater  than  a  right  angle. 

This  propojition  Jhews  us  how  to  perform  the 
iith  and  12  th  propofitions  of  the  firf  book, 
when  the  given  point  is  fituated  near  the  endy  or 
nearly  oppofite  the  end  of  the  givenUne.  Thus 
if  It  was  required  to  raife  a  perpendicular  to  the 
line  A  By  from  the  point  By  fituated  in  the  fame'y 
and  near  fhe  [end  of  it. 

Set  one  point  of  the  compafes  in  any  point  C, 
out  of  the  given  line  A  B,  and  with  the  dif  anee 
C  B  defcribe  a  large  portion  of  a  circle  cutting 
the  given ^  line  in  E.  rhrough  E  and  C  draw 
E  D  cutting  the perephery  in  D.  Laflyy  draw 
D  B,  which  is  t he  perpendicular  fought.  For  it  is 
evident  the  angle  A  B  D  ri  contained  in  the  femE 
circle  E  B  D,  and  therefore  is  a  right  angle. 
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IfT>  is  a  point  fituated  out  of  the  given  line 
A  B,  and  nearly  oppofite  its  end,  through  which 
it  is  required  to  draw  a  perpendicular  /(?‘A  B, 

proceed  thus :  .  7  /•  -o  r» 

through  D,  draw  any  line  at  pleafure,  fc.  U, 

cutting  the  given  line  (A  B)  in  E.  Bifehl  (h  }  • 
10.)  E  D  in  C:  at  Casa  center,  with  the  radius 
C  E  or  C  D  defcribe  the  femicircle  D  B  E,  cut¬ 
ting  the  given  line  A  B  in  B.  Lajily,  draw 
which  Jhall.be  perpendicular  to  A  B,  by  the  lajt 

-propoftion.  . 

There  are  many  other  ufes  to  be  made  oj  this 

propoftion,  it  will  alfo  be  wanted  to  demonfrate 

prop.  3  3  •  ^Ids  book. 

PROPOSITION  XXXIL  . 

TPheorem. 

If  a  right  line  (E  F)  touches  a  circle,  and 
from  the  point  of  contadi  (B)  a  line  (B  D)  bi 
drawn  cutting  the  circle,  the  angles  made  by 
this  chord  (B  D)  with  the  tangent  ( vtde^  deh 
2  and  6.)  is  equal  to  the  angles  contained  in  the 
altTrnatefegJents  :  viz.  The  angle  D  B  F  is 
equal  to  the  angle  in  the  fegment  BAD,  and 
the  angle  D  B  E  is  equal  to  the  angle  m  the 
fegment  D  C  B, 

demonstration. 

From  the  point  of  contad  (B)  draw  B  A 
perpendicular  to  E  F,  cutting  the  oppofite 
part  of  the  circumference  in  A,  and  draw 

AD. 


Then 
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■;  4™i‘» :  ,S"  S:  5';. ‘jf”:.;*'; 

^  fight 

D I  -"‘^®  "•  3-  '  ■'> 

in  the  alte  ’  ^h‘th  is  the  angle  contained 
ARrn-™  htgment;  moreover,  becaufe 

•’  -2  1  a^r?,?  ‘'^  "ght  angles  (iy 

is  eau’a^l  J,  'h'^.^gie  DBF  (=B  AD)+DBE 

D  B^EiangTe°BtD  rf  “ 

Tlhf\  r  ^htrnate  figment.  Q.E.D. 

^Tlm  proppfit, on  imllfer-je  to  demonJWte  thi 

proposition  XXXIII, 

Eroble7n. 

mom7Acft’’f’'  ‘1‘firibe  the  jig. 

^iven  angle  (C)  {gcide  def.  6.  and  8.) 

CASE  r. 

RY  “  ’-y-l  ttngle. 

B.iea  A  B  m  F  '■  >o-)  and  from  F 

then  Is"  aT’ femicircle  A  G  B,’ 

IS  A  GB  a  right  angle  {by  3,  31.) 


CASE 
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C  A  S  E  II.  ’ 

If  the  angle  (C)  is  not  a  right  angle. 

At  the  point  A  make  the  angle  B  A  D=C 
{by  I.  23.)  alfo  {by  i.  1 1.)  draw  A  G  perpen¬ 
dicular  to  A  D,  and  hhea:  {by  i.  10.)  A  B  in 
F,  and  draw  F  E  perpendicular  to  A  B,  and 
cutting  A  G  in  E.  Laftly,  from  E,  as  a  cen-’ 
ter,  with  the  radius  E  A,  defcribe  the  arch 
A  G  B,  'which  will  pafs  through  B,  and  form' 
a  fegment  (A  G  B)  which  will. contain  an’ 
angle  equal  to  a  given  angle  C. 

DEMONSTRATION. 

Draw  E  B,  then  in  the  triangles  A  F  E 
and  E  F  B,  we  have  A  F  and  F  E  with  the 
angle  A  F  E  relpeftively  equal  to  F  B  and 
F  E,  and  the  angle  E  F  B  {by  conJiru5i.) 
wherefore  {by  i.  4.)  EB=AE,  confequently 
the  arch  A  G  B  muft  pafs  through  B. 

Again,  becaufe  AD  is  perpendicular  to  the 
radius  A  E  {by  conjlrudi.)  it  is  a  tangent  {by  3. 
16.)  and  becaufe  AB  is  a  line  drawn  within  the 
circle  from  the  point  of  contadt  (A)  j  the 
angle  DAB  (equal  to  the  given  angle  Cj  is 
equal  to  the  angle  contained  in  the  alternate 
fegment  {by  3.  32,'!  Q^E.  D. 

By  the  help  of  this  propofition  we  may  find 
a  point  from  which  two  very  unequal  parts  of 
the  fame  line  fhall  appear  equal.  Thus,  fup^ 
pofe-A  B  to  be  a  line  divided  into  two  un^ 
‘  equal 
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equal  parts  in  the  point  C,  and  it  is  required 
to  find  a  point  F  frohi  whence  thofe  parts 
Jhall  appear  equal ;  on  one  part  A  C  deferibe 
i^y  this  prob,)  a  fegment  A  D  F  C  that  fhall 
cont^n  any  angle  at  pleafure ;  alfo  on  the  part 
part  C  B  defenbe  a  fegment  C  F  E  B  that  thall 
contain  an  angle  equal  to  the  angle  contained 
in  the  fegment  A  D  F  C  :  then  the  point  F 
where  thefe  arcs  cut  each,  will  be  the  point 
fought.  For  at  F,  the  appearance  of  C  B  is 
meafured  by  the  angle  C  F  B,  and  the  appear, 
ance  of  A  C  is  meafured  by  the  angle  A  F  C  • 
which  angles  (by  this  conftrudlion  are  equal)! 

*  IS  prepofition  will  be  quoted  page  2^0. 


Euclid’^s 
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B  O  O  K  V. 


N  the  following  demonjiratiom  I  Jhall  make  ufe 
of  letters  to  denote  the  quantifies,  whofe  proportional 
properties  are  to  be  invefigated ;  and  when  two 
or  more  quantities,  connected  with  thejign  +  or 

_ ,  have  a  line  drawn  over  them,  they  are  to  be 

ejleemed  as  that  one  quantity  which  would  arife 
by  adding  and  fuhtradiing  thefeveral  quantities 
as  their  Jigns  indicate. 

‘Thus  A+B+C  is  to  be  underfood  as  that  one 
quantity,  arifngfrom  adding  the  quanties  repre- 
fented  by  A,  B,  and  C,  together:  alfo  A+B— C 
denotes  the  fingle  quantity,  which  refults  when 
C  is  fubtradied  from  the  jum  of  A  and  B. 

definitions. 

1. 

A  lefler  magnitude  is  faid  to  be  a  part  of  a 
greater,  when  the  leffer  meafures  the  greater ; 
or  when  the  leher  is  contained  in  the  greater 
a  certain  number  of  times. 

Thus 
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'Thus  4  ts  a  part  of  12 »  being  contained  3  times 
therein :  alfo  a  foot  is  a  fart  qf  a  yard  becaufe  it 
is  contained  three  times  in  it. 

11. 

A  greater  magnitude  is  faid  to  be  a  multiple 
ef  a  Idler,  when  the  greater  is  meafured  by 
the  iefs. 

Thus,  12  is  a  multiple  of  3,  a  yard  is  a  mul- 
tiply  of  afoot,  and  a /hilling  is  a  mtiltip/e  of  a 
groat. 

in. 

Ratio  is  the  mutual  relation  two  magni.> 
tudes  of  the  fame  fpecies  have  to  each  other 
in  refpedl  of  quantity 

When  two  magjiitudes  are  compared  together, 
the former  is  called  the  antecedent  and  the 
latter  the  consequent  :  and  the  ratio  or 
PROPORTION  between  them,  is  found  by  dividing 
the  number  of  equal  parts  contained  in  the  ante^ 
cedent,  by  the  number  of  like  parts  contained  in 
the  confequent.  Thus  ^  is  the  ratio  (?r  pro¬ 
port  i  o  n  which  a  pound  has  to  a  guinea  :  becaufe 

ANTECEDENT  Contains  20  fiillings  and  the 
CONSEQUENT  21. 

Number  is  the  general  medium  through  which 
all  our  ideas  of  magnitude  or  quantity  are  con¬ 
veyed  :  we  have  but  (i  very  confiijed  notion  of  the 
relation  which  two  7nagnitudes  have  to  each  other, 

till 
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’’till  we  either  usually  divide  them,  or  conceive 
them  to  be  divided,  into  parts  of  equal  quantity  : 
and  we  efimate  their  ratio  by  the  numbers  of  juch 
equal  parts  contained  in  the  two  magnitudes . 

Thus  if  we  compare  two  bodies  by  their 
weight,  we  put  them  in  a  pair  of  fcales,  and 
fnd  how  many  pounds  or  ounces  are  contained  in 
each ;  and  the  ratio  between  them,  we  efimate 
by  the  proportion  of  thcfe  numbers  to  each  other. 

If  we  efimate  them  by  their  bidk,  we  com¬ 
pute  how  many  fpaces  equal  to  a  cubical foot  or 
inch,  &c.  is  cofitained  in  each,  and  the  numbers 
exprefing  thefe,  give  us  an  idea  of  the  relatioh 
their  bulks  have  to  each  other. 

IV. 

Quantities  are  faid  to  be  in  Tome  ratio,  or 
other,  when  they  are  capable  of  being  multi* 
plied  fo  as  to  exceed  each  other. 

From  hence  it  appears  that  heterogeneous 
quantities  cannot  have  any  ratio  to  each  other : 
thus  a  yard  and  pound  have  no  ratio,  becaufe 
neither  can  be  multiplied  'till  it  exceed  the  other ^ 
for  the  fame  reafon  a  line  caimot  be  compared 
with  a  firface,  nor  a  futface  with  a folid. 

V. 

•f*  Four  magnitudes  are  faid  to  be  In  the  fame' 
f  ratio 


f  This  definition  though  juft,  and  calculated  to  intro¬ 
duce  the  moft  elegant  and  unexceptionable  demonftrations 
of  the  properties  of  proportional  quantities,  nevfirthelefsj 
does  not  at  firft  fight  coincide  with  that  idea  of  proporj 
tionality,  which  every  man  feels  in  himfelf :  and  becaufe 

wherever 
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ratio  to  the  lirfl,  as  to  the  fecond,  as  the  third' 

to- 


wherever  Euclid  proves  four  quantities  to  be  proportional 
it  is  from  having  this  property  ;  his  whole  5th  book  ha» 
an  air  of  ambiguity,  which  is  apt  to  difcourage  learners 
from  perufmg  it;  and  by  this  means  the  moft  elegant,  and 
ufeful  book  of  his  Elements  is  commonly  the  leaft  under- 
flood  ;  for  this  .reafon,  every  editor  of  Euclid  has  endea¬ 
voured  to  remove  this  flumbling  block,  either  by  fubfli- 
tuted  fome  other  definition  in  its  room,  or  lefifening  its 
bbfeurenefs  by  exj^ications  and  comments.  But  none 
feem  to  me  to  have  fucceeded  fo  well  as  Dr.  Saunderfom 
in  the  yth  book  of  his  Algebra,  from  whom  I  lhall  bor¬ 
row  the  heads  of  this  Note. 

The  moft  common  and  natural  idea  of  the  propor¬ 
tionality  of  four  quantities,  from  whence  we  may  perr 
ceive  children  and  market-folks,  felf  taught,  derive  their 
little  computations  is  this: 

Four  quantities  (A,  B,  C,  andTi)  are  proportional,  if 
the  JirJl  (A)  is  the  fame  part  or  parts  of  the  fecond  (B)  that 
the  third  (C)  is  of  the  fourth  (D)— Thus  if  A  is  ^  of  B 
and  C  is  i  of  D,  then  is  A  the  fame  part  of  B,  that 
C  isof  D  :  and  the  four  quantities  are  proportionable. 

Again  if  B  and  C=  |  D;  or  if  A^  |  B  or  a 

B  and  C—  I  D  or  2  D,  or  if  A=  V  B  and  C=y  D  j  in 
all  thefe  cafes  A  is  the  fame  parts  of  B  that  C  is  of 
and  therefore  A  has  the  fame  proportion  to  B  that  C  has 
to  D. 

Now,  though  this  is  an  infallible  fign  of  proportiona¬ 
lity,  and  will  anfwer  every  purpofe  where  numbers  only 
me  concenred,  yet  to  be  univerfal  we  muft  have  a  more 
extenfive  criterion.  Forinftance,  it  may  be  demonItrated, 
that  the  diagonal  of  any  fquare  is  incommenfurable  to  its 
fide,  or  that  no  part,  or  part>  of  the  diagonal  can  be  taken 
that  (hall  equal  the  fide  of  the  fquare.  Yet  it  may  a!ft> 
be  demonftrated,  that  the  fide  (A)  of  any  fquare  has  the 
fame  proportion  to  its  diagonal  (B)  as  the  fide  (C)  of  any 
other  fquare  has  to  its  diagonal  (D);  yet  A  is  not  the 
fame  part  or  parts  of  B  that  C  is  of  D,  becaufc  A  is  no 

part 
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to  the  fourthj  when  ho  equimultiples  what- 

f  2  foever 


part  or  parts  of  B  nor  C  of  D.  For  if  the  fide  of  a 
Iquare  is  i,  its  diagonal  will  be  equal  to  the  fquke  foot 
of  2,  =  j-l  or  more  nearly  or  ftiil  more  nearly 
whence  it  follows,  that  if  the  fide  is  divided  into  ten  equal  ' 
parts,  the  diagonal  will  contain  more  than  fourteen  but 
lefs  than  fifteen  of  thofe  parts.  If  the  fide  is  divided  into 
a  hundred  equal  parts,  the  diagonal  will  contain  more  thaii 
a  hundred  and  forty-one,  but  not  hundred  and  fortjr- 
two  of  thofe  parts,  &c. 

In  order  to  efiablilh  a  more  general  definition,  let  lis 
aflume  the  following  principle,  which  accords  fo  nearly 
with  the  natural  idea  of  proportionality,  that  every  body 
will  eafily  fubfcribe  to  its  truth. 

PROPOSITION. 

If  there  are  four  quantities  A,  B,  C  and  D,  whereof  1% 
has  the  fame  proportion  to  B  that  C  has  to  D;  it  will  then 
be  impojible  for  A  to  be  greater  than  any  part  or  parts  of  B; 
but  C  muf  alfo  be  greater  than  a  like  part  or  parts  of  Y^. 

Or  if  A  is  equal  to  any  part  or  parts  f  B,  C  zuill  alfo  be 
iqual  to  a  like  part  or  parts  of  T) or  if  A  is  lefs  than  any 
part  or  parts  ^  B,  C  zvill  alfo  be  lefs  than  the  like  part  or 
parts  of  D .  Unis  if  A  is  greater  than,  equal  to,  or  left 
than  }  -^  of  B,  Q  will  alfo  be  greater  than,  equal  to,  or  left 
than  of  {.A  D. 

This  principle  is  fo  immediately  derived  from  thd  fore- 
mehtioned  natural  idea  of  proportionality,  that  no  de- 
m'onftration  can  redder  it  more  evident;  and  if  we  carl 
demonftrate  the  converfe,  we  fhall  have  an  idea  of  pro¬ 
portionality  as  extenfive  as  the  fubjedt  itfelf ;  now  the 
converfe  of  the  above  principle  is  this: 

PROPOSITION. 

If  there  are  four  quantities  A,  B,  C,D,fo  related  together 
that  A  cannot  pofibly  be  greater  than,  equal  to,  or  lefs  than, 
any  part  or  parts  of  B  ;  but  that  C  zvill  alfo  be  greater  than, 
equal  to,  or  lefs  than  the  like  part  or  parts  of  D,  then  I  fay 
that  A  muf  have  the  fa?ne  proportion  to  B,  that  C  has  to  D. 

DFMON- 


'1 
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foeverof  the  firftand  third  can  poffibly  be  ta¬ 
ken. 


DEMONSTRATION. 

For  if  it  be  denied  that  C  has  the  fame  proportion  to 
D  that  A  has  to  B,  let  anv  other  quantity  G  have  the 
fame  proportion  to  D  that  A  has  to  B;  that  is  A  is  to  B, 
fo  is  G  to  D ;  alfo  fuppofe  that  if  D  was  divided  into 
ten  equal  parts,  that  G  is  greater  than  fourteen  but  lefs 
than  fifteen  of  thefe  parts,  then  fince 
G  is  greater  than  of  D,  and  lefs^ 

than  t  I  of  D.  i  i  n  r  •  ■ 

A  is  greater  than  of  B  and  lefs  \h  i^^fpropofttion. 

than  To  of  B.  J 

But  fince  A  is  greater  than  44  of  B  and 'I 

lefs  than  r s.  C  muft  be  greater  than  I  by  fuppofuion. 

44  of  D  and  lefs  than  J 

But  G  is  alfo  greater  than  44  of  D  and  lefs  than  44  (as 
above. ) 

We  have  now  proved,  that  it  G  is  between  44 
44  of  D,  C  will  alfo  be  contained  between  the  fame  li¬ 
mits,  and  therefore  the  difierence  between  C  and  G  muft 
be  lefs  than  of  D. 

This  was  upon  fuppofition  that  D  was  divided  into  ten 
equal  parts,  but  if  D  had  been  divided  into  a  hundred, 
a  thoufand,  ten  thoufand,  Az.  equal  parts,  the  conclu- 
fion  would  have  been  that  C  and  G  differed  from  each 
other,  by  a  quantity  lefs  than  the  hundredth,  thoufandth, 
ten  thoufandth,  &c.  part  of  D  ;  confequently  the  diffe¬ 
rence  between  C  and  G  muft  be  lefs  than  any  part  of 
D  hov/ever  fmall,  or  in  other  words  C  and  G  muft  be 
equal. 

Since  then  C  is  equal  to  G,  and  as  A  is  to  B  as  G 
is  to  D  (by  fuppofition)  it  follows  that  A  is  to  B,  fo  is 
C  to  D.  Q,E.D. 

It  is  highly  probable  that  Euclid  would  have  made  this 
propofition  his  criterion  of  proportionality,  as  being 
more  natural  and  agreeable  to  the  general  idea  of  it;  but 
had  hefodone  he  muft  in  demonftrating  the  properties  and 
affedlions  of  proportionate  magnitudes,  have  fuppofed. 

them 
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ken,  butwhat  fhall  be  both  refpedively  greater, 

f  3  or 


them  to  be  divided  Into  fuch  and  fuch  parts,  inftead  of 
taking  fuch  and  fuch  multiples  of  them  ;  which  would 
have  been  lefs  elegant  as  the  ufe  of  whole  numbers  is  in 
all  cafes  more  eafy  and  natural  than  that  of  fradlions, 
and  the  multiplication  of  quantities  is  more  hm pie  and 
eafy  to  the  conception  than  the  reiolution  of  them  into 
parts. 

For  thefe  reafons  ;  it  was  neceflary  to  advance  the  idea 
of  proportionality  a  ftep' farther,  by  fubftituting  multiples 
inftead  of  all  aliquot  parts  :  and  inftead  of  taking  the  laft 
propofttion  for  a  definition  of  proportional  quantities  it 
is  better  to  define  them  by  that  property,  which  fhall  be 
demonftrated  in  the  following 

PROPOSITION. 

If  there  be  four  quantities  A,  B,  C,  D,  whereof  Y.  X  A  and 
E  X  C  are  any  equimultiples  of  the  firjl  and  third:  and  F  X  B 
and  F  X  D.  arc  any  other  equimultiples  of  the  fecond  and  fourth', 
and  if  thefe  quantities  are  of  fuch  a  nature,  that  E  X  A  can¬ 
not  be  greater  than,  equal  to,  or  lefs  than  F  X  B,  but  that 
E  X  C  snujl  neceffarily  he  greater  than,  equal  ta,  or  lefs  than 
F  xD,  be  thefe,  multiplicators  E  and  F  any  nmnbers  whatfo- 
ever.  I  fay  then  that  A  has  the  feme  proportion  to  B  that  C 
hath  to  D 

DEMONSTRATION. 

If  it  be  denied  that  A  is  to  B  as  C  is  to  D.  Let  A  be  to  B 
as  any  other  quantity  G  is  to  D ;  that  is,  let  A  :  B  ;  ;  G 
;  D.  Alfo  fuppofeD  is  divided  into  ten  parts,  and  that  G 
is  greater  than  fourteen  and  lefs  than  fifteen  of  thofe  parts, 
then  muft  A  alfo  be  greater  than  and  lefs  FJ,  than  of  B 
(by  fuppofition.) 

Now  fince  A  taken  once  is  greater  than  of  B, 
it  is  evident  that  A  taken  ten  times  is  greater  than  of 
B.  But  a  hundred  and  forty  tenth  parts  is  equal  to  four¬ 
teen  wholes,  wherefore  of  B  is  equal  to  fourteen  B : 

whence 
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or  both  equal  to,  or  both  refpedively  lefs  thap 

any 


whence  (A  taken  ten  times  or)  ten  A  is  greater  than  four¬ 
teen  B. 

In  like  manner  fince  A  taken  once  is  lefs  than  of 
B,  (A  taken  ten  times,  or)  ten  A  muft  be  lefs  than  ( 'A?  of 
Bor)  fifteen  B;  but becaufe  ten  limes  A  is  greater' than 
fourteen  and  lefs  than  fifteen  times  B.  Ten  times  G 
muft  be  greater  than  fourteen  and  lefs  than  fifteen  times 
D  {by  our  hyphihcfii)  and  once  G  muft  be  greater  than  a 
tenth  part  of  fourteen  and  lefs  than  a  tenth  part  of  fif¬ 
teen  times  D;  but  a  tenth  part  of  fourteen  D,  or  fifteen 
D  is  ot  D.  or  ot  D,  confequently  C  is  greater  than 
-r-§  and  lefs  than  J-’  of  D,  but  by  fuppofition  G  is  alfb 
greater  than  and  lefs  than  U  of  D,  therefore  the  diffe¬ 
rence  between  C  and  G  muft  be  iefs  than  a  tenth  of  D. 
bur  this  was  upon  fuppofition  that  D  was  divided  into  ten 
equal  parts,  for  had  D  been  fuppofed  to  be  divided  into  a 
hundred,  a  thoufand,  ten  thoufand,  &c.  parts,  the  difference 
between  C  and  G  would  have  been  lefs  than  one  of  thofe 
parts,  wherefore  C  and  G  have  lefs  difference  than  any 
part  of  D  whatfoever  ;  or  in  other  words  C=G,  and  fince 
It  was  agreed  that  A  is  to  B  as  G  is  to  D,  it  follows  that  A 
is  to  B  as  C  is  to  D.  Q.  E.  D. 

We  are  now  arrived  to  the  criterion  of  proportionality 
expreffed  in  the  5th  definition  :  to  wit,  * 

Four  quantities  A,  B,  C,  D,  are  proportional  where 
any  fequamultiples  whatfoever,  (ExA  andExC)  of  the 
firft  and  third  are  both  greater  than,  both  equal  to.,  or 
both  lefs  than  any  other  equimultiples  whatfoever,  (F  x  B 
and  F  X  D)  of  the  fecond  and  fourth  refpeftively ;  that  is, 

If  Ex  A  is  greater  than  F  x  B,  ExC  is'alfo  greatef 
than  F X D,  or  if  E X  A  is  equal  to  F x  B,  Ex C  is  alfo 
equal  to  F  X  D,  or  if  E  x  A  is  lefs  than  F  x  B,  E  x  C  is 
alfo  lefs  than  FxD. 

The  reader  may,  perhaps,  think  this  note  tedious,  but 

he  may  affure  himfelf  its  importance  is  equal  to  its  length 

and  much  greater  than  its  difficulty  ;  as  he  will  perceive  at 

the  fecond  or  third  reading.  . 

1.:  . . 
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any  other  equimultiples,  that  can  poffibly  be 
taken  of  the  fecond  and  fourth ;  to  wit,  it  A, 

C,  D,  are  four  quantities,  and  it  can  be  prove 
that  no  equimultiples  (as  E  x  A,  and  E  )  o 
the  firft  and  third  can  poffibly  be  taken,  but 
whatmuftneceffarily  beboth  ret^edtively  greater 
than,  both  equal  to,  or  both  refpeaively  lefs 
than  any  other  equimultiples  (F  x  B  and  F  D) 
that  can  poffibly  be  taken  of  the  fecond  and 
fourth,  than  A  has  the  fame  ratio  to  B  that 
C  has  to  D,  or  A  :  B  r :  C  :  D. 


yi. 

Magnitudes  that  have  the  fame  ratio  are 

•called  proportionals.  _ 

Thus  if  A  has  the  fame  ratio  {vtde  note  to 
def.  3.)  to  B  that  C  has  to  D,  thofe  quanUhes 
are  proportionals,  and  are  wrote  A  :  B  ;  ;  C  : 
D,  and  they  are  read  thus: 

A  is  to  B  fo  is  C  to  D. 

When  four  quantities  are  proportionals, 
the  firft  and  third  terms  are  called  antecedents 
and  the  fecond  and  fourth  are  called  confe- 
quenta. 

XII. 


In  proportional  quantities  the  antecedents 
are  called  homologous  to  each  other,  and  the 
confequents  are  alfo  faid  to  be  homologous  to 
each  other. 

I4 


XIIL 
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XIIL 

^  Alternate  proportion  is,  when  four  quan¬ 
tities,  being  proportionable,  the  firfl:  to  the 
fecond,  as  the  third  to  the  fourthj  it  is  con¬ 
cluded  that  the  firft  is  to  the  third  as  the  fe¬ 
cond  is  to  the  fourth.  Thus  if  A  :  B  :  :  C  : 
D,  it  is  concluded,  that  A  ;  G  :  :  B  :  D,*  the 
truth  of  which  conclufion  will  be  demon- 
Itrated  in  prop.  i6. 

xiy. 

y verfs  propofition  i$,  when  four  quantities 
being  proportionable,  the  fird;  to  the  fecond; 
as  the  third  to  the  fourthj  it  is  concluded 
that  the  fecond  is  to  the  firft  as  the  fourth  is 
fo  the  third  Thus  if  A  :  B  :  :  C  :  D  it 
is  concluded  that  B  :  A  :  :  D  :  C.  "  ‘  ' 


XV. 

Compofition  of  propofition  is,  when  four 
quantities  being  proportional,  the  firft  to  the 

fecond. 


t  rhe  truth  of  this  is  fo  fdf-evident,  that  Euclid  does 
no  attempt  a  demonftration  although  it  is  ufed  to  demon! 

M  ^  """y  equimultiples  of  A  and  C,  and 

then  r,„ce  A  "b  t  ®  “ 

?pr!l  ,  5-)  «'■  "1  other  words,  if  2  E  i| 

lefs  than,  equal  to,  or  greater  than  3  A  ;  2  D  muft  be  lefs 

g"5.rB“  ri:  pi  a“ciE. 
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fecond,  as  the  third  to  the  fourth ;  it  is  con¬ 
cluded,  that  the  fum  of  the  firft  and  fecond 
is  to  the  fecond,  as  the  fum  of  the  third  and 
fourth  is  to  the  fourth  :  that  is  if  A  :  B  :  :  C  : 
D.  We  conclude  A  +  B  :  B  : :  C  +  D  :  D. 

The  truth  of  this  conclufion  will  be  de- 
monftrated  in  prop.  i8. 


XVI. 


Divifion  of  proportion  is,  when  four  quan¬ 
tities  are  proportionable,  the  firft  to  the  fe¬ 
cond  as  the  third  is  to  the  fourth,  and  it  is 
concluded  that  the  excefs  of  the  firft  above 
the  fecond,  is  to  the  fecond,!^  the  excefs  of 
the  third  above  the  fourth  is  to  the  fourth. 
Thus  if  A  :  B  :  :  C  :  D,  it  is  concluded  that 
A-B  :  B  :  :  C-D  :  D. 

The  truth  of  this  conclufion  will  be  de- 
monftrated  in  prop.  17. 


xvir. 


Converfion  of  proportion  is,  when  four 
quantities  are  proportional,  the  firft  to  the  fe¬ 
cond  as  the  third  is  to  the  fourth,  and  it  is 
concluded  that  the  firft  is  to  the  excefs  of  the 
firft  above  the  fecond,  as  the  third  is  to  the 
excefs  of  the  third  above  the  fourth.  Thus 
if  A  :  B  :  :  C  :  D  it  is  concluded  that  A  :  A— 
B  :  :  C  ;  C-D. 

The  truth  of  this  conclufion  will  be  fhewn 
in  the  corollary  to  prop.  19. 


If 
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axiom. 

If  two  quantities  A  and  C  are  equal,  any 
multiple  part  or  parts  of  A,  will  be  equal  to 
a  like  multiple,  part  or  parts  of  C."  Thus 

!  D  3  A  is  =  3  B;  ^  A  =  or^  A  = 

T  i>. 

But  if  A  is  lefs  than  B,  then  is  any  multi¬ 
ple  part  or  parts  of  A,  lefs  than  a  like  mul- 
nple  part,  or  parts  of  B.  Thus  if  A  is  lefs  than 
fi  then  3  A,  or  ^  A,  or  4  A  are  refpedively 
fefs  than  3  B,  or  ^  B,  or  B. 

_  But  if  A  is  greater  than  B,  then  is  any  mul- 
tiple,  part,  or  parts  bf  A  greater  than  a  like 
multiple,  part  or  parts  of  B. 

PROPOSITION  vn. 

Theorem. 

Equal  (quantities  have  the  fame  proportion  to 
the  Jame  quantity :  alfo  the  fame  quantity  has 
the  fame  proportion  to  equal  quantities. 

Thus  if  A=B,  and  C  is  any  other  quantity., 
A  will  have  the  fame  proportion  to  C  that  B 
has;  alfo  C  will  have  the  fame  proportion  to  A 
that  it  has  to  B. 

This  is  as  evident  as  any  axiom  in  the  Ele¬ 
ments. 

^  This  theorem  'will  be  'wanted  in  the  demonjira- 
iion  of  prof.  2.  book  6. 


PROPOr 
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.  '  PROPOSITION  IX.  ' 

'Theorem. 

If  two  quantities  A  and  B  have  the  fame 
proportion  to  a  third  C;  or  if  any  quantity  C 
'has  the  fame  proportion  to  two  other  quantities 
A  and  B  in  either  of  thfe  cafes  the  quantities 
A  and  B  are  equal. 

This  is  felf-evii^entj  and  made  an  axiom 
by  the  beft  modern  writers  on  the  Elements 
of  Geometry,  Mr.  Thomas  Simpfon,  and  Mr. 
William  Payne. 

By  this  propofition  we  often  prove  that  two 
quantities  are  equal  to  each  other y  by  proving 
they  have  the  fame  proportion  to  fome  others  as 
is  exemplified  in  page  95. 

PROPOSITION  XI. 

Theorem. 

If  two  ratios  be  the  fame  with  a  third,  they 
muji  be  the  fame  with  one  another  %  as  if  the 
ratio  of  Kto^t,  and  the  ratio  of  Q  toe,  be  both 
the  fame  with  the  ratio  of  B'  to  h;  then  the  ra¬ 
tio  of  K  to  2.  will  be  the  fame  as  the  ratio  of  C 
to  e\  or  thus  if 

A  :  a  :  :  B  :  b  and 

B  :  b  :  :  C  :  c  I  fay  then  that 

A  :  a  :  :  C  :  c. 

DEMONSTRATION. 

For  let  3  A,  3  B  and  3  C  be  ^ny  equimul¬ 
tiples  of  the  antecedents  A,  B  and  C-,  alfo 
let  2  a,  2  b  and  2  c  be  any  other  equimulti¬ 
ples  of  the  confequents  a,  b  and  c;  alfo  fup- 
pofe  3  A  is  greater  than  2  a,  then  becaufe 
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A  :  a  :  :  B  :  b;  ^  B  mull  be  greater  than 
2  b  :  alfo  becaufe  B  :  b  :  :  C  :  Cj  q  C 
miift  be  greater  than  2  c,  wherefore  in  like  man¬ 
ner  we  might  prove  that  if  3  A  was  equal  to 
2  a,  3  C  would  alfo  be  equal  to  2  c,  or  if  3  A 
was  lefs  than  2  a,  3  C  would  allb  belefs  than 

2  c,  wherefore  A,  a,  C  and  c  are  four  quan¬ 
tities  fo  related  to  each  other  that  if  any  equi¬ 
multiples  (as  3  A  and  3  C)  are  taken  of  the 
nrft  (A)  and  third  (C)  and  any  other  equimul¬ 
tiples  (as  2  a  and  2  c)  are  taken  of  the  fecond 
and  fourth,  it  is  impoffible  for  3  A  to  be 
greater  than,  equal  to,  or  lefs  than  2  a,  but  that 

3  B  will  alfo  be  greater  than,  equal  to,  or  lefs 
than  2  b ;  whence  (fy  def.  ^.)  A  :  ^  :  C  :  c, 
Q.  E.  D, 

Ehs  propojition  is  oft en  wanted  in  demonf  rat¬ 
ing  the  principles  of  perfpediive,  as  will  be  feen 
m  pages  53,  54,  ^5,  ^17,  ^88,  &c. 

PROPOSITION  XIV. 

Theorem. 

.  //  qualities  of  the  fame  kind  are  propor¬ 
tion  aly  the  fir  ft  to  the  fecond  as  the  third  to  the 
fourth  ;  the  fecond  quantity  will  be  greater  thaiiy 
equal  to  y  or  lefts  than  the  fourth,  according  as  the 
frf  quantity  is  greater  than,  equal  to,  or  lefs  than 
the  third. 

demonstration. 

For  let  A  :  B  :  :  C  :  Dj  alfo  fuppofe 
A-C,  then  I  fay  B  -D.  For  fince  A=C, 

and 
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and  fince  B  and  D  is  the  fame  multiples  part  or 
parts  of  A  that  D  is  of  C  [Vide  page  74.)  it 
follows  (by  axiom  B  5.)  that  D  is  equal  to  B. 

In  the  fame  manner  it  may  be  proved,  that 
if  A  is  greater  or  lefs  than  Cj  B  is  alfo  greater 
orlefs  than  D.  Q^  E.  D. 

The  life  of  this  is  to  demonftrate  the  i6th 
propojition. 

PROPOSITION  XV. 

Theorem. 

^antitics  are  in  the  fame  proportion  as  their 
equimultiples .  Thus  if  A  and  B  are  any  two 
quantities  whereof  3  A  and  3  B  are  any  equi¬ 
multiples  whatfoe^er  then  I fay 

A  ;  B  :  :  3  A  :  3  B. 

demonstration. 

For  let  2  A  and  6  A,  be  any  equimultiples 
of  the  firft  and  third  (A  and  3  A)  alfo  let 
3  B  and  9  B  be  any  other  equimultiples  of 
2d  and  4th  quantities  (B  and  3^  B.)  1  hen 

it  is  evident  that  if  2  A  is  greater  than  3  E; 
6  A  muft  alfo  be  greater  than  9  B,  or  if  2  A 
is  equal  to  3  Bj  6  A  muft  alfo  be  equal  to 
9  B,  or  if  2  A  is  lefs  than  3  Bj  6  A  mull  alfo 
be  lefs  than  9  B  :  wherefore  by  def.  5  the 
quantities  A,  B,  3  A,  3  B  are  proportional, 
and  A  :  B  :  :  3  A  :  3  B.  Q:_E.  D. 

The  theorem  is  wanted  to  demonjirate  the  next. 

PROPO- 
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proposition  XVI. 

Theorem. 

quantities  of  the  fame  kind  are  pr6~ 
port  tonal  they  ^ijl  be  proportionable  when  taken 
o^.etnately :  or  the  two  antecedents  have  the  fame 
f alto  to  each  &f her  as  the  two  confequents  (Vide 

‘ief.  13.)  That  isif  A  :  B  :  :  C  :  6. 

I  ^ay  then  A  :  C  •:  >  B  :  D. 

demonstration. 

'  3  P  ^36  any  equimultiples  of 

the  ifl  and  2d  quantities  i  alio  let  2  C  and 
equimultiples  of  the  3d  and 

D  ’’  (h  f’tppojition.)  VVhere^ 

iorejA  :  3B  :  :  C:  But 

O.D..2C;2D(^/r.  I  r)  Confe 

Wherefore  a_y  5.  14.)  it  is  impoffible  for 
3  B  to  be  greater  than,  equal  to,  or  Idls  than 
■2  C.  unleis  3  B  ,s  alfo  greater  than,  equal 
to  or  Ids  than  2  D,  „|,erefore  (Pj,  def. 

1  his propofitkn  will  be  quoted  in  page  53'.  •  ' 

proposition  XVIL 

Theorem. 

.  If  four  quantities  k,  B,  C,  D  (lahereof  k 
is  greater  than  B,  and  C  is  greater  than  D) 

are 


Eudid\  Elements.  Book  V.  Ixxxvii 

at" e  proper tionaly  h.  to  B  as  C  is  toY)  v  I Jdy 

then  that  .  _ _ 

:  B  :  r  C— D  :  D, 

which  is  called  proportion  by  divifion  (^tde 

1 6.  book  5.) 

DEMONSTRATION. 

Let  3  A— 3  B  and  3  C— 3  D  be  any  equimul¬ 
tiples  of  the  terms  A— B  and  C— D- 

Alfo  let  2  B  and  2D  be  any  other  equimul¬ 
tiples  of  the  terms  B  and  D, 

Alfo  fuppofe  3  A— 3  B  is  greater  than  2  B, 
a-dd  3  B  to  both  thefe  quantities,  and  we  have 

3  A _ 3  B  +  3  B  is  greater  than  2  B+3  B,  that 

is,  3  A  is  greater  than  5  B ;  and  becaufe 
A  :  B  :  :  C  :  D,  and  3  A  is  greater  than  5  B  ; 
it  follows,  that  3  C  is  greater  than  5  D  {by- 
def.  5.  book  5.;  take  3  D  from  both  thefe 
quantities,  and  wc  have  3  c — 3  D  greater  than 
5  D — 3  D,  that  is  3  C— 3  D  is  greater  than  2  D,. 
whence  we  find,  that  if  3  A — 3B  is  greamr 
than  2  B,  3  c— 3  D  is  alfo  greater  than  2  D. 
And  in  the  fame  manner  it  may  be  demon- 
ftrated,  that  if  3  a— 3  B  is  equal  to,  or  lefs  than 
2  B ;  3  c— 3  D  vvill  alfo  be  equal  to,  or  lefs 
than  2  D. 

Seeing  then  we  have  4  quantities  A— B,  B, 
C— D>  D,  whereof  3  a — 3  B  and  3  c — 3  D  repre- 
fent  any  equimultiples  of  the  iftand  3d  ;  and 
2  B  and  2  D  are  any  other  equimultiples  of  the 
2d  and  4th3  and  fince  we  have  demonftrated, 

thatr 
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that  if  3  A— 3  B  is  ^-eater  than,  equal  to,  or 
lefs  than  2  B  j  3  c — 3  D  will  alio  be  greater 
than,  equal  to,  or  lefs  than  2  I).  It  follows 
from  [def.  5.  book  5  J  that  thefe  four  quanti¬ 
ties  are  proportional  j  ^iz.  aITb  :  B  : :  C— D  *  D 

Q,  E.  D. 


This  is  a  very  ufeful  propofition  in  jnojl  mathe¬ 
matical  e?2quiriesy  but  it  is  not  quoted  in  the  fol¬ 
lowing  work. 


PROPOSITION  XVIII. 

Theorem. 

If  Jour  quantities  A,  B,  C,  D  are  proportional, 
A  :  B  :  :  C  :  D  j  I fay  then  that 

A  +  B  ;  B  :  :  C  +  D  :  D, 
winch  is  called  proportion  by  compoftion  {vide 
def.  15.  book  5.) 


DEMONSTRATION. 

If  it  be  denied  that  A  +  B  :  B  ;  :  C  +  D  ;  D, 
let  it  be  allowed,  that  A  +  B  is  to  B  as  C+D 
is  to  fome  other  quantity  greater  or  lefs  than 
D,  and  call  this  quantity  E.  That  i';  let 
A  +  B  :  B  :  :  C  +  D  :  E. 

Noy^  if  E  is  fuppofed  greater  than  D 
let  c— E  be  added  to  both  thefe  quanti- 
ties,  and  we  ftall  have  e  +  C— E  greater  than 

^+C — E,  that  is,  C  is  greater  than  C  +  D _ E- 

This  being  obferved,  fince  a  +  B  :  B  ::  CTd:E 
(by  fuppofition)  we  have  {by  17.)  A  +  bEIb  : 
B  ::  c  +  D~E  :  E;  that  is,  A  :  B  ;  :  c+D— £:  E. 

But 
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JBut  A  :  B  :  :  C  t  D  (by  the  hypothejii)  there¬ 
fore  as  C  :  D  :  :  c+D— E  :  E  {by  5.  ii.) 
But  it  has  been  proved  that  the  firft  term  C 
is  greater  than  the  third  C  +  D-^E,  wherefore 
the  fecond  term  (D)  is  greater  than  the  fourth 
term  E  (by  5.  14.) 

Whence  we  gather,  that  if  a  +  b  is  to  B 
as  c  +  b  is  to  any  other  quantity  greater  than 
D  j  that  fuch  quantity  muft  be  lefs  than  'Dt 
which  is  impoffiblcj  confequently  it  is  impof- 
f  ble  for  a  +  B  to  be  to  B  as  c  +  b  is  to  any 
quantity  greater  than  D. 

And  in  like  manner  it  may  be  demonftrated 
that  it  is  impoflible  for  a  +  B  to  be  to  B  as 
C  +  D  is  to  any  quantity  lefs  than  D. 

Wherefore  A+B  muft  be  to  B,  as  c  +  D  is 
to  D.  C^E.  D. 

This  propjitioii  is  as  ufeful  as  tjie  former,  and 
is  quoted  m  pages  94  and  1 17. 

PROPOSITION  XIX. 

If  from  any  two  quantities  A  and  B,  there 
are  refpetlhely  fub trailed  any  other  two  quan¬ 
tities  C  and  D,  that  are  in  the  fame  pro¬ 
portion  ;  I  fay  that  the  'remainders  A— C  and 

B _ b  will  be  hi  the  fame  proportion  j  that  is 

A — C  will  be  to  B—D  as  A  is  ro  Bj  or  as  0 
is  to  D. 

demonstration. 

Sirtce  A  :  B  :  C  :  D  fuppofition) 
A  ;  C  :  :  B  :  T)  {by  alternation  5.  16.)  and 

e  A-C 


xc  Eucli^s  Eleriients.  Book  V. 

A — C  :  C;  :  B — D  :  D  {bydtvtjion  C.17.)  whence 
A— C  :  B~D  :  :  C  :  p  :  :  A  :  B.  Q^E.  D, 

SCHOLIUM 

Theorem. 

If  four  quantities  A,  B,  C,  D  arc  proportion- 
able,  A  to  B  as  C  to  D ;  I  fay  then  that 

'  A — :  :  C  :  c — D,  'whith  is  called  conver- 
jLon  of  proportion  (vide  def.  17.  book  5.) 

For  lince  A  :  B  :  :  C  :  D  (fy  fuppq/ition ) 
we  have  a — B  :  B  ;  :  c — D  :  D  fy  divyion 
1 7'}  whence  B  :  A — B  :  :  D  v  c — d  (by  inver-^ 
Jiorit  vide  def.  14.)  and  b+A— B  :  A^  :  : 
U  +  C— pj_C— O  (by  compoftion  18  J  that 
is  A  :  A_B  :  :  'C  :  c^^d.  Q^E.  D. 

Neither  this propofitionnor  that  contained  in  the 
lajljcholhim  v)ill  be  wanted  in  the  enfuing  work  •, 
yet  they  are  fuch  ujefiil  cf'eStions  of  proportionable 
quantities  ets  1  could  not  but  wifh  my  reader  to  be 
acquainted  with.  There  is  fo  much  ingenuity 
m  the  doctrine  of  proportion,  that  the  more  the 
mind  becomes  acquainted,  the  more  it  ivill  be  en¬ 
amoured  with  it  ■,  and  its  invefigation  will  afford 
the  inqujfitive  as  much  entertainment,  as  its 
application  affords  advantages  to  all  ranks  and 
degrees  ofjnankind. 

The  fothfiil  are  apt  to  repine  becaufe  jewels 
are  not.  to  be  had,  without  digging  for  -,  and 
that  the  tillage  muji  always  precede  the  harvef  : 
many  oj  this  caji  would  like  to  be  mafers  of 
proportion  if  all  its  intricacies  could  be  difcor- 

vered 
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*oered  a  glance.  But  fuch  will  never  be  ma-  . 
thematicians  or  artijis  :  they  Jpend  their  'whole 
lives  in  wifhing  for  what  the  indufrious  acquire 
in  a  Jliort  Jpace and  although^  fo  the  former ^ 
the  dodirine  of  proportion  may  feem  a  7nof  intri¬ 
cate  myfery,  the  refearches  of  the  latter  will 
ajfuredly  be  crowned  with  fuccefs\  its  difficulty  will 
grow  continually  lefs,  its  abftrufenefs  will  vanijhi 
and  the  pains  it  has  cofy  will  ferve  po  enhanci 
the  pleafure  of  the  acquifition. 


.  '  ■'  .  ( 


'  g.  2 
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Euclid's  Elements. 

B  O  O  K  VI. 


DEFINITIONS. 

1.  , 

Similar  right  lined  figures  are  thofe 
which  have  their  feveral  angles  equal,  each  to 
each,  and  the  fides  about  thofe  angles  propor¬ 
tional. 


IV. 

The  altitude  of  a  figure  is  a  ftraight  line, 
drawn  from  its  vertex,  perpendicular  to,  and 
terminating  in,  its  bafe. 

PROPOSITION  I. 

T^heorem. 

triangles  having  the  fame  altitude,  are  to  each 
ether  as  their  bafes. 

Let  ABC  and  A  C  D  be  two  triangles, 
having  the  fame  altitude  (viz.  the  line  A  P 

drawn 
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drawn  perpendicular  to,  and  terminated,  by 
B  D)  and  (landing  on  the  bafes  B  C  and  C 
then  I  fay,  the  triangle  ABC:  triangle  A  C  U 
::BC:CD. 

demonstration.  : 

Produce  the  bafe  line  B  D,  and  take  D  K 
and  K  L,  &c.  any  nurhber  of  tirnes,  each 
equal  to  C  D,  and  alfo  take  B  G  and  G  H,  any 
number  of  times,  each  equal  to  B  C,  draw 
AH,  AG,  AK,  and  KL. 

Now  becaufe  B  C,  BG,  GH,  &c.  are 
the  triangles  (by  i.  38-)  (landing  on  thofc 
parts  are  equal,  wherefore  the  triangle  AH 
(which  is  the  fum  of  all  the  others,)' is  the 
fame  multiple  of  the  triangle  ABC,  that 
CHis  ofBC. 

.  For  the  fame  reafon  the  triangle  A  C  L  is 
the  fame  multiple  of  the  triangle  A  C  D. 

Now  if  the  bafe  H  C  is=C  L,  the  triangle 
A  H  C=A  C  L  1 .  38.)i  or  if  HC  is  greater 
or  lefs  than  C  L  j  the  triangle  A  H  C  is  alfo 

greater  or  lefs  tlian  ACL. 

We  have  then  thefe  four  quantities,  viz. 
the  bafe  B  C,  the  bafe  CD,  the  triangle  ABC 
and  the  triangle  A  C  D  j  and  it  is  proved  that 
any  equimultiples  of  the  firft  and  third,  are 
both  greater  than,  both  equal  to,  or  both  le(s 
than  any  equimultiples  that  can  be  taken  of 
the  fecond  and  fourth,  wherefore  B  C  :  C  D 
;  ;  triangle  ABC:  triangle  A  C  D.  Q^E,  D. 

nr  o  PR  O- 
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P  R  P  P  P  S  I  T  I  O  N  IL 

>  Theorfm^ 

If  a  right  Hne  {T>  E)  be  dra>wn  parallel  to  ont 
f$de  (^Q:)  of  a  triangle  (A  B  C)  it  'will  cut  the 
'  other  tmofdes  (A  B  and  A  C)  proportionably. 
that  /V  5  p  :  p  A  : :  C  E  :  E  A. 

DEMONSTRATION. 

Draw  B  E  and  D  C.  Then  becaufe  the 
triangles  B  D  E  and  C  D  E  ftand  on  the  fame 
|)afe  (DE)  and  are  between  the  fame  parallels 
PE  and  BC,  they  are  equal  (by  i.  37.). 
Alfo  the  triangle  B  D  E  :  triangle  A  D  E  : 
triangle  C  D  E  :  triangle  A  D  E  (by  5.  7.) 
But  triangle  B  D  E  :  triangle  AD  E  : :  B  D  :  DA 
Ibyb.  I.)  whence  BD  :  DA  : :  triangle  CD E 
:  triangle  'A  D  E  {by  5.  1 1.)  But  triangle 
pD  E  ;  triangle  ADE  : :  CE  :  EA  {by  6.  i.; 
>yhence  B  D  ;  D  A  : :  C  E  :  E  A.  ^  E.  D. 

^Ms  propftion  is  truly  valuable  for  its  mani-^ 
fold  ufes  :  it  ferves  to  demonjirate  the  4th  and 
^th  following, 

PROPOSITION  IV, 

Theorem, 

If  two  triangles  are  equiangular  ^  the fides  about 
the  equal  angles  are  proportional:  alfo  thofe  fdes: 
which  are  oppofte  to  the  equal  angles ,  are  homo- 
logousfdes ;  that  is^  are  the  antecedents  or  con'- 
fequents  of  the  ratio’s, 

DEMON- 
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demonstration. 

Let  the  A  B  C  and  D  G  E  be  two  triangles, 
having  the  angles  A,  B,  and  C  in  the  one, 
refpccftlvely  equal  to  the  angles  D,  C,  and 
E,  in  the  other  :  alfo  let  the  triangle  D  C  E  b,c 
fo  placed ;  that  C  E  may  be  in  the  continua¬ 
tion  of  B  C  and  contiguous  to  it.  ;  '  ' 
Then  becaufe  B  E  is  a  ftraight  line,  and  the 
angle  A  C  B=E,  A  C  and  E  D  will  be  parallel 
(kj  I.  28.)  alfo  becaufe  the  angle  DCE=angle 
B ;  C  D  is  parallel  to  A  B. 

Produce  B  A  and  ED  till  they  cut  each 
other  in  F  ;  then  is  the  figure  A  G  D  F  a  pa¬ 
rallelogram  (vide  def.  36.  book  i^J 

Now  becaufe  A  C  is  parallel  to.F  E. 
BA;  AF:  :BC:  CE  (^;/6.  2.)  butAF=CD 
(by  I.  34.)  whence  BA:CD::BC;CE 
(by  5.7.)  and  B  A  :  B  C  : :  C  D  :  C  E  (by  5. 
.i6.)  again  becaufe  BF  is  parallel  to  CD, 
BC  ;  C  E  : :  FD  :D  E  (by  6.  2.)  but  FD= 
AC  (by  I.  34.)  whence  B  C  :  C  E  :  :  A  C  : 
DE  (by  5.  7.)  and  BC  :  AC  : :  CE  :  DE. 
Q^E.D. 

‘Tbe  various  ufes  of  this  propoftion  would  take 
a  volume  to  deferibe:  we  fiall  Imve  occafion  for 
it  in  pages  31.  44.  53.  54.  94*  i  ^  ^4* 

II  ^  of  the  following  work. 


\ 


/ 


g4  • 
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PROPOSITION  IX, 

Broblem. 

From  a  given  Jlraight  line  (k  B)  to  cut  ofP 
0ny  part  (vide  book  dej.  i.)  required. 

From  A,  draw  A  C,  making  any  angle  with 
A  B  :  and  take  any  fmall  opening  (A  Dj  in 
the  compafTes  and  lay  it  on  A  C,  from  A  as 
often  as  the  part  to  be  cut  off  from  A  B  is  to 
pe  contained  therein  (fuppofe  four  times). 

Draw  BC  and  through  D  draw  DE  paral¬ 
lel  to  B  C.  . 

^  Then  E  A  is  the  fame  part  of  AB  that  AD 

^  A  C  is  four  times,  AD: 

AB  IS  alfo  four  times  A  E, 

K  • 

demonstration. 

,  For  becaufe  DE  is  parallel  to  B  C,  the 
angle  B=angle  E  and  the  angle  C=angle  D 
■{by  I.  29.)  wherefore  the  two  triangles  ABC 
and  AED  are  equiangular,  andADiAE:; 
A  G  :  A  B  {by  6.  4.)  whence  A  D  :  A  C  • ' 

,  AE  :  AB  16.)  Q^E.  D. 

The  utility  of  this  problem  is  univer/ally 
known :  it  will  be  wanted  in  many  parts  of  this 
treatife,  .  '  . 


PR  Or 
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P  R  O  P  O  S  I  T  I  O  N  .  X.:' 

Problem. .  .  - 

I’o  cut  a  given  line  (CD)  into  two  parts  (C  d 
and  d  D)  which  Jhall  have  the  fame  proportion  to 
each  other  as  two  given  lines  (E  F  and  G  H) 

r 

M  E  T  H  6  D  I. 

Through  the  extremities  of  C  D  draw  any 
two  lines  AC  and  B  D  parallel  to  each  other, 
and  make  them  refpedlively  equal  to  the 
two  given  lines  EF  and  GH  (thus  make  BD 
equal  to  GH,  and  CA=E  F).  Laftly,  draw 
BA  cutting  C  D  in  d  : '  then  is  C  D  lb  divided 
that  the  part  D  d  is  to  the  part  C  d  as  B  D 
(equal  to  G  H)  is  to  C  A  (=E  F). 

For  becaufe  C  A  is  parallel  to  B  D  {by  con- 
Jlrull.)  the  angle  A=>Qngle  B  and  the  angle  C= 
angle  D  {by  i.  29.)  alfo  the  angle  CdA= 
angle  B  d  D  i.  15.)  v/hence  the  triangles 
d  C  A  and  d  B  D  are^ equiangular  j  wherefore 
D  d  :  DB  : :  C  d  :  C  A  {by  6.  4.)  confequently 
P  d  :  C  d  : :  D  B  :  C  A  5.  16.)  ‘ 

METHOD  II. 

From  one  end  of  D  C  draw  a  line  (C  B)  at 
pleafure,  making  any  angle  therewith,  and  on 
this  line  take  C  A=G  H  (one  of  the  given 
lines)  and  A  B=E  F  (the  other). 


Draw 
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^  Draw  D  B,  and  parallel  to  ft  draw  Ad  cut- 
ting  the  part  D  d  is  to  the  part 

d  C  as  B  A  (— E  is  to  C  A  ('=G  H  ) 

I" his  is  evident  hy  6.  2.. 

Method  ul 

through  each  ehd  of  C  D  draw  lines  (C  n 
and  D  m;  parallel  to  each  other  (as  in  the  firft 

any  part  of 

F  (hy  6.  9.)  as  4-,  T,  h  &c.  alfo  take  D  m 
fequal  to  a  like  part  of  G  H. 

Draw  in  n  cutting  D  C  in  d ;  then  the  part 
D  d  IS  to  the  part  C  d  as  G  H  is  to  E  F. 

argument  ufed  in  the  firft  me- 
mod  Dd  :  dC  : :  Dm  :  Cn  j  but  Dm  :  Cn  •  • 

^  r  P  (fy  whence  Dd  :dC 

. .  i-r  5.  1 1.) 

M  E  T  H  O  D  IV. 

_  Draw  from  one  end  of  C  D  the  line  Cn  fas 
in  the  fecond  method;  and  on  this  line  lay 
Cm  equal  to  any  part  o£  G  H  (iy  6.  9.)  as 
TJ  and  m  n  equal  to  a  like  part  of  EF. 

Lafily,  draw  D  n  and  dm  parallel  to  it, 
cutting  D  C  in  d,  and  dividing  it  into  two 
parts  (Dd  and  dC)  which  have  the  fame  pro- 

I^F^and^ Vh  ^  as  the  two  given  lines 

^  For  n  m  :  Cm  : :  D  d  :  d  C  fily  6!  2.) 
WhcnccDd:dC::EF:GH  (5.11.) 

Tie 
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I'he  reafon  of  performing  this  problem  fo 
many  different  ways,  is  becaufe  the  ‘Whole  prac- 
tice  of  perfpeBive  is  derived  from  one  or  other  of 
thefe  methods,  as  will  be  exemplified  in  pages  31, 

32*  3^*95*  ^^3*  ^^4’"  ^26*  1^7* 

There  is  fame  variation  from  Euclid  in  the 
fating  of  this  propojition,  in  order  to  render  it 
more  fubfervient  to  the  bifinefs  of  perfpeliive. 

PROPOSITION  XVIII. 

Problem. 

Upon  a  given  line  (A  B)  to  defcribe  a  figure 
(ABODE)  fimilar  to  a  given  right  lined  fi- 
gure  (P  QJl  ST).  • 

Draw  PR  and  PS.  Make  {by  i.  31;  the 
angles  A BC=PQR;  C  AB=RPQ^ C  A  D=« 
RPS  ;  ACD=PRS  ;  ADE=PST and  D  A  E 
P  T,  and  the  thing  is  done. 

DEMONSTRATION,. 

'For  it  is  evident  from  this  conftruclion, 
that  the  angles  of  the  figure  ABODE  are 
equal  to  the  angles  of  the  figure  P  S  T. 
Alfo  fince  the  faid  figures  are  compofed  of 
fimilar  triangles,  we  have 

A  B  :  B  0  :  :  P  Qj  QJl  6.  4.)  alfo 
P  R  :  A  O  : :  :  B  O,  and 

R  R  :  A  O  :  rR  S  :  O  D,  whence 
QR  ;  BO  :  :  RS  :  OD  5.  II.) 
ponfequently  Q.R  :RS::BO:ODj  and  in 
^  ~  the 
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the  fame  'manner  it  may  be  proved,  the  other 
lides,  which  are  about  the  equal  angles,  are 
proportional,  wherefore  the  figures  are  fimilar 
by  def.  2. 

This  problem  is  of  ‘very  extenfve  utility  :  it 
•wilt  be  referred  to  in  page  21^.  2\^.  and  2i'2^ 
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book  XI. 

DEFINITIONS. 

III. 

A  Right  line  is  perpendicular  to  a  plane# 
when  it  is  perpendicular  to  every  line  that  can 
be  drawn  in  that  plane  to  the  point  on  which 
it  infills. 

T^hus  A  B  is  perpendicular  to  the  plane  GH, 
if  it  is  perpendicular  to  all  the  lines  that  can  be 
drawn  in  that  plane  to  the  point  B. 

IV. 

One  plane  (B  D)  is  perpendicular  to  an¬ 
other  (FG)  when  any  right  line  (IK)  drawn  , 
in  one  of  the  planes  (F  G)  perpendicular  to 
their  common  fedlion  (D  C)  is  perpendicular 
to  the  other  plane  B  D. 

V. 

The  inclination  of  a  line  (A  B)  to  a  plane 
(F  G)  is ‘the  acute  angle  U  B  C)  formed 

by 
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by  the  faid  line  A  B  and  a  line  (B  C)  drawn 
through  the  point  (B)  where  the  inclined  line 
meets  the  plane  and  the  point  (C)  where  the 
laid  plane  is  cut  by  any  perpendicular  (A  C) 
to  that  plane  (F  G)  drawn  from  any  point  ("A) 
in  the  inclined  line.  ^  ^ 

VI 

The  inclination  of  one  plane  (A  F)  to 
another  (AD)  is  the  acute  angle  (GHI) 
formed  by  two  lines  (G  H  and  H  I)  drawn 
from  any  point  (H)  in  their  common  fedion 
(AC)  perpendicular  to  it,  one  upon  one  piano 
and  the  other  on  the  other. 

viir. 

Parallel  planes  are  fiich  as  will  never  meet 
each  other  if  produced  every  way. 

PROPOSITION  I. 

theorem. 

One  part  of  a  right  line  cannot  he  in  a  plane 
nnd  the  other  part  out  of  it, 

.  That  is  if  one  part,  G  E,  of  any  right  line 
is  fituated  in  a  plane  (A  D)  the  whole 
muft  be  fituated  in  that  plane. 

This  follows  from  the  nature  of  a  plane' 
xlehned  in  the  feventh,  definition  of  the'firff 
booh.  . 

*This  propoftion  is  quoted  in  page  52. 


PRO- 
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cut 

PROPOSITION  IL 

‘Theorem. 

If  two  right  lines  TA  B  and  C  D)  cut  each 
other i  a  plane  ( F  G )  may  be  extended  by  tbofe 
lines,  and  all  the  parts  of  a  triangle  (D  B  c)  are 
in  the  fame  plane. 

DEMONSTRAT  10  N. 

The  firft  part  of  this  propolition  is.  rather 
an  axiom  or  pofulate,  whofe  truth  and  pradla- 
billty  is  felf  apparent.  The  latter  is  a  con- 
clufion  immediately  refulting  from  the  for¬ 
mer.  For  if  we  fupppfe  a  plane  (FQ)  to 
be  extended  by  the  three  angular  points  of 
any  triangle  (c  D  B)  that  plane  muft  coincide 
with  the  lides,  which  are  right  lines  (by 
def  7.  book  i  .)„ 

PROPOSITION  III. 

Theorem. 

If  two  planes  (A  B  and  CD)  cut  each  other, 
their  common  fellion  is^a  right  fine. 

DEMONSTRATION. 

•  Let  E  and  F  be  any-  two  points  in  the 
common  fedtion  of  the  planes  AB  and  C  D, 
and  let  a  right  line  be  drawn  through  thefe 
points. 


Then 


-  civ  Euclid\  Elements,  Book  XL 

Then  becaufe  the  points  E  and  F  are  fitu- 
ated  in  the  plane  AB,  the  right  line  E  F  will 
coincide  with  the  plane  A  B  {by  def.  y.  book  i.J 
alfo  becaufe  the  faid  points  E  and  F  are  fituated 
in  the  plane  CD.  The  right  line  E  F  will  alfo 
coincide  with  the  plane  C  D. 

Wherefore  the  right  line  E  F  being  wholly 
fituated  in  both  the  planes  A  B  and  C  D,  it 
muft  be  their  common  fedtion. 

propofition  is  of  fingular  ufe  in  almojl  all 
branches  of  the  mathematics  :  in  perfpeclive  it  de- 
monftraUs  Lhat  the perfpedlive  reprefentation  of  a 
right  line  upon  a  plane,  is  a  right  line.  Vide 
page  gth  of  the  following  work,  > 

PROPOSITION  IV. 

Theorem. 

If  a  right  line  (E  F)  is  perpendicular  to  two. 
other  lines  (A  B  and  C  D)  ^  the  point  (E)  of 
their  interfebiion  j  it  /hall  be  perpendicular  to 
the  plane  (AB)  in  which  thofe  lines  are  ftuated, 

DEMONSTRATION. 

17?,. Take,  from  the  interfedlion,  (E)  E  A, 

E  B,  EC,  and  E  D,  all  equal  to  each  other. 

2dy  Draw  D  A  and  B  C,  alfo  through  E 
draw  any  line,  G  H,  in  the  given  plane  cut¬ 
ting  A  D  and  B  C  in  the  points  G  and'H  5 
and  draw  lines  from  F  to  the  points  A,  B,  C, 
D,  G  and  H. 

34  Now 


cv 
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.  I  • 

^d.  Now  In  the  triangles  A  E  D  and  CEB, 
te  A  and  ED  are  equal  to  E  B  and  EC.  Alfo 
the  angle  AED=BEC,  whence  {ky  i.  4.)  the 
angle  DAE— EBC,  and  the  fide  DAri=B  C. 

^t/j,  Again  in  the  triangle  G  E  A  and  B  E  H, 
the  angle  G  E  At=B  E  H  (ky  i.  r  j.)  Alfo  the 
angle  GAE=EBH  (ky  third Jiep)  and  the 
fide  E  A=E  B  (by  confi:ru6lion.)  Whence 
G  A=B  H  and  G  E=E  H  (by  i .  26.) 

5///,  Again,  the  four  right  angled  triangles^ 
EAF,  EDF,  EBF  and  E  C  F,  having  equal 
bafes,  and  the  perpendicular  E  F  common,- 
muft  have  their  hypothenufes,'  F  Aj  F  D,  F  B 
and  FC,  all  equal  (by  i.  4.) 

6tk,  And  fince  it  was  fiiewn  that  AD==BC 
(in  third jiep)  it  follov/s  that  the  fides  of  the 
triangle  D  F  A  are  refpeftively  equal  to  the' 
fides  of  the  triangle  B  F  C.  Confequently 
angle  DAF=BCF  \by  i.  8.)=:CBF  jy  i.  5.) 

ythy  It  has  now  been  proved  that  BH=GAj 
{in  fourth fep)  alfo  that  B  F=A  F,  (fifth  Jiep ) 
and  that  the  angle  H  B  F=G  A  F  (Jixth  fiep)  : 
wherefore  the  triangles  G  A  F  and  H  B  F  are 
equal  in  all  refpetts  (byi.ei^.)  and  the  fide 
FH=FG.  Laftly,  in  the  triangles  GEF 
and  H  E  F,  it  has  been  proved  {fourth Jiep) 
that  G  E==^E  H,  and  F  G=F  H,  and  F  E  is 
common  to  both.  Wherefore  the  angle 
G  EF=HE  F.  Confequently  E  F  is  perpen¬ 
dicular  to  GH  (by  dej\  10.  book  i.)  ^ 

In  the  fame  manner  it  may  be  fhewn  that 
E  F  is  perpendicular  to  every  line  that  can  be 
‘  '  ■  h  drawn 
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drawn  on  the  plane  A  B  C  D  through  the  point 
E ;  and  therefore  is  perpendicular  to  that 
plane  (by  1 1 .  def.  3.)  Q^E.  D. 

Ehis  propofitwi  is  quoted  in  pages  172  and 
260. 

PROPOSITION  V. 

Eheorem. 

If  three  lines  (B  C,  B  D  and  B  E)  meet  in  a 
point  (B}  and  another  line  (A  V>)  pajjing  through 
the  fame  point  (B)  w  perpendicular  to  them  all: 
thefe  t  hr  ee  lines  (B  C,  B  D  and  BE)  are  in  the 
fame  plane  (G  H). 

DEMONSTRATION. 

if.  For  if  this  is  denied;  fuppofe  BC  and  BD 
are  in  any  plane,  GH,  and  that  BE  falls  be¬ 
low  the  faid  plane. 

'll.  Let  B  I  be  a  plane  palling  by  B  A  and 
BE,  and  cutting  the  plane  GH  in  the  line  B  F. 

3-:/,  Becaufe  BA  is  perpendicular  to  BC  and 
BD,  It  is  alfo  perpendicular  to  the  plane  GH 
{by  11.4.)  and  confequently  to  BE  {by  def  3. 
book  II.),  but  B  A  is  perpendicular  to  B  E  {by 
fuppofit.)  wherefore  the  angle  EB  A  and  FBA, 
being  both  right  angles,  are  equal,  which  is 
inipoffible. 

Confequently  B  E  is  not  below  the  plane 
G  H  ;  and  the  fame  realoning  will  prove  it  is 
not  above  G  H  j  wherefore  it  is  in  the  plane 
GH.  C^E.  D. 

This  propofition  will  be  -wanted  to  prove  the 
next. 


PR  O- 
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PROPOSITION  VI. 

L'heorem. 

If  two  lines  (AB^W  C  D)  are  perpendicular 
to  the  fame  plane  (E  F)  they  are  parallel. 

DEMONSTRATION. 

ly?,  Draw  the  line  D  B  on  the  plane  E  F, 
joining  the  AB  and  C  D.  Then  fince  eachof 
thefe  lines  are  perpendicular  to  the  plane  E  F 
(by fuppoftion)  they  will  be  perpendicular  to 
DB  (by  def  3.  book  11. J  conlequently  the 
angle  CDB  +  ABD=two  right  angles;  where¬ 
fore,  if  we  can  alfo  prove,  that  the  lines  AB 
and  CD  are  fituated  in  the  fame  plane,  it  will 
follow  that  they  are  parallel  (by  i.  28.) 

2d,  On  the  plane  E  F  draw  D  G  perpendi¬ 
cular  to  DB  [by  I.  11.)  and  equal  to  A  B, 
and  draw  G  B,  G  A  and  D  A. 

^d.  In  the  triangles  B  D  A  and  B  D  G,  the 
fides  B  D  and  A  B,  and  the  included  (right) 
angle  A  B  D,  are  refpedively  equal  to  B  D 
and  D  G,  and  the  included  (right;  angle 
BDG,  whence  (by  1.  4.)  the  fide  B  G=D  A. 

4M,  The  triangles  GAB  and  G  A  D,  have 
the  three  fides  of  the  one  refpedtively  equal 
to  the  three  fides  of  the  other  :  for  AB=D  G  ‘ 
(by  the  fecond ftep)  G  A  is  common,  and  B  G 
is  equal  to  DA  {by  the  third Jiep)  wherefore 
the  angle  A  D  G^angle  A  B  G,  which  is  a 
right  angle  (by  fuppoft.  and  def.  3.) 

h  2  5///, 
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The  line  DG  is  perpendicular  to  DB 
ibyjecondjiep)  and  to  D  A  {by  the  fourth)  and 
to  DC  (by Jupofjt.  and def  3.;  wherefore  thofe 
lines  are  all  in  the  fame  plane  (by  ii.  c.)  But 
'^he  lilies  D  A  and  D  B  are  in  the  fame  plane 
with  AB  {by  II.  2.)  confequently  AB  and 
f  P^ane,  and  fo  are  parallel 

{by  frf  f  ep).  CfE.D.  ^ 

(this  propoftion ferves  to  demonfrate.  others^ 
and  ‘ivul  be  quoted  in  page  261. 

proposition  VII. 

(Theorem. 

All  right  lines  (a  b,  c  d,  &c.)  that  can  be 
drawn  to  cut  tw.o  parallel  lines  (A  B,  G  D)'  are 

the  fanie  plane  with  thefe  parallels.  ^  " 

^  1  his  is  evident  from  Def.  7.  book  i .  fo/  the 
right  line  a  b,  mull  coincide  with  the  plane 
in  which  the  points ’a  and  b  are  fituated. 

'This propofition  will  b.e  wanted  in  page  251. 

proposition  VIII. 

Theorem. 

.  Ij  one  (AT&)  of  two  parallel  lines  {\'S,  CDl  ’  ' 
IS  perpendicular  to  a  pla,ie  (E  F)  the  other  will 
ve  Jo  likewije. 

DEMO.  NSTRATION. 

]//,  Draw  D  B  in  the  plane  E  F,  joining  the' 
two  parallel  lines  A  B  and  CD.  Then  be- 
caufe  A  B  is  perpendicular  to  D  B  {by  def.  7.) 

CD  mull:  alfo  be  perpendicular  to  DB  (^v  ' 
,1.  29.)  •  ■  ^  a 
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2d,  On  the  plane  E  F,  draw  D  G  perpendi- 
pular  to  D  B  (by  i.  ii.)  and  equal  to  A  B, 
and  draw  D  A,  G  A  and  G  B. 

■^d,  Then  the  two  triangles  DBA  and 
DBG,  having  two  fides  D  B  and  B  A  with  the 
included  (right)  angle  D  B  A  in  one ;  equal 
refped;ively  to  the  fides  D  B  and  D  G,  with 
the  included  (right  angle)  B  D  G  in  the  other, 
G  B  mud  be  equal  to  V)  K  f by  i. 

Ayh,  Again  the  triangles  A  G  D  and  A  B  G 
have  the  fides  of  the  one  refpedfively  equal  to 
the  fides  of  the  other.  For  G  B=A  D  (by  the 
third  ftep)  A  G  is  common,  andDG==AB 
(by  the  fecond  dep)  wherefore  the  angle 
A  D  G  is  equal  to  the  angle  A  B  G  (by 
which  is  a  right  angle  {by  fuppojit.  anddef.  ^.J 
wherefore  D  G  being  perpendicular  to  the  two 
lin  es  DB  and  DA, is  perpendicular  to  the  plane 
of  thofe  lines  {by  1 1.  4.)  and  confequently  to 
the  line  D  C  {vide  1 1.  7.)  wherefore  C  D  be¬ 
ing  perpendicular  to  D  B  (by  the  fird  dep) 
and  to  D  G  (by  the  fourth  dep)  is  perpendi¬ 
cular  to  the  plane  of  thofe  lines,  E  F  {by  11. 
4.)  Q^E.  D. 

L/ns  theorem  ferves  to  demonfirate  the  ()th, 
1 4/" h  and  1 8//6  of  this  book  ;  and  voill  be  wanted, 
in  page  175. 

PROPOSITION  IX. 

Lheorem. 

Ernes  (A  B  and  CD)  which  are  parallel  to^ 
the  fame  right  line,  (E  F)  and  not  in  the  fame 
plane  with  it,  are  parallel  to  each  other. 

DEMON- 


cx 
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DEMONSTRATION. 

Through  any  point  G,  in  the  line  E  F, 
draw  GH,  at  right  angles  to  EF,  in  the  plane 
(C  D  E  F)  paffing  by  E  F  and  C  D  {ky  prop, 
1 1,  hook  I.)  Alfb  draw  G  I,  at  right  angles 
to  E  Fj  in  the  plane  (A  B  E  F)  paffing  by 
E  F  and  A  B.  Then  becaufe  E  F  is  perpen¬ 
dicular  to  G H  and  GI,  the  faid  line  EF  will 
be  perpendicular  to  the  plane  H  I,  paffing  by 
thofe  lines  {^by  prop.  4.  of  this)  and  becaufe 
AB  is  parallel  to  EF,  it  alfo  will  be  perpen¬ 
dicular  to  the  plane  HI,  {by  prop.  8.  of  this)  ; 
and  for  the  like  reafon  C  D  is  perpendicular 
to  the  fame  plane  HI,  confequently  AB  and 
C  D  are  parallel  (by  prop.  6.  of  this).  Q,  E.  D. 

Lhis  propoftton  will  be  wanted  in  the  demon¬ 
fir  ation  oj  the  next,  the  i^th,  and  in  pages 
42.  231.  tfW  233. 

PROPOSITION  X. 

Theorem. 

If  two  lines  (A  B  and^Q,)  meeting  in  a  point 
(B)  are  refpeStively  parallel  to  two  other  lines 
(DE  WEF)  meeting  in  a  point  (E)  and  not 
in  the  fame  plane  with  the  two  frfi,  the  angles 
(B  and  E)  formed  by  thefe  lines  will  be  equal. 

D  E  M  O  N  S  T  R  A  T  I  O  N. 

^  Take  AB=DE  and  BC=EF  and  draw 
A  C  and  D  F  ;  alfo  draw  A  D,  B  E  and  C  F. 

Now 
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Now  becaufe  A  B  is  equal  and  parallel  to 
D  E  {by  fuppojit.)  A  D  is  equal  and  parallel  to 
B  E  {by  I.  33.)  For  the  fame  reafon  C F  is 
equal  and  parallel  to  B  E,  confequently  A  D 
is  equal  and  parallel  to  CF  {by  11.  9.) 
wherefore  A  C  is  equal  and  parallel  to  D  F 
{h  I-  33  )  the  triangle 

ABC  are  refpeftively  equal  to  the  lides  of 
the  triangle  D  E  F,  confequently  the  corre- 
fponding  angles  B  and  E  are  equal  {by  i.  8.) 
Q,  E.  D. 

This  propofition  will  be  quoted  in  pages  12. 
43.  54.  and  171. 

PROPOSITION  XIV. 

Planes  (E  F  and  G  H)  to  which  one  and  the 
fame  line  ( A  B)  is  perpendicular y  are  parallel  to 
each  other. 

DEMONSTRATION. 

From  any  point  (C)  in  the  plane  E  F,  let 
C  D  be  drawn  parallel  to  A  B,  and  draw  A  C 
and  B  D. 

Then  becaufe  C  D  is  parallel  to  A  B,  it  is 
perpendicular  to  both  the  planes  E  F  and 
G  H  {by  II.  8 .)  wherefore  the  figure  A  B  C  D 
is  a  redlangular  parallelogram  (becaufe  •  the 
angles  A,  B,  C,  D  are  right)  ;  whereof  the 
oppofite  fides  BA  and  C  D  are  equal  (by  \. 
34-) 


By 


cxii  Euclid's  Elements.  Book  XL 

By  the  fame  argument  all  other  perpendi- 
culars,  terminated  by  the  two  planes,  are  equal, 
to  A  B  ;  confequently  thefe  planes  can  never 
meet  and  muft  be  parallel  {by  ii.  def.  8.J 

.  This  propofuton  will  be  quoted  in  pa^es  70, 
ly^.andiyy.  ^ 

PROPOSITION  XV. 

Theorem. 

If  two  Imes  (AB  and  AC)  meeting  each  other  ^ 
be  refpeliively  parallel  to  two  other  Imes  (D  E 
and  E  F)  alfo  meeting  each  other,  and  not  being 
tn  the  fame  pla7ie  with  them,  the  planes  (M  N, 
andYsTi)  extended  by  thefe  lines  will  be  parallels. 

DEMONSTRATION. 

Let  A  G  be  perpendicular  to  the  plane 
M  N,  meeting  the  plane  K  L  in  G,  in 
which  laft  plane  let  G  H  and  G  I  be  drawn 
parallel  to  D  E  and  D  F. 

.  Now  becaufe  G  I  is  parallel  to  D  F,  and 
A  C  is  alfo  parallel  to  D  F  (by  fuppofit.)  AC  is 
parallel  to  G  I  {by  1 1.  9.) 

For  the  fame  reafon  AB  is  parallel  to  G  H. 
But  A  G  is  perpendicular  to  A  C  {by  conJL  and 
def  3.)  wherefore  it  is  alfo  perpendicular  to 
G  I  (by  I.  2g.J  and  for  a  like  reafon  A  G  is 
alfo  perpendicular  to  G  H,  and  confequently 
to  the  plane  K  L  ii.  4.) 

Seeing  then  that  A  G  is  perpendicular  to 
both  the  planes  M  N  and  K  L,  thofe  planes 
are  parallel  (by  u.  14.) 

This 
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^his  fropofition  will  be  referred  to  in  pages 
41.  228.  230.  231.  and  250. 

PROPOSITION  XVI, 

Theorem. 

If  a  plane  (E  F  G  H)  cuts  two  parallel  planes 
(A  B  and  C  DJ  their  common  feBions  (E  F  and 
G  H)  will  be  parallel. 

DEMONSTRATION. 

For  becaufe  the  line  E  F  is  fituated  in  the 
plane  A  B,  it  will  agree  with  that  plane  if  ^ 
produced  to  infinity  (bydef.j.  i.)  In  like 
manner  the  line  H  G  will  ever  agree  with  the 
plane  CD.  Wherefore  feeing  thefe  planes 
are  parallel  (or  can  never  meet  each  other) ; 
the  lines  E  F  and  G  H  can  never  meet  each 
other  :  but  thefe  lines  E  F  and  G  H  are  alfo 
both  fituated  in  the  plane  EFGH  (byfuppofi- 
tion)  confequently,  fince  they  are  in  the  fame 
plane,  and  can  never  meet,  they  are  parallel 
by  def.  35.  i- 

This  theorem  is  very  often  wanted  in  demon- 
Jlrattng  the  principles  of  perfpective,  as  will  be 
feen  in  pages  4^*  ^79*  t8i.  228.  229* 
and  230  . 

PROPOSITION  XVIII. 

Theorem. 

If  a  line  (P  Q_J  is  perpendicidar  to  a  plane 
(A  B)  any  plane  (E  D)  pajjing  by  that  line,  will 
be  perpendicular  to  the  fame  plane  (A  B). 

^  ^  i  demon- 


f  , 


,  » 
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D  EMONSTRATION. 

Lraw  any  line  [  K  in  the  plane  E  D  per¬ 
pendicular  to  the  common  fed:ion  (C  D)  of 
the  two  planes  A  B  and  E  D.  Tlien  the 
angle  D  I  K  being  a  right  angle,  is  equal  to 
D  Q^P,  wherefore  K  I  is  parallel  to  Q^P 

But  P  Q^is  perpendicular  to  the  plane  A  B 
{by  fuppofit.)  whence  K  I  is  alfo  perpendicular 
to  the  lame  plane  {by  11.  8.)  By  the  fame 
reafon  all  lines  drawn  in  the  plane  E  D  per¬ 
pendicular  to  the  common  fedlion  (C  D)  is 
perpendicular  to  the  plane  A  B,  wherefore 
thofe  planes  are  perpendicular  to  each  other 
(by  II.  def.  4.) 

C  O  R  O  L  L  A  R  Y. 

Hence  a  line,  ftanding  at  right  angles  to 
one  of  two  perpendicular  planes,  at  any 
point  (I)  in  their  common  fedlion  fC  D)  muft 
be  in  the  other  plane. 

For  the  line  I  K,  in  the  plane  A  D,  is  per¬ 
pendicular  to  the  plane  AS  j  befides  which, 
another  line  perpendicular  to  A  B,  from  the 
iame  point  I,  cannot  be  drawn,  for  if  that 
were  pofiible  they  mull  be  both  parallel  to 
P  II.  6.)  which  is  impoffible  {by  ax. 

12.  book  1 .) 

‘This  corollary  is  of  life  to  demonjlr  ate  the  next 
propojition.  The  propoftion  itjclj  is  extremely 
ifeful  in  perfpediive^  as  %vill appear  in  pages  172. 
^75*  H7*  259.  and  26;. 

P  R  O- 
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PROPOSITION  XIX. 

Theorem. 

If  two  planes  (A  B,  CD)  cutting  each  other  ^ 
be  both  perpendicular  to  a  third  plane  (G  H) 
their  common  fehiion,  will  alfo  be  perpendicular 
to  the  j aid  plane  (G  H.) 

demonstration. 

For  from  the  extremity  (F)  of  the  common 
feftion,  let  the  line  F  E  be  ereded  perpendi¬ 
cular  to  the  plane  (G  H),  which  line  will 
coincide  with  both  the  planes  AB  and  CD 
[by  cor.  to  1 1.  i8.)  and  muft  confequently  be 
their  common  fedtionj  wherefore  their  com* 
•mon  fedtion  is  perpendicular  to  GH.  Q^.D. 

This  propoftion  will  be  wanted  in  pages  iJ2i[ 
177.  179.  184.  and  260.  of  the  enfuing  warki 


Some  Errors  of  the  Prefsand  theEograver  are  almoft  unavoid¬ 
able  in  works  of  this  kind  :  if  the  Reader  correfts  with  his 
pen  the  following,  it  is  prefumed, there  are  no  others  capable 
of  giving  him  the  lead  embarralTment. 


.  N.  B.  Blignifies  from  the  bottom^  and  t  lignifies  from  the  top. 


Page  Line 

4  8  b/«r  ABCD  rWABCF, 

8  9  b  for,  E  1.  31  note,  read  E  1. 

li¬ 
ar  8  t  for  A  T  N,  read  A  K  E. 

*l  9  t  for  a  T  N,  read  a  K  E. 

32  II  h  for  n  d,  read  n  V. 

48  I  b  for  original  line,  read  en¬ 
tering  line. 

57  6  b  for  c  b,  read  c  a. 

66  13  b  after  through,  infert,  the 

center  of. 

66  5  'a  for  more  cr  lefs,  read  lefs 

or  more. 

68  6  \i  for  cure,  read  curvii 

So  7  b  for  diftance,  read  difpofi- 
tion. 

106  5  b  for  3  b,  read  3  d. 

106  %  h  for  Ah,  read  A  A. 

108  3  b_/(ir  left,  read  right. 
ibS  2  b  for  right,  read  left. 

109  10  t  for  O  f,  read  O  g :  and  crofs 

out  the  words  **  equal  to  the 
thicknefs  of  the  wall,  and 

fg.” 

1 19  9  b  for  vanilhing,  read  vifual, 

123  10  t  for  appearance,  read  re- 

prefentati  'n. 

126  iS^t  for  read  46. 

128  6  b  for  frfi,  read  lafl. 

131  15  t  for  50,’  read  51. 

T35  3  t  and  5  t  for  b,  read  e. 

*115  '^l^frlZ,rtadii\. 

138  9  b  for  P,  read  p. 

163  18  b  fir  gl  h,  cca/f  g  I  h. 

177  15  b  and  20  b/or  Al.  ;W  Ai. 

j8x  I  h  for  its,  read  the. 

182  It  after  are,  infer!,  parallel  to. 
)S6  14  t  fe,r  50,  read  61. 


Page  Line 

.  187  3  t  and  6  t  for  left,  rear! right, 

and  for  right,  read  left. 

190  7  b  for  hi,  read 

191  2  t  for  63,  read  64. 

8  t  for  62,  read  63. 

192  ^tforhH,  read  H. 

■zoo  after  (I  fig.  2.)  ihfirt,  U 
laid  down. 

201  13  b  for  J  a,  read  J  d. 

201  2  bcro/s  oat,  as  in  this  example. 

205  4  b  for  plan,  read  plane. 

208  13  t  for  66,  read  65. 

13b  for  54,  read  64. 

212  8  b/er  taught,  read  fought. 

215  12  b  fory,  read  u. 

215  8  b  and  9  hfor  z,  read  Z. 

233  12  and  13  t  for  S  V,  read  f  V. 

223  6  b  for  E  3.  3.  read  E  3.  1, 

235  10  tfor  B  C  d,  read  B  C  b. 

245  n  t  for  yi,  read  jz*. 

249  5  t  for  73,  read  73*. 

251  3tyorPN,  read)?  Vi. 

264  12  t  crofs  out  thefe  words,  in 

this  fide  b  c  I  fuppofe  there 
is  a  door  into  the  ifreet." 

264  16  b  after  a  b,  infert  “and  in 

this  fide  cd  1  fuppofe  there 
is  a  door  into  the  ftreet.” 

265  5  tfor  A  p,  read  A  P. 

^69  9  tfor  A  p,  read  A  P. 

270  I  t,fori%,  read  ig. 

279  1  t  for  Ihorter,  read  “  not 

fhorter.” 

280  7  b  and  9  b  for  N  W  b  W,  read 

N  W  bN. 

280  7byorIK,  read  Ik. 

283  17  t  for  grows,  read  grow. 

293  g  b  for  ABCD,  read  ABED. 


THE 


Linear  Perfpedive. 

r- 

f 

*^’!-i-^**X*‘0"^Z*'*Z*'0'*^**Z*'^‘>'*Z**2*’*^*'*Z'‘'*Z**Z*'^**Z*'0"<£**S**2^ 

PRELIMINARY  OBSERVATIONS, 

J  F  the  rays  of  light  which  flow  from  4 
luminous  body  fall  on  any  object,  they  are 
again  'reflefted  from  that  objeft,  every  way, 
in  right-lined  direftions ;  and  if  any  of  thefe 
refledded  rays  encounter  the  eye  of  a  fpedtator, 
they  are,  by  the  humours  of  the  eye  made 
to  converge  on  the  retina,  ^  and  excite  a 
fenfation  which  is  called  the  appear a72ce  of  that 
objedt. 

If  the  rays  proceeding  from  any  enlight¬ 
ened  obje(d  to  the  eye  are  intercepted  by  a 
tranfparent  plane,  the  fedlion  of  thefe  rays 
with  that  plane  will  form  thereon,  what  is 

B  '  called 


*  The  nature  of  virion,and  the  conftru£lion  of  the  eye 
will  be  explained  hereafter. 
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Called  the  p.erfpeSfi-ve  reprefentation  of  thiC 
objedt. 

Thus,  fuppofe  E  F  G  H  (fig.  i.)  is  a 
tranfparenf  plane,  through  \vhich  a  Ipeclator 
looks  at  the  figure  A  B  C  D,  the  rays  coming 
from  every  part  of  which  to  the  eye,  at  I, 
form,  by  their  interfedion,  the  figure  abed, 
which  is  the  perjpeEiive  reprefentation  of  the 
origmal ■  ohjetl  ABCD  on  the  tranfparent 
plane,  which  is  called  the  plane  of  the  piSlUre. 

From  this  account  it  is  evident,  that  when 
a  perfon  looks  through  a  glafs- window  at  the 
objeds  out  of  doors,  .he  fees  the  perfpeBhe 
reprefentation  of  thofe  objeds  delineated  on 
the  glafs ;  which  in  this  cafe  is  the  plane  of 
the  picture:  and  if  this  reprefentation  was 
traced  over,  and  the  outline  filled  up  with  the 
colours  and  fiiades  of  the  original  objeds; 
the  pane  of  glafs  would  at  all  times,  and 
in  all  places,  excite  the  fame  ideas  in  the 
mind  which  the  natural  objeds  themfelves 
did  when  they  were  firft  viewed ;  provided 
the  eye  is  always  placed  in  the  fame  pofition 
and  at  the  fame  difance  ’with  refpeSi  to  the 
glafs :  for  the  rays  will  then  come  from  this 
piSliire  to  the  eye,  exadly  in  the  fame  direc¬ 
tion  as  they  did  from  the  original  objeBs. 

_  Thus  the  eye,  when  placed  at  I  (fig.  i.) 
Tiews  the  reprefentation  a  b  c  d  by  the  rays, 
a  I,  b  I,  cl,  d  I,  &c.  which  enter  it  exadly 
in  the  famediredion  as  the  rays  AI,  BI,  Cf, 
DI,  &c,  which  come  from  the  original  objed. 

It 
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It  is  very  requifite  to  be  remembered,  that 
if  the  eye  views  the  reprefentation  abed 
from  any  other  point  than  I,  as  fuppofe  at  i, 
then  the  rays  ai,  bi,  ci,  di,  &c.  which  come 
from  the  feveral  parts  of  the  reprefentation^ 
will  not  be  the  fame  as  thofe  which  come 
from  the  original  objedl  ABC  D,  and  there¬ 
fore  the  reprefentation  abed  v/ill  not  convey 
the  fame  idea  as  the  original figure,  A  B  C  D 
itfelf  does,  when  viewed  from  I. 

Since  the  perfpeBive  reprefentation  of  any 
objedt  is  the  interfeBion  of  the  rays  which  are 
refleded  from  that  objed  to  the  eye  vjith  the 
plane  of  the  picture ;  If  the  poiition  arid  di- 
flance  of  the  eye  I  (fig.  i.)  and  of  the  origi¬ 
nal  ohjeSi  A  B  C  D,  with  refped  to  the  piBure 
plane,  E  F  G  H,  be  given  or  afifumed  ;  and  if 
we  can  by  any  method  of  reafoning,  find  the 
points,  a,  b,  c,  d,  where  the  rays  coming  from 
this  original  figure  to  the  eye  will  cut  the  pic¬ 
ture  plane  j  we  may  then  delineate  the/)fr- 
fpeSiive  reprefentation  of  any  objed  whofe 
figure  and  pofition  exifts  only  in  the  imagina¬ 
tion.  The  rules  which  geometrical  reafoning 
difeovers  for  this  purpofe,  confiitute  what  is 
called  The  Art  of  Perspective. 


ll  2 
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CHAPTER  I. 

\ 


Definitions  and  principles  for  delineating  the 
reprcfentation  of  right-lined  figures y  fit uated 
in  pla7ies  winch  are  not  parallel  to  the  plane 
of  the  pidture. 

'i*  T  ^ET  PQE  N  (%.2.)^eprefentatran- 

^parent  plane,  through  which  an  eye  placed 
■  at  I  looks  at  any  right-lined  figure,  A  fi  C  F, 

^  fituated  in  any  indefinite  plane  W  X  Y  Z  ;  this 
tranfparent  plane  is  called  the  pidiure  plane  : 
tlie  figure  A  B  C  D  is  called  the  original  ob- 
■jedl ;  and  the  indefinite  plane  W  X  Y  Z  in 
which  the  original  objed:  is  fituated,  is  cal¬ 
led  the  original  plane. 

11.  If  any  original  plane  (W  X  Y  Z)  is  not 
parallel  to  the  pidure,  it  will,  if  produced, 
cut  it  in  a  right  line  ( by  E.  1 1 .  3.  *  )  as  in 
E  N,  that  line  then,  which  is  the  interfec- 

tion 


*  N.  B.  E  always  fignifies  Euclid,  the  firft  Number 
fliews  the  Book,  and  the  latter  the  Propofition  ;  as  Eu¬ 
clid,  Book  II,  Prop.  3. - No  Propofition  is  ever  re¬ 

ferred  to  -but  what  is  contained  in  the  geometrical 
introduction  prefixed  to  tH'is  work. 
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tion  of  the  original  plane  and  the  pidure^  is 
called  the  Entering  Lineal  that  original  plane. 

III.  Suppofe  U  plane  (L V  OR  fig.  2.)  to 

pafs  through  the,  eye  (I)  parallel  to  the  ori¬ 
ginal  plane.  (V/X  y.Z)  this  planeds.  s:alled; 
the  Vanifhmg  Plane  the  original  plaiie  ;  and 
the  line  (Y  L);.in  .‘which  it  cuts  the  pidure, 
is  called  the  •‘vanifhmg  line  of  the  original 
plane.  \  \ 

T  H'  E  R  E  M 

IV.  All  original  planes  (W  X  Y  Z,  W*X'Yr 
Z  fig.  3.)  which  are  parallel  to  each  other, 
have  the  fame  vanijhing  line,  (VL). 

DEMONSTRATION. 

For  the  plane  LVOR,  paffing  through 
the  eye  (I)  parallel  to  any  one,  is  parallel  to 
all  thefe  original  planes,  and  therefore  the 
line  V  L  where  it  cuts  the  plane  of  the  pic¬ 
ture,  is  their  vanifliing  line,  {by  §  3.) 

CO  ROLLARY. 

V.  Any  original  plane  which  is  parallel  to 
the  pidure  can  have  neither  entering  nor  va-' 
nijhing  line',  becaufe  neither  it,  nor  a  plane 
parallel  to  it  and  paffing. through' the"  eye  can 
cut  the  pidure. 

T  H  E  O  R  E  .  M  II. 

VI.  The  entering  and  vafii/hing  lines  of  any 
original  plane  are  always  parallel  to  each  other. 

B.3  DEMON- 
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DEMONSTRATION. 

For  the  entering  and  vanishing  line  EN 
and  VL  (fig.  3.)  are  formed  by  the  interfec-, 
tion  of  the  plane  of  the  pidure  E  N  V  L, 
with  the  originaF  plane,  W  X  Y  Z,  and  its 
parallel  L  V  O  R  (by  §  2  and  3.)  but  when 
a  plane  cuts  two  parallel  planes  the  fedions  are 
parallel  to  each  other  (byE.  1 1 . 16.)  Q^E,  D. 

VII.  Draw  a  line,  IS  (fig.  3.)  through 
the  eye  I,  along  the  vanifiiing plane,  LVO  R, 
perpendicular  to  the  vaniOiing  line  LV  (by 
E.  I.  12.)  and  the  point  S,  where  this  line 
cuts  the  pidure  E  N  V  L  is  the  center  of  the 
vani/hing  line ;  and  the  perpendicular  line  I  S 
is  called  the  difance  oj  the  vanijhing  line. 

VIII.  Let  us  now  fuppofe  the  eye  I  (fig. 
2.)  to  be  contemplating  any  line  AB  ;  which 
if  not  parallel  to  the  pidure,  will,  if  pro¬ 
duced,  cut  it  fomewhere,  as  in  T.  Any  line 
thus  under  contemplation  is  called  an  originf 
line-,  and  the  point,  T,  where  it  cuts  the 
pidure,  is  called  its  entering  point. 

IX.  If  a  line,  I  D  (fig.  2.)  is  drawn  thro’ 
the  eye  I,  parallel  to  any  original  line,  A  B, 
and  produced  till  it  cuts  the  pidiure  in  D, 
it  is  called  the  difance  of  that  original  line, 
and  the  point  D,  where  it  cuts  the  pidure, 
is  the  vanifiing  point  oj  that  origmal  Ime,  A  B. 

THEOREM  III. 

X.  All  original  lines  (A  B,  A  B,  A  B,  A  B, 
&c,  fig.  3.)  which  are  parallel  to  each  other, 

have 
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have  the  Diftance  (DI)  zxiWaniJhing 
■point  (D). 

DEMONSTRATION. 

For  the  line  D  I,  drawn  through  the  eye, 
I,  parallel  to  any  one  of  the  original  lines, 
AB,  AB,  AB,  AB,-is  parallel  to  them  all; 
(by  E.  1 1 .  9.)  wherefore  the  line  D  I  is  their 
dijlance  line,  and  the  point  D  where  it  cuts 
the  pidture,  is  their  -canijhing  point  (by  §  9). 

COROLLARY. 

XL  Hence  an  original  line  which  is  paral¬ 
lel  to  the  pidture  can  haver  no  entering  nor 
•vanijliing  point :  for  neither  it,  nor  its  di- 
Jiance,  (which  is  parallel  to  it,  §  9.)  can 
ever  cut  the  pidlure. 

XII.  The  extremities,  A,  B,  (fig.  2.)  of  any 
original  line,  A  B,  together  with  the  point  I, 
where  the  eye  is  placed,  form  three  points  ; 
but  a  plane,  A  SI  H  may  be  extended  by  any 
three  points,  A,  B,'I  (by  E.  ii.  2.)  confe- 
quently  a  plane  may  be  extended  by  any  ori¬ 
ginal  line,  A  B,  and  the  eye. I;  which  plane, 
A  S  I  H,  is  called  the  noifiial  plane  of  that  Ori-^ 
ginal  Line. 

THEOREM  -TV. 

XIII.  The  Biftance,  ID  (fig.  a-.)  of  any  Ori¬ 

ginal  Line,  A  B,  is  the  interfedlion  of  its 
vifual  plane,  A  S  I  H,  with  the  vanifiing 
plane,  LVOR,  of  origmal  plane  fN yi 
■  B  4  Y  Z) 
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y  Z)  in  which  the  faid  original  line,  A  B,  is 
fituated. 

DEMONSTRATION. 

F or  the  vifual  plane,  A  $  I H  muft  cut  the 
original  plane,  W  X  Y  Z  and  its  parallel  L  V 
O  R,  bv  two  parallel  lines,  AT,  ID  (by  E. 
II.  1 6.)  but  it  cuts  the  original  plane,  WX 
YZ,  along  the  original  line,  A  B  (by  §  12.) 
and  fince  the  vifual  plane  palTes  through  the 
eye  (by  §  12.)  it  mufl  therefore  cut  the  va- 
nifhing  plane,  LVOR,  in  a  line,  ID,  paf- 
hng  through  the  eye  I,  parallel  to  the  origi- 
nal  hne,  A  B ;  but  I D,  the  dijlance  of  the 
ovtgtncil  lincy  is  a  line  drawn  through  the  eye 
I,  •  parallel  to  the  original  hne,  A  B  (by  § 
therefore  the  aiftance,  I  D,  is  the  fedlion  of 
the  vifual  plane,  ASIH,  with  the  vani/Jiinp' 
plane,  LVOR.  For  if  it  were  not,  then 
through  the  lame  point  I,  two  lines  might  be 
drawn  parallel  to  the  fame  right  line,  A  B, 
which  is  impolTible  (E.  i.  31.  note). 

XIV.  The  right  line  (T  D,  fig.  2.)  joining 
the  entering  point  (T)  and  the  vanifliing 
point  (D.)  of  any  original  line  (AB)  is  called 
the  vifual  line  of  that  original  line. 

theorem  V. 

XV.  Tlhe  vifual  line,  T  D  (fig.  2.)  of  any 
original  line,  A  B,  is  the  fedion  oilht  vifual 
plane,  A  H  I  S,  and  the  piBure,  E  N  P 


DEMO  N-^ 
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DEMONSTRATION. 

For  the  entering  point,  T,  is  in  the  pic¬ 
ture  and  vifual  plane  (by  §  8.  and  12.)  alfo 
the  vanilhing  point,  D,  is  in  the  pidture  (by 
§  9.)  and  thevifual  plane  (by  §  13.)  wherefore 
the  line  T  D,  joining  thefe  points,  T  D, 
muft  lie  in  both  the  ’.planies,  E  N  P  Q^and 
A  H  I  S,  and  confequehtly  muft  be  their  in- 
terfedtion,  (E.  1 1 .  3  ) 

T  'H  E  O  ;  R;  1  E  M  VI. 

» 

XVI.  The  psr/pcBwe  repre/enfation,  a  b 
(fig.  2.)  of  any  original  line,  A  B,  is  a  part 
of  its  vifual  line,  T  D. 

DEMONSTRATION. 

.  r  ■  * 

For  the  perfpedlive  reprefentation  of  any 
original  line,  A  B,  is  the  fedlion  of  the  rajs 
A  I,  B  I,  &c.  which  come  from  every  part 
of  that  line  to  the  eye,  1,  with  the  pidture: 
(Vide  Prelhn.  Obfervat.)  But  all  thefe  rays 
that  can  be  drawn  from  the  original  line,  A  B, 
to  the  eye,  muft  lie  in  the  vifual  plane,  AISH 
(by  Art.  12.)  therefore  they  muft  cut  the  pic¬ 
ture  in  the  fame  line  (T  D)  in  which  it  is  cut 
by  the  vifual  plane  and  confequently  muft  cut 
off  a  part,  a  b,  of  the  vifual  line,  Q^E.  D. 

COROLLARY, 

XVTI.  From  thence  it  is  plain,  that  the 
reprefentation  (a  b,  a  b,  ab,  ab,  fig.  3.)  of 

all 


all  original  lines  (A  B,  A  B,  A  B,  A  B) 
which  are  parallel  to  each  other,  tend  to  the 
fame  point,  D,  which  is  their  vanijhing 
point.  ¥oi-  HmcQ  Ref  rejhitation  of  eveiy 
original  line  is  a  part  of  its  vifual  line  (by  § 
i6'.)  and  fince  the  vifual  line  of  any  original 
line  (A  B)  is  a  right  line  joining  the  entering 
and  vaniddng  points,  T  and  D  of  that  line  j 
(by  §  14.)  it  follows,  that  the  perfpective 
Reprefentation  of  any  original  line  tends 
to  its  vaniihing  point  j  but  all  original  lines, 
AB,  A  B,  A  B,  A  B,  which  are  parallel  to 
each  other,  have  the  fame  vani/hing  point, 
^  C^y  §  to.)  therefore  their  perlpedlive  re¬ 
prefentation,  a  b,  ab,  ab,  ab,  muft  tend  to 
their  njanijhing  point  D. 

THEOREM  VII. 

_  XVIII.  Let  W  X  Y  Z  (fig.  4.)  be  any  ori¬ 
ginal  plane,  on  which  there  is  drawn  the 
lines  A  B,  C  B.  Let  thefe  lines  be  produced 
till  they  cut  the  pidlure  in  the  points,  T 
and  t,  which  are  there  entering  points  (by  § 
8.)  Let  the  eye  be  at  I  through  which  the 
plane,  V  L  O  R  palfes  parallel  to  the  original 
plane,  WXYZ,  then  is  the  line  (V  L)  its 
vanijliing  line  (by  §  3.)  through  the  eye,  (I). 
Let  there  be  drawn  the  d§lance  lines,  I D, 
and  Id  (§  9)  parallel  to  their  refpedtive  ori¬ 
ginals,  AB  and  CB;  then  will  D  and  d  be 
their  vanifliing  points.  Join  the  points  T,  D 
and  t,  d,  then  will  T  D  and  f  d  be  the  vifual 

lines 
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lines  of  the  originals,  C  B,  BA  (§  14.) 
^hen  I  fay  ;  inter feBion  b  of  any  two  vifual 

lines,  (  r  D  and  t  d )  is  the  ferfpeBive  repre- 
Jentation  of  The  interfeBion  B,  of  their  original 
lines,  (A  B,  B  C.) 

DEM  O  N  S  T  R  A  T  I  O  N. 

The  perfpeBive  reprefentation  of  any  point, 
B,  is  that  point  where  the  ray,  B  I,  coming 
from  it  to  the  eye,  cuts  the  pidure  (Vide 
Prelim.  Obferv.J  Bat  all  the  rays  that  can  be 
drawn  from  the  line  A  B,  to  the  eye,  I,  mufl; 
interfed  the  pidure  in  its  vifual  line,  T  D 
(by  §  16.)  confequently  the  point  B,  being 
fituated  in  the  line,  A  B,  its  reprefentation 
mufh  be  fomewhere  in  the  ffual  line  T  D, 
by  the  fame  reafoning,  fince  the  point  B,  is 
alfo  fituated  in  the  line  B  C  ;  its  reprefentation 
muft  be  fomewhere  in  the  line  td,  which 
is  the  vifual  line  of  B  C.  Having  therefore 
proved  that  the  reprefentation  of  the  point  B, 
inuft  lie  in  both  the  lines  T  D  and  t  d,  it 
muft  neceiTarily  lie  in  their  inlerfedion,  b. 

qj:d.  • 

THEOREM  VTIE 

XIX.  The  Jungle  (ABC,  fig.  4.)  formed 
by  any  two  oidginal  lines  ( A  B,  B  C  )  is  equal 
to  the  angle  (Did)  formed  at  the  eye  (I,)  by 
the  diftance  lines  (ID,  Id)  of  thofe  original 
lines,. 


DEMO  N- 
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DEMONSTRATION. 

For  the  lines  A  B,  B  C  and  D  I,  I  d,  being 
refpedively  parallel  to  each  other  (by  §  o.) 
the  angles,  ABC  and  Did  muft  be  equal 
to  each  other  (by  E.  ii.  lo.) 

theorem  IX. 

XX.  The  angle  (A  T  E)  fig.  4.  which  any 
original  line,  (A  B)  produced  till  it  meets  the 
picture,  makes  with  the  entering  line,  E  N 
of  the  plane,  W  X  Y  Z,  in  which  it  is  fitu- 
ated;  IS  equal  to  the  angle  (ID  L)  which 
xhtdijiance  (DI)  of  that  line,  makes  with 
Xhtvanijhingline  (V  L)  of  that  original  plane, 

DEMONSTRATION. 

The  lines  AT,  T  E  are  refpecftively  paral¬ 
lel  to  the  lines  I  D,  D  L  (by  §  9.  and  6. ) 
therefore  the  angles,  ATE,  IDL  are  equal 
(by  E.  II.  10.)  ^ 

COROLLARY. 

XXI.  Hence  the  center  and  dijiance  of 
xht  vani/hing  line,  is  the  ‘vaniJliing.-^point.2ind 
dijiance  of  any  original  line  that  is  perpendi¬ 
cular  to  the  entering  line  (by  §  y .  and  20.} 


C  H  A'  P. 
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CHAP.  II. 


PraBical  Ohfer^ations  on  the  foregoing  'Theory. 

^  Jl^  ^ AKING  it  for  granted  that  the  learner 
has  carefully  read  over,  and  retains  in  his 
'memory' the  fubllance  of  what  has  been  al¬ 
ready  delivered  ;  I  {hall  proceed  to  trace  out 
.the  manner  which  it  is  probable  his  own 
reafon,  affifted  with  the  little  theory  he  has 
learned,  will  dired:  him  to  purfue  in  the 
folution  of  the  following 

general  problem. 

XXL  To  find  the  perfipeBive  reprefientation 
of  afiy  right-lined  figure.,  Jituated  in  a  plane 
which  is  not  parallel  to  the  piBure. 

As  a  right  underftanding  of  this  problem 
will  geatly  facilitate  the  knowledge  of  the 
whole  art,  I  fliall  make  no  apology  for  being 
a  little  more  prolix  and  particular  than  or¬ 
dinary,  in  the  explanation  of  it. 

OPERATION  L 

To  determine  the  entcrmg  line  ofi theon^ 
ginal  plane,  and  the  enter  mg  points  ofi  the  Jides 
ofi  the  origmal figure. 


In 


t  H  i 

In  the  firfl  place  we  will  imagine  the  figure 
which  the  learner  would,  reprefent  in  per— 
fpedive  to  be  a  parallelogram,  as  A  B  F  G 
(fig.  6.)  whofe  Ihape  and  dimenfions  are 
drawn  out  on  any  plane  fiirface,  as  a  piece 
of  paper  or  pafte-board,  reprefented  in  the 
fcheme  by  the  plane  WXYZ.  On  this 
plane  (which  is  the  original  plane  by  §  i.) 
another  plane  E  P  Q^,N,>  muft  be  ereded  to 
reprefent  the  plane  of  the  picture.  This 
may  be  done  in  any  pofition,  with  refped:  to 
the  original  plane,  and  the  objed  A  B  F  G, 
xyhich  is  moft  agreeable  to  his  fancy  j  the 
line  E  N,  which  we  fuppofe  is  allotted  to  be 
the  line  in  which  the  pidure  E  N  Q^P  ihall 
cut  the  original  plane  X  Y  Z,  is  the  en¬ 
tering  line  (by  §  2).  If  this  line  is  not  pa- 
1  allel  to  eithei  of  the  fides  of  the  ofightal 
figure  A  B,  G  B,  A  F,  F  G,  thefe  will,  if 
produced,  cut  the  entering  line  E  N,  in  the 
points  T,  H,  K,  M,  which  are  the  entering 
points  of  the  fides  A  F,  B  G,  A  B,  F  G,  of 
the  original  figure  (by  §  8.) 

OPERATION  II. 

XXIIL  determine  or  ajjutne  the  vanifiiing 
line.,  its  center  and  difiancey  and  ofi  conjequcnce 
the  place  of  the  eye. 

Before  the  learner  can  proceed  any  further, 
he  muft  determine  the  pofition  of  the  eye, 

I:  to  do  this  draw  at  pleafure,  the  line 

VL 
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V  L  on  the  plane  of  the  pid:ure  E  N  P 
parallel  to  (EN)  the  entering  line:  (by  E  i. 
31.)  then  this  line  V  L,  may  be  the  vanifh- 
ing  line  of  the  original  plane,  (by  §  6.)  A- 
long  this  line  a  plane  V  L  O  R,  muR  be 
palled  parallel  to  the  original  plane  W  X  Y  Z* 
And  this  plane  will  be  the^vanilhing  plane, 
(by  §  3.)  The  learner  may  proceed  to  af- 
fume  any. point,  S,  In  the  vanilliing  line  V  L, 
for  the  center  of  the  vanilhing  line  (§  7.)  at 
this  point  he  mull  draw  the  line  S  I  along  the 
vanidiing  plane  V  LOR,  perpendicular  to  the 
vanilhing  line  :  (by  E.  i.  1 1.)  in  this  line  he 
may  at  pleafure  alTume  a  point,  I,  for  the 
place  of  the  eye.  (Vide  §  7.) 

OPERATION  III. 

XXIV.  ‘To  fjid  the  vanijhing  points  of  the 
fdes  oj  the  original figure. 

The  place  of  the  eye,  Ij  (fig.  6.)  being  thus 
determined,  the  next  thing  to  be  done  is  to 
find  the  vanilliing  points  of  the  lides  of  the 
original  figure  A  B  F  G.  To  do  this, 
meafure  the  angle  A  T  N,  which  any  of 
the  original  lines,  as  A  F,  makes  with  the 
entering  line  T  N  1  then  on  the  va- 
nilliing  plane  V  L  O  R,  draw  through  the 
point  I,  the  line  D  I,  making  the  angle 
D  I S,  with  the  diftance  IS  of  the  vanilh¬ 
ing  line,  equal  to  the  complement  of  the 
angle  A  T  N ;  then  the  point  D,  where 

this 
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this  line  D  I  cuts  the  pidure,  is  the  vaniHi* 
ing  point  of  the  original  line,  A  F. 

DEMONSTRATION. 

Becaufe  the  triangle  D  S I  is  right- 
angled,  the  angle  SDI  is  the  complement 
of  the  angle  DIS;  (by  E.  i.  32.  Cor.  3.) 
and  the  angle  A  T  N  is  equal  to  the  comple¬ 
ment  of  D  I  S  bj  conftrudtion  ;  wherefore 
the  angle  A  T  N  is  equal  to  the  angle  SDI, 
(E  I.  ax.  I.)  and  the  line  D  I  is  the  dijiance 
line  of  the  original  line,  A  F  (by  §  20.) 

XXV.  Having  determined  the  ^oani/liing 
pint  D,  of  any  one  fide  A  F,  of  the  origi- 
nal  figure^  the  va72ijlimg  point  d,  of  ^y 
other  fide,  A  B,  may  eafily  be  found.  For 
if  a  line,  d  I,  be  drawn  through  the  eye  I, 
on  the  vanijhifig  plane,  V  L  O  R,  making  the 
angle  Did,  equal  to  the  angle  AFG  or 
BAT  (which  the  original  lines,  A  F  and 
A  B  make  with  each  other)  then  the  point 
d,  where  this  line  d  I  cuts  the  pidure,  is 
the  vanijhing  point  of  the  line,  A  B  (by  § 

190 

Since  the  original  figure  A  B  F  G  (fig.  6.) 
is  a  parallelogram,  the  fide  G  B,  will  have 
the  fame  vanifhing  point  D,  with  its  pa¬ 
rallel  fide  A  F,  and  the  fide  F  G  has  the 
fame  vanififing  point  as  the  fide  A  B  (by  § 
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OPERATION  IV. 

XXVI.  "To  draw  the  vifiial  lines  j  whofe  in-  ' 
terfeBions  with  each  other  give  the  perfpeBive 
reprefentation  of  the  original  figure. 

Having  found  the  vanijhing  points  (D,  d,) 
(§  24  25.)  and  the  entering  points  (T,  H,  K, 
M,  by  §  22)  of  the  fides  of  the  original 
figure  (A  F  G  B)  the  learner  has  already  been 
taught  (§  14.)  that  if  he  draws  lines,  M  d, 
K  d,  H  D,  TD  to  join  thofe  points,  they 
will  be  the  vifiual  lines  of  the  fides  of  the 
original  figure  A  B  F  G. 

The  interfedtions  a,  b,  g,  f  of  thefe  vifiual 
lines  are  the  perfipeBive  reprefientatidns  of  their 
correfpondent  original  points  A,  B,  G,  F  (by 
§18)  wherefore  the  figure  abgf  contained 
between  thofe  points,  is  tho.  perfipeBive  repre- 
fientation  of  the  original  figure  ABGF  (Vide 

§  ifi-) 

It  will  be  proper  for  the  learner  to  read 
thcfie  operations  repeatedly  over  till  he  clearly 
comprehends  the  praBice  of  each  ^  and  the  reafions 
on  which  they  are  founded. 

The  preceding  operations  were  laid  down 
as  the  immediate  refult  of  the  general  prin¬ 
ciples  delivered  in  the  firfi;  chapter,  when 
applied  to  the  folution  of  the  propofed  prob¬ 
lem  {to  find  the  perfpcBive  reprefentation  of  a 
given  right-lined  figure)  they  are  rather  in- 
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tended  to  exemplify  thofe  general  principles, 
than  propofed  as  a  refined  mode  for  practice. 
They  are  only  to  be  elleemed  as  the  firft  at¬ 
tempts  at  a  pradtice  of  perfpedtive  ^  and 
therefore  like  all  other  primitive  endeavours 
are  deflitute  of  that  elegance  and  eafe  which 
is  the  refult  of  continued  obfervation  and 
experience. 

We  are  in  thefe  operations  obliged  to 
make  ufe  of  three  different  planes,  which  if 
we  could  find  no  means  of  working  with¬ 
out,  would  render  the  adt  of  perfpedtive  very 
operofe  and  troublefome :  but  a  few  re¬ 
marks  on  each  of  the  operations  will  dic¬ 
tate  to  us,  that  one  plane  only  will  anfvver 
the  purpofes  of  thofe  three. 

REMARKS  on  the  fird  OPERATION.^ 

XXVIL  It  was  firfi:  fuppofed  that  the  o?'i- 
gmal  figure  was  drawn  in  its  proper  propor¬ 
tion  on  the  original  plane  and  that  the  poll- 
tion  of  the  entering  line  was  given  or  affum- 
ed.  (  Vide  §  22.)  Suppofe  W  X  Y  Z  (fig. 
y)  to  be  the  original  plane  ^  on  which  is  drav/n 
the  original  figure  A  B  F  G  ;  the  pofition  of 
the  pidiiire  p)  q  r  s,  is  next  determined,  and 
the  entering  points  T,  H,  K,  M  are  found  by 
producing  the  fides  of  the  original  figure  till 
they  cut  the  entering  line  E  N,  which  is  the 
firif  operation  ;  the  entering  points,  therefore, 
depend  on  the  fituation  of  the  original  figure 
(A  B  F  G)  with  refpecl;  to  the  enterin';!:^  Hue 
'  -  EN) 
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(E  N)  -but  the  ejiterhig  line  E  N,  is  fituatetl 
in  the  plane  of  the  piSiure  p  q  r  f,  as  well  as 
in  the  original  plane  W  X  Y  Z  (by  §  2.)  If 
then  another  original  figure  a  b  g  f  is  drawn 
on  the  pidlure  plane  p  q  r  f,  exadlly  of  the 
fame  fiaape  and  dimenlion,  and  in  the  fame 
htuation  with  refpedt  to  the  entering  line  E 
N,  as  that,  ABGF,  which  was  drawn  on  the 
original  plane  W  X  Y  Z;  then  the  iides  a  b, 
b  g,  g  f,  fa,  of  this  figure  being  produced, 
will  cut  the  entering  line  E  N,  in  the  fame 
points  K,  H,  M,  T,  as  the  fides  of  the  figure 
ABGF  (drawn  on  the  origmal  plane')  and 
therefore  will  give  the  fame  entering  point s> 

DEMONSTRATION. 

According  to  the  fuppofition  the  angle 
A  T  N,  (drawn  on  the  original  plane)  is  equal 
to  the  angle  a.T  N  :  (drawn  on  iho.  piBure) 
and  the  line  A  T  is  equal  to  T  a,  alfo 
becaufe  the  figures  are  equal  and  fimilar, 
A  F  =  a  f,  f  g  =  F  G,  g  b  =:  G  B,  and  b  a  — 
B  A,  and  the  correfponding  angles  of  the  two 
figures  are  alfo  equal  ^  thus,  a  b  g  -  A  B  G, 
&c.  this  being  the  cafe;  in  the  trianglesTAK 
and  T  a  K  we  have  T  A  T  a ;  the  angle 
A  T’ K  rr  a  T  K  ;  and  T  A  K  —  T  a  K  ;  where¬ 
fore  the  fides  T  K  mufi:  be  equal  in  both  tri¬ 
angles,  (by  E  I.  26)  confequently  the  point 
K,  which  is  the  entering  point  of  the  fide 
A  B,  is  alfo  the  entering  point  of  the  fide  a  b: 
in  the  fame  manner  it  may  be  proved  that 
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the  point  H  is  the  entering  point  cf  the  lines 
G  B  and  g  b  ;  alfo  that  the  point  M  is  the 
entering  point  of  both  F  G,  and  f  g.  ^E.D. 

A  7nechanical  deinonftration  will  alfo  be  ob-* 
tained  if  we  fuppofe  the  original  plane,  E  N 
W  X,  to  be  moveable  about  the  entering  'line 
E  N,  by  hinges  fixed  at  the  points  E  and  N. 
then  if  the  faid  plane  be  let  down  till  it  coin¬ 
cides  with  the  plane  of  the  pidlure  E  N  r  f,  the 
feveral  lines  and  points  drawn  in  one  plane 
E  N  W  X  will  coincide  with  the  correfpond- 
ing  lines  and  points  in  the  other  plane  E  N 
r  f :  that  is,  the  points  A  and  a,  B  and  b,  &c. 
as  well  as  the  lines  T  F  and  T  f,  H  G  and 
Hg,  &c.  will  coincide  together. 

XXVIII.  Eemarks  on  the  fecond  and  third  Ope¬ 
rations. 

The  vanijhing  line  V  L  (fig.  7.)  is  fuppofed 
given,  or  afihmed  orv  pidiure as  is  the 
point  S  for  the  center  of  the  ^anijhing  line. 
The  perpendicular  SI  is  then  drawn  on  the 
*vanijhing  plane  V  O  R  L,  and  in  this  line  the 
point  I  is  taken  for  the  place  cf  the  eye  (Vide  § 
23.)  Now  if  inftead  of  drawing  the  line  S  I 
perpendicular  to  the  'uanijhing  line  V  L,  in  the 
*vanifhing  plane  the  line  S  i  is  drawn  perpen¬ 
dicular  to  the  fame  line  V  L,  on  the  pidiiire 
plane  ;  and  S  i  is  made  equal  to  (S  i)  the  dif~ 
tance  of  the  eye.  Then  the  point  i  may  be 
taken  as  the  place  of  the  eye  and  will  give  the 

fame 
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fame  ‘vaniPiing  points^  as  if  the  eye  was  fup- 
pofed  at  I  in  the  ^anijhing  plane  V  O  R  L. 

XXJX.  As  for  example ;  to  find  the  point 
d,  which  is  the  va?iijlimg  point  of  the  origin 
nal  lines  A  B  or  a  b,  and  of  their  parallels 
F  G  and  f  g  ;  proceed  as  diredled  in  the  3d 
operation;  (§  24.)  by  making  the  angle  S  i  d 
rz  to  the  complement  of  the  angle  AT  N  or  of 
its  equal  a  T  N ;  then  the  point  d,  where  the 
line  i  d  cuts  the  ^anijhing  line  V  L,  is  the 
vanifhing  point  of  the  line  A  B  or  a  b. 

DEMONSTRATION. 

For  the  fame  thing  being  done  in  the  va- 
nhhing  plane  V  O  R  L,  as  was  taught  in  the 
3d  operation;  in  the  two  triangles  S  id  and 
Sid,  the  fide  S  I  =  S  i  and  the  angle  d  S  i 
~  d  S  I,  and  S  I  d  =  S  i  d  whence  the  fide 
S  d  is  equal  in  both  triangles  (by  E  i.  26.) 
and  therefore  the  line  i  d,  cuts  the  vanifiiing 
line  V  L,  in  the  fame  point  d,  in  which  it  is 
cut  by  the  line  I  d.  Q^E.D. 

XXX.  Having  found  the  ’uaJiifliing  point  of 
the  original  line  A  B  or  a  b ;  the  vaniJHing 
point  of  the  line  B  G  or  b  g,  is  found  by  the 
fame  method  as  was  taught  when  the  eye  was 
in  its  proper  fituation  I,  in  the  vanijhing  plans 
V  O  R  L  (Vide  §  25.)  viz.  on  the  plane  of  the 
pidfure  p  q  r  f,  make  at  the  point  i,  the  angle 
d  i  D  equal  to  the  angle  A  B  G,  or  a  b  g 
which  the  original  lines  B  G  and  A  B,  or  b  g 
and  a  b,  make  with  each  other ;  and  the  line 
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i  D  by  cutting  the  vaniOiing  line  V  L,  in  the 
point  D,  gives  the  vafiijhing  pohit  fought. 

The  demonftration  of  this  is  exadly  the 
fame  as  that  of  the  laft  procefs  :  for  a  little 
refledion  will  point  out  that  the  triangles 
d  I  D  and  d  i  D  are  equiangular,  and  have 
one  lide  in  each  d  i  and  d  I,  equal  j  where¬ 
fore  they  are  equal  in  all  refpeds,  (by  E.  i. 
26.)  confequently  the  line  i  D,  muft  cut  the 
vanilhing  line  V  L,  in  the  fame  point  D,  in 
which  it  is  cut  by  the  line  I  D. 

XXXI.  By  §  27,  we  found  the  e?2tenng 
points  T,  H,  K,  M,  (fig.  7.)  of  the  origmal 
lines }  and  by  §  29.  30,  we  have  found  their 
vanijliing  points  d  and  D,  without  having  any 
recourfe  to  the  origmal  or  vanijhing  planes : 
the  lines  joining  thofe  points  are  the  vi/ual 
Imes,  viz.  dM,  dK,  DH,  D  T,  (by  §  14.) 
and  their  interfections  in  the  points  a,  b,  g,  £ 
give  the  reprefentation  of  the  original  figure 
abgf.  {Vide  %  26.) 

T  H  E  O  R  E  M  X. 

XXXII.  When  the  place  of  the  eye  (i  fig. 
7.)  and  the  original  figure  (a  b  f  g)  are  laid 
down  on  the  fame  plane ;  (p  q  r  f)  the  difiance 
(id)  of  any  original  line,  (a  b)  is  parallel  to 
that  origmal  line,  (a  b.) 

DEMONSTRATION. 

For  VL  being  parallel  to  E  N  (by  §  6.) 
the  angle  E  K  d  =  angle  Kd  L,  (E.  i. 29.)  but 

the 
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the  angle  idD  =  angle  aKE  by  conftrudion  : 
(Vide  §  29.)  and  if  we  add  tbele  equal  angles 
together  we  have  angle  aK  d  =  idK  (E.  i.  Ax. 
2.)  and  confequently  the  line  i  d  is  parallel  40 
a  K  (by  E.  I.  27.) 

Again,  lince  i  d  is  parallel  to  a  b  a.nd  the  angle 
d  i  D  is  equal  to  a  b  g  by  conftrud'tion  [Vide  § 
30*)  b  gis  parallel  to.  i  D.  (E.  i  .2'8.^  D. 

COROLLARY. 

XXXIII.  Hence  the  point  (d)  v/bere  a  Hne 
(idl  drawn  on  the piSi.ure  (p  q  r  f )  through  the 
place  of  the  eye,  (  i)  parallel  to  original  line, 
fab)  cuts  the  vanifi'mg  line  (ff'Vy,  is  the 
iiijhing  point  of  that  line. 

From  the  foregoing  obfcrvations  it  appears 
we  need  not  make  ife  of  any  more  planes  than 
one,  which  is  the  plane  of  the  piEliire :  and 
the  original  and  vanifiing  planes  may  for  the 
future  be  omitted.  I  Jhall  always  fuppofe  the 
paper  on  which  the fchemes  are  printed,  to  repre- 
fent  the  plane  of  the  pidiure  on  which  two  paral¬ 
lel  lines  E  N  and  V  L  are  draxvn  for  the  entering 
and  vanifiing  lines  oj  the  original  plane :  all  the 
[pace  of  the  paper  below  the  entering  line  E  N 
may  be  accounted  as  original  plane  :  and  all 
the  [pace  above  the  vanifhing  line,  V  L,  may  be 
ejleemed  the  vaniihing  plane  :  on  the  part  al¬ 
lotted  for  the  original  plane,  there  mifi  (at 
prefent)  be  drawn  the  original  figure  in  its 
proper  Jituation  and  difance  jrom  the  entering 
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line  E  N.  On  the  pcivt  dllottcd  J'ot'  the  va- 
nifhing  plane  there  is  always  given  the  point  i 
for  the  place  of  the  eye.  A  perpendicular  i  S 
let  fall  from  which,  on  the  vanifhing  line  VL 
gives  the  center  S  and  diftance  S  i  of  the 
vanidiing  line. 

Note,  ‘That  in  all  the  plates  throughout  this 
work 

E  N,  is  the  entering  line  of  the  original  plane. 

V  L,  and  fometimes  HL  is  its  vanifhing  line, 

I,  is  the  place  of  the  eye. 

S,  is  the  center  of  the  vanifhing  line;  and 

S  I,  is  its  difaJtce, 


[  25  ] 


CHAP.  III. 


Various  methods  of  finding  the  perfpedlive  re- 
prefentations  of  right-lined  plane  figures, 
'which  are  not  parallel  to  the  picture. 

METHOD  I. 

]P^Y  producing  the  fidcs  of  the  original 
figure  to  their  entering  points  and  finding, 
their  vaniihing  points. 

E  X  A  M  P  L  E  I. 

XXXIV.  The  entering  and  ‘vanifhmg  lines 
together  with  tht  place  of  the  eye  (I,  fig.  8.) 
being  given  to  find  the  reprefentation  of  a  tri¬ 
angle  (ABC)  drawn  in  its  proper  dimenfions; 
and  in  any  fituation  with  refpedt  to  the  en¬ 
tering  line. 

I  ft.  Produce  the  fides  of  the  triangle 
till  they  cut  the  entering  line  in  the  points  i . 
2.  and  3. 

2d.  Through  the  eye  (I)  draw  lines  (I  i. 
I  2.  I  3.)  parallel  to  the  fides  A  B,  A  C,  B  C, 
of  the  triangle,  and  cutting  the  vanifiiing  line 
in  the  points  i.  2.  3. 

3d.  Draw  the  lines  ii,  22,  33,  cutting 
each  other  in  the  points  a,  b,  c,  then  the 

figure 
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figure  abc  is  the perfpeSihe  reprefentation  of 
the  oiiginal  triangle  ABC. 

D  E  M  O  ?>r  S  T  R  A  T  I  O  N. 

The  points  1,2,3,  entering  line,  arethe 
ente)  mg  points  oi  thefides  of  the  original Jigure 
ABC:  (by  §  27.)  alfo  the  points  1.2.  3.  in 
the  vanijhing  line,  are  the  relpedlive  •vanifhing 
points  of  thofe  fides  33.)  wherefore  the 

lines  II,  22,  and '33,  arethe  vifual  lines  of 
the  tides  A  B,  A  C,  B  C.  (§  14.)  whofe  inter- 
fcdtions  in  the  points  a,  b,  c,  give  the  repre— 
fentations  of  the  points  A,  B,  C,  and  there¬ 
fore  the  triangle  a  b  e  is  the  reprefentation  of 
the  original  triangle  ABC.  Q^E.D. 

EXAMPLE  II. 

XXXV.  fhe  .reprefentation  of  a  parallelo¬ 
gram  hairing  all  its  Jules  oblu^ue  to  the  enterin'^ 
line :  by  means  of  its  diagonal,  (fig.  8.)  * 

If  we  convert  tht  original driangle  ABC 
(fig.  8.)  into  the  parallelogram  A.B  C  D,  by 
drawing  CD  and  DA  parallel  -to  A  B  and 
B  C,  we  may  eafily  find  the  reprefentation 
a  b  c  d  of  it,  by  the  help  of  the  triangle  a  b-c, 
for  through  c,  draw  c  i  ^  and  ithrou-gh  a 
drav/  a  3,  cutting  each  other  ind  j  then  is 
abed  the  reprefentation  of  A  B  C  D  —  For 
ab  anded  reprefent  two  parallel  lines  be¬ 
came  they  tend  to  the  fame  vanifliing  point 
.1  ;  (by  §  17.)  for  the  fame  realon  b  c  and  ad 


are 
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are  the  reprefentations  of  parallel  lines :  and 
lb  the  figure  abed,  is  the  reprefentaimi  of  the 
parallelogram  A  B  C  D,  and  a  c  is  the  repre- 
fentation  of  the  diagonal  A  C. 

REMARK. 

XXXVI.  This  method  is  only  fit  to  deter¬ 
mine  the  reprefentation  of  the  moft  fimple 
figures;  as  a  triangle,  or  a  parallelogram  :  and 
even  in  thefe  figures  it  becomes  impradicable 
if  either  of  the  fides  of  the  original  figure  is 
parallel  to  the  tiering  line ;  becaufe  fuch  fide 
can  have  no  entering  pointy  (by  §  1 1 .)  nor  noa- 
tiijhing  point :  or  if  either  of  the  fides  of  the 
original  figure  are  nearly  parallel  to  the  enter¬ 
ing  line^  the  entering  and  vanifiiing  points  of 
that  fide  will  lie  fo  very  far  apart,  as  will  re¬ 
quire  a  great  extent  of  paper  to  work  on  by 
this  method  :  recourfe  muft  therefore  be  had 
to  another  confideration  drawn  from  §  i8. 
which  will  teach  us  a  more  general  method. 

M  E  T  H  O  D  IL 

By  drawing  two  lines  at  pleafure  from 
each  angle  of  the  original  figure  to  the  enter¬ 
ing  line ;  and  finding  their  vanilhing  points. 

EXAMPLE. 

Of  an  irregular  trapezium. 

I  ft.  Suppofe  the  original  objedl  is  the  irre¬ 
gular  quadrangle  A  B  C  D  (fig.  9.)  from 

either 
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cither  of  its  angular  points,  as  from  the  point 
A,  draw  any  two  lines  at  pleafure  as  A  e  and 
A  n  cutting  the  entering  line  in  e  and  n ;  then 
through  the  eye  (I)  draw  the  lines  I  e  and 
I  n,  parallel  to  A  e  and  A  n,  cutting  the  •va- 
nijhing  line  in  e  and  in  n  :  join  the  points 
e,  e  and  n,  n  by  lines  cutting  each  other  in  a, 
which  is  the  ferfpeBive  reprejentation  of  the 
point  A. 

DEMONSTRATION. 

The  lines  A  e  and  A  n  may  be  conlidered  as 
two  original  lines.,  whofe  e?itering  points  are 
the  points  e  and  n  in  the  entering  lh2e  E  N  : 
alfo  fince  I  e  and  I  n  are  drawn  through  the 
eye  parallel  to  thefe  original  lines  A  e  and 
A  n  the  points  e  and  n  in  the  njanijhing  line 
are  their  ’vanijliing  points,  (by  §  33.)  There¬ 
fore  the  lines  e  e  and  n  n  are  the  vifiial  lines 
of  the  faid  originals  A  e  and  A  n  ;  (by  §  14.) 
whofe  interfedlion  in  a,  gives  the  perJpeBive 
reprejentation  of  the  point  A,  which  is  the 
interfedtion  of  the  original  lines  A  e  and  A  n 
(by  §18.)  Q:_ED. 

In  like  manner  the  reprefentations  of  the 
other  angular  points  B,  C,  D,  of  the  original 
Jigiire  may  be  found  :  and  thefe  points  being 
joined  will  give  the  figure  abed;  which  is 
the  perfpeBwe  rcprefentatio?2  of  A  B  C  D. 

XXXVII.  The  lines  Ae  and  An  were 
drawn  at  pleafure  in  order  to  determine  the 
reprefe?it alien  a,  of  the  point  A ;  but  to  find 

the 
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the  representations  of  the  other  angular  points 
as  B,  D,  and  C,  the  beft  way  is  to  draw  two 
lines  from  each  of  thefe  points,  parallel  to 
thofe  already  drawn  from  the  point  A ;  for 
then  the  points  e  and  n  in  the  vanilhing  Hne, 
which  are  the  vaniihing  points  of  the  lines 
A  e  and  A  n  j  will  be  the  vanifhing  points 
of  thofe  lines  which  are  drawn  from  the  other 
points  B,  C  and  D.  (by  §  lo.) 

example. 

Of  a  regular  hexagon. 

XXXVIII.  A  confideration  of  the  nature 
and  properties  of  the  figure  to  be  reprefented 
in  perfpe^ive,  and  of  its  fituation  with  refpedt 
to  the  entering  line^  will  often  didlate  modes 
of  abbreviating  the  general  rules  of  working. 
_ Thus,  if  the  original  figure  to  be  repre¬ 
fented  is  a  regular  hexagon  as  A  B  C  D  E  F 
(fig.  9.)  a  learner  attentive  to  the  properties 
and  fituation  of  this  figure,  will  not  find  the 
reprefentation  of  the  point  F  by  drawing  lines 
from  it  to  the  entering  line  at  random,  as 
taught  in  this  general  method  1  becaule  he 
will  fave  much  trouble  by  producing  the  fides 
E  F  and  F  A  until  they  cut  the  entering  line 
in  the  points  2,  and  3,  and  finding  their  w- 
^lifiiing  points  by  the  parallels  L  i ,  I  2  ;  the  rr- 
prefentation  of  the  whole  figure  may  eafily  be 
found  thus  ;  join  A  and  D,  and  produce  B  C, 
cuttino'  the  entering  line  in  the  points  2  and  2  ; 
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allb  join  E  and  B,  and  produce  D  C,  cutting 

the  entering  line  in  the  points  3  and  3 _ then 

^om  the  nature  of  the  figure,  the  lines  E  2, 
D  2  and  C  2  are  parallel,  and  fo  are  F  3,  E  3 
and  D  3.  and  therefore  their  vijlial  lines  muft 
tend  to  the  fame  vaniJJim^  points  i  and  2  in 
thQ  .’vani/hmg  line  Y  l_j  (by  §  10.)  and  inter- 
^  feding  in  the  points  a,  b,  c,  d,  e,  f,  give  the 
perfpeciive  reprejentation  of  the  original  hexa^ 
gon  fought. 

XXXIX,  This  method  of  finding  the  pcr^ 
fpeSlive  reprejentation  of  any  right-lined  ficmre, 
though  perfedll^  general  and  in  manytafes 
not  very  tedious,  is  liable  to  this  objedtion  i 
that  the  great  number  of  w^orking  lines  made 
ufe  of  are  apt  to  caufe  confufion  :  but  thefe 
will  be  greatly  abridged  by  the  following 
moft  ufeful  ° 

theorem  XI. 

XL.  The perfpe5live  reprejentation  fb  fio-.2.) 
of  any  point,  (B)  lituated  in  any  original  line 
(T  B)  cuts  the  vijual  line  (T  D)  into  two 
parts,  (D  b  and  b  T)  which  have  the  fame 
proporpon  to  each  other,  as  the  dijiance (Dl) 
cj  thejaid^  original  line,  has  to  the  diftance  (BT) 
of  the  original  point  (B)  from  the  entering  point 
(T)  of  the  original  line  (B  T)  in  which  it  is 
fituated :  that  isDI:BT::Db;bT. 


L>  E  M  O  N-^ 
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DEMONSTRATION. 

The  triangles  D  b  I  and  b  B  T  are  both 
fituated  in  the  'vijUal  plane  A  S I  H  (by  §  12. 
and  16.)  allb  hnce  D  I  is  parallel  to  B  T  (by 
§9.)  the  angle  D  I  b  =  b  B  T  (by  E  i .  29.) 
and  the  angle  b  D  I  =:  b  T  B,  and  fo  the  tri¬ 
angles  D  b  I  and  T  b  B  are  fimilar  where¬ 
fore  (by  E.  6.  4.)  D  I  :  T  B  : :  D  b  :  b T. 
Q^E.  D. 

COROLLARY. 

XLI.  Hence,  to  find  the  reprefentation,  b, 
(fig.  2)  of  any  original  points,  we  have  no¬ 
thing  more  to  do  than  to  cut  the  vifual  T  D 
in  fuch  a  manner  that  the  parts  T  b  and  b  D 
may  have  the  fame  proportion  to  each  other 
as  T  B  and  D  I  have  to  each  other,  which 
may  be  done  by  any  of  the  methods  fhewn 
in  E.  6.  10.  and  from  this  confideration  arifes 
this 

THIRD  METHOD, 

Of  finding  the  perfipeclive  reprefentation  of  a 
given  right-lmed  plane  figure^  not  parallel  to 
the  pidlure ;  by  drawing  Imes  from  the  fcveral 
angles  of  the  given  figure  to  the  place  of  the  eye. 

EXAMPLE. 

XL II.  Of  a  parallelogram  as  A  B  C  D  fig. 
10. 

ifi. 
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ift.  Produce  thofe  two  parallel  lides  CA 
and  D  B  which  will  cut  the  entering  line  E  N 
in  the  moft  diredt  manner,  to  their  entering 
points y  n  and  n. 

2d.  Through  I  draw  I  V  parallel  to  the 
faid  fides  A  C  and  B  D  which  gives  the  point 
V  for  their  is aniJJimg  point .  (by  §  33.) 

3dly.  Draw  the  vijual  lines  V  n  and  V  n 

{yide\\A,.) 

4thly.  Laftly,  draiv  lines  lA,  I B,  I  C,  I D, 
joining  the  eye  and  the  angular  points  of  the 
original figure,  andcutting  th  e  faid  vifual  lines  V  n 
and  V  n  in  the  points  a,  b,  c,  d,  then  the  fi¬ 
gure  abed  bounded  by  the  right  lines  join¬ 
ing  thefe  points,  is  the  perJpeBive  reprejenta^ 
tion  of  the  original figure  A  B  C  D. 

DEMONSTRATION. 

For  becaufe  I  V  is  parallel  to  A  n,  (by  con- 
jflrudion)  the  line  A  I  cuts  the  vifual  n  d  in  a, 
in  fuch  fort  that  V  a  :  n  a  :  :  V  I :  A  n.  {Vide 
E.  6.  10.  method  firft)  wherefore  a  is  the/>£’r- 
JpcBive  reprefentation  of  A  by  §  4 1 . 

In  the  fame  manner  it  may  be  proved  that 
c  is  the  reprejhitation  of  C  ^  b  of  B ;  and  d 
of  D.  Q^E.  D. 

EXAMPLE.  IL 
Ofi  a  trmigle  as  ABC  fig.  1 1 . 

XLIII.  If  it  is  inconvenient  to  produce 
the  Tides  of  the  original  figure  to  their  enter^ 
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points,  proceed  as  in  §  37.  viz.  draw  any 
lines  at  pleafure  from  the  angular  points  of 
the  original  figure  parallel  to  each  other  as 
A  n,  B  n,  C  n,  cutting  the  entering  line  in  the 
points  n,  n,  n —  2d.  Through  the  eye  I,  draw 
their  difiance  line  I  S  parallel  to  them,  cutting 
the  vanijhing  line  V  L  in  S  which  is  their  va- 
nijliing  point ,  3d.  Draw  the  vifuals  n  S,  n  S 

and  n  S.  Laftly,  draw  hnes  I  A,  IB,  I  C, 
joining  the  eye  and  the  angular  points  of  the 
original  figure and  cutting  the  in  the 

points  a,  b,  and  c  ;  thefe  when  joined,  form 
the  triangle  a  b  c  which  is  the  perfpedlive 
reprefentation  of  the  original  triangle  ABC. 

DEMONSTRATION. 

»  % 

If  the  line  A  n  is  confidered  as  an  original 
line,  it  is  evident  that  a,  is  the  reprfientation 
of  A,  by  the  fame  argument  as  was  ufed  in 
the  demonftration,  §  42.  alfo,  b  is  the  rc- 
prefentation  of  B,  and  c  of  C. 

EXAMPLE  IIL 

Of  a  regular  oSiagon. 

The  reprefentation  abcdefgh.  [Vide  fig, 
II.)  of  the  regular  odiagon  ABCDEFGH 
is  found  exadly  in  the  fame  manner  as  the 
triangle  laft  mentioned  j  and  needs  no  expla¬ 
nation  ;  a  bare  view  of  the  figure  being  fufii- 
cicnt  to  dictate  its  conftrudtion. 

D  §  43. 
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*XLIII,  Although  the  parallel  lines  (Ae,B« 
he.)  drawn  from  the  angles  of  the  original 
figure  to  the  entering  line  (E  N)  were  direded 
to  be  drawn  at  random ;  yet  in  general  it  will 
be  beft  to  draw  them  perpendicular  to  th* 
entering  lincy  (as  we  have  done  in  the  two 
laft  examples)  in  which  cafe  (S)  the  center  of 
the  vanifhing  line,  will  !be  their  v.anifhing  pointy 
and  its  difiance  will  be  their  difianccy  by  §  7, 
and  32. 

L  E  M  M  A. 

XLIV.  If  any  original  line  is  parallel  to 
the  entering  liney  its  perfpeBive  reprefentatton 
will  be  parallel  to  the  entering  line.  . 

The  truth  of  this  lemma  (which  is  almoft 
felf-evident)  Ihall  be  demon  ftrated  a  few 
pages  farther — its  ufe  here  is  to  open  a  more 
expeditious  method  to  folve  this 

PROBLEM. 

XLV.  To  find  the  perfipeSfroe  reprefen- 
tation  of  any  original  line  which  is  parallel  to 
the  entering  line. 

Suppofe  the  original  line  B  A  which  "is 'one 
fide  of  the  original  triangle  ABC  (fig.  1 1.) 
is  to  be  reprefented  in  perfpedive.  Draw 
the  lines  A  n  and  B  n  at  pleafure,  parallel 
to  each  other— find  their  vanijhing  point  S — ■ 
dfaw  the  nijuals  n  a  S,  n  b  S  :  lay  a  ruler  by  I 
and  A  cutting  the  vitual  naS  in  a — 'then 

thfoujjh 
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through  a,  draw  a  b  parallel  to  the  entering 
line,  cutting  the  vifual  n  b  S  in  b,  and  a  b 
will  be  the  reprefentation  of  A  B. 

DEMONSTRATION. 

Since  the  point  B  is  fituated  in  the  ongt^^ 
nal  line  B  n,  its  reprefentation  muft  be  fome- 
where  in  its  vifual  line  nbS  by§i6.— *A- 
gain*  fince  A  B  is  parallel  to  the  entering  line  ' 
E  N  its  reprefentatio7i  mull:  be  parallel  to  it,  ^ 
by  §  44.  and  fince  a,  is  the  reprefentation  of  A, 
the  reprefentation  of  A  B  mull  be  the  line  a  b 
drawn  through  a,  parallel  to  the  entering  line 
and  terminated  by  the  vifuals  n  a  S  and  n  b  S. 
Q;_E,  D. 

XLVI.  This  problem  will  fometimes  fave 
the  confulion  which  a  great  number  of  lines 
crolling  each  other  is  apt  to  occafion. — Thus, 
if  one  lidc  B  C  of  the  odtagon  ABC  D  E  F 
G  H  (fig.  u .)  is  parallel  to  the  entering  line, 
the  Tides  AH  and  (by  the  properties  of 
theoBagon)  will  be  perpendicular  to  the  enter^ 
ing  line,  0.8  will  the  lines  BG  and  C  F  j  produce 
thefe  lines  to  their  entering  points  e,e,e,e: 
then  the  center  (S)  of  the  vanilhing  line  (V  L) 
is  their  vanilhing  point :  (by  §  43*.)  to  which 
draw  their  vjfuals  eaS,  ebS,  ecS,  edS: 
lay  a  ruler  by  I  A  and  I  H,  and  mark  where 
it  cuts  the  vifual  line  caS  in  a  and  h.  AI- 
■  lb,  lay  the  ruler  by  I  B  and  I  G  and  mark 
the  points  b  and  g  in  the  vifual  line  e  b  S. 
Through  the  points  b,  a,  h  and  g  draw  lines 
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b  c,  a  d,  h  e  and  g  f,  parallel  to  the  entering 
line;  2s\di.  cutting  the  vifuals  ecS  and  edS 
in  the  points  c,  d,  e,  f :  laftly,  join  a  b,  h  g, 
f  e  and  d  c  and  the  bufinefs  is  done — for  the 
lines  b  c,  a  d,  h  e,  g  f,  drawn  parallel  to  the 
■entering  line,  are  the  reprefentattions  of  the  ori¬ 
ginal  lines  B  C,  AD,  H  E,  G  F,  which  by 
by  the  nature  and  fituation  of  the  original  oc¬ 
tagon  are  parallel  to  the  entering  line. 

Other  methods  may  be  propofed  for  find¬ 
ing  the  perfpeBive  reprefentation  of  the  angu¬ 
lar  points  of  any  right-lined  figure  whofe  ge¬ 
ometrical  plan  is  given:  which  are  derived 
from  theorem  XI,  §  40.  To  explain  thef« 
it  will  be  neceflary  to  prefix  the  following 

DEFINITION. 

XLVII.  If  through  the  extremities  (n  and 
&  fig.  12.)  of  any  •vifual  line  (nS)  two  lines 
are  drawn  at  pleafure  parallel  to  each  other, 
(as  n  B  and  S  I;  or  n  and  S  i  &c.)  but  tend¬ 
ing  different  ways;  that  iS,  if  one,  as  n  B, 
tends  downwards,  its  parallel  S  I  may  tend 
upwards ;  or,  if  one  tends  upwards  and  to  the 
left,  as  n  b,  its  parallel  may  tend  downwards 
and  to  the  right  as  S  /  &c.  Then  that  line 
(n  B  or  n  which  is  drawn  through  the  en¬ 
tering  point  (n)  of  the  faid  vifual,  ( Vide  §  1 4.) 
is  called  a  fcale  line.  And  the  extremity  (I, 
or  i)  of  its  parallel  (SI or  S  i)  which  is  drawn 
through  the  vanifhing  point  (S)  of  the  faid 
vifuat  (n  S)  and  is  made  equal  to  its  difianci 
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(S  I)  is  called  the  dividing  center  of  that  vifual 
line  (n  S.) 

FOURTH  METHOD. 

Of  finding  the  perfipeBive  reprefientation  of 
a  given  right-lined  plane  figure^  not  parallel 
to  the  piBure ;  by  means  of  a  ficale-line  dr  awn 
at  pleafiurcy  and  a  dividing  center. 

EXAMPLE. 

XLVIIL  A  B  C  D  (Vide  fig.  12.)  is  a 
fquare,  having  two  of  its  fides  C  D  and  A  B 
parallel  to  the  entering  line  E  N  ;  produce  the 
other  two  fides  to  their  entering  points  n  and 
m.  Through  I  draw  I S  parallel  to  them 
cutting  the  vanijhing  Ime  in  S  which  is  their 
vanijhing  point,  (by  §  33.)  Next,  draw  the 
vijuals  n  S  and  m  S — Now  to  find  the  repre¬ 
fientation  b  of  any  point,  B,  in  any  original 
line,  as  B  n,  nothing  more  is  to  be  done  than 
to  cut  its  vifual  n  S  into  two  parts,  n  b  and 
b  S,  fo  that  nb:bS::Bn:SI,  (Vide  §  41.) 
wherefore  draw  at  pleafure  any  two  lines  n  b 
and  S  i  parallel  to  each  other,  through  the 
extremities  n  and  S  of  the  vifual  line  n  S  j  on 
th& ficale  line  n  b  (Vide^/^j.)  Lay  from  the 
entering  point  n,  the  feveral  lengths  x\d  and  n  b 
equal  to  the  lengths  n  D  and  n  B  on  the  ori¬ 
ginal  line  n  B.  Then  on  Sz  lay  Sz  equal  to 
I  S  (the  diftance  of  the  original  line  D  B). 
Laflly,  draw  the  lines  bi  and  di  joining  the 
dividing  center,  and  the  feveral  divifions  b  and 


d  on  fcale  line  n  b  and  cutting  the  vifual 
n  S  in  b  and  d  which  are  the  reprefejitations 
of  B  and  D  (by  E.  6.  id.  ?nethod  ijl.) 

METHOD  V. 

By  iifing  the  entering  line  as  a  fcale  line,  and 
laying  the  dividing  center  on  the  vanifhing  line. 

XLIX.  Since  the  entering  and  vanifhing 
lines  (E  N  and  VL,  fig.  12.)  are  parallel  to 
each  other  (by  §  6.)  and  pafs  through  the 
extremities  of  all  viftial  lines  whatever  (by 
§14.)  the  dijlance  (SI)  of  any  vifual  line 
(n  S)  ma/  be  laid  on  the  vanifhing  line  (V  L) 
from  its  vanifning  point  S  to  V,  (then  is  V 
the  dividing  center  of  n  s  (by  §  47.)  and  the 
entering  line  E  N  may  be  confidered  as  a  fcale 
line  for  all  vifual  lines,  on  which  any  part  or 
parts  nD  and  n  B  of  the  original  line,  (nB) 
belonging  to  that  vifual  n  S^-»^^.ay  be  laid 
from  its  entering  point  n  to  a  and  to  N — then 
lines  A  V  and  N  V,  joining  thefe  divifions  on 
the  fcale  line  (or  entering  line)  E  N  and  the 
dividing  center  (§47.)  will  cut  the  vifoal  n  S 
in  the  points  d  and  b,  the  fame  as  by  the 
laffc  method,  and  for  the  fame  reafon.  (E,  6. 
lo.  method  i.) 

Elaving,  by  any  of  thefe  methods  found 
the  reprefentations  b  and  d  of  the  original 
points  B  and  D ;  through  thofe  points  draw 
lines  b  a  and  d  c  parallel  to  the  entering  line, 
and  cutting  the  vifial  line  m  S,  in  a  and  c, 

then 
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then  is  the  figure  abed  the  reprefentatwn  of 
the  original fquare  ABCD  (by  §44.) 

The  dotted  lines  in  fig.  12.  interfering 
each  other  in  the  fame  points,  fhew  the  a- 
greement  of  the  feveral  methods.  More  ex¬ 
amples  would  increafe  the  bulk  and  price  of 
this  work  without  adding  to  its  utility ;  the 
reafons  of  each  method  has  been  fully  ex¬ 
plained,  and  if  thefe  are  underftood,  fancy 
and  nature  will  continually  fupply  fubjefts 
on  which  to  exercife  them. 

I  muffc  again  remind  the  learner  that  it 
will  coft  him  much  iefe  pains  to  learn  this 
art  if  he  copies  each  plate  on  a  large 
fcalej  and  if  he  invents  examples,  and  per¬ 
forms  them  by  two  or  more  different  me¬ 
thods  ;  in  the  execution  of  which  he  will 
find,  that  there  is  hardly  any  of  the  rules 
before-mentioned  but  what  will  fometimes 
be  commodious,  and  fometimes  inconveni¬ 
ent;  being  mafter  of  feveral  ways  of  per¬ 
forming  his  bufinefs,  he  will  rarely  be  era- 
barraffed  :  if  he  wants  room  on  his  paper 
to  work  by  one  method,  he  will  have  re- 
courfe  to  another;  not  following  any  one 
particular  mode  of  pradtice,  but  conftantly 
ufing  that  which.is  the  mofi:  advantageous. 


CHAP- 
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CHAP.  IV. 


Of  tlis  Perjpe£fivc  Peprefentation  of  Lines 
•which  are  parallel  to  the  PiSiure, 

PROBLEM. 

L*  any  original  line  (A  B  fig.  13.)  which 

is  parallel  to  the  picture  1  (PQJ:N)  to 
extend  a  plane  (A  B  C  D)  which  fhall  be 
parallel  to  the  piknre, 

SOLUTION. 

Suppofe  any  plane  as  W  X  H  Z  to  pafs 
hy  the  given  line  AB  cutting  the  piSlure  in 
the  line  E  N.  Through  any  point,  E  in,  this 
line,  draw  at  pleafure,  on  the  plane  of  the 
piBure  the  line  E  K  j  then  pafs  a  plane  A  F 
G  H,  at  pleafure  along  the  line  E  K,  cutting 
the  lines  A  B  and  E  N  in  the  points  A  and 
E.  Through  the  point  A  draw  on  this  plane 
A  F  G  H  the  line  A  F  parallel  to  E  K  (E  i . 
31.)  then  a  plane  A  B  C  D  palling  along  the 
lines  A  B  and  A  F  will  be  parallel  to  the 
pla?ie  of  the  picture,  P  N. 


D  E  M  O  N« 
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PEMONST  RATION. 

For  the  line  A  F  is  parallel  to  the  line 
E  K  (by  conJiruBiori)  allb  the  line  A  B  is 
parallel  to  E  N  (by  fuppofition)  where¬ 
fore  the  plane  A  B  C  D  palling  by  thefe  lines 
A  B  and  A  F  miift  be  parallel  to  the  pidture 
which  palles  by  the  lines  E  N  and  E  K  (by 
E.  II.  15.)  Q^E.  D. 

COROLLARY. 


LI.  Hence;  my  original  line  as  A  B  (fig. 
13.)  which  is  parallel  to  the  piSiiire  may  be 
fpppofed  to  be  the  fedtion  of  any  two  planes 
A  B  C  D  and  W  XH  Z  one  of  which  (A  B 
CD)  is  parallel,  and  the  other  (WX HZ) 
is  oblique  to  the  plane  of  the  pli^iurey  fo  that 
if  produced  it  will  cut  it  in  its  entering  line 
E  N. 

THEOREM  XII. 

LIL  The perfpe^we  reprefentation  (o  r,  fig. 
13.)  of  any  origmal  line  (OR)  which  is  pa¬ 
rallel  to  the  piEiure  (P  Q^E  N) ;  is  parallel  to 
that  original  line  (OR). 

DEMONSTRATION. 


Since,  by  fuppofition,  O  R  is  parallel  to 
the  picture  ;  a  plane  A  B  C  D  may  be  extend¬ 
ed  by  it  which  fliall  be  parallel  to  the  picture 
(by  §  50.)  and  fince  the  vifual  plane  (O  R  I) 
(Vide  §  12.)  cuts  the  two  pa^llel  planes  A  B 

C  D 
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C  D  and  P  Q_E  N,  the  fedions  O  R  and  o  r, 
sre  parallel:  (by  E.  ii.  i6.)  but  by  § /6.  or, 
is  the  perfpediim  reprefentation  of  O  R,  con- 
fe^quently  the  original  line  O  R,  and  its  re/re- 
/mtation  or,  are  parallel.  Q^E.  D. 

theorem  XIII. 

Tin.  The  reprefentations  fab,  f  g,  fig.  14.) 
of  all  original  lines  (A  B,  F  G)  which  are 
parallel  to  the  piBure  and  to  each  other  j  are 
parallel. 

demonstration. 

f  g  13  parallel  to  F  G  (by  §  52.)  alfo  A  B 
is  parallel  to  F  G  (by  fuppofition)  therefore 
f  g  and  A  B  arc  parallel  (by  E.  1 1 .  q.).  Again 
fince  f  g  is  parallel  to  A  B ;  and  a  b  is  alfo 
parallel  to  A  B  (by  §  ^2.)  therefore  f  g  and 
a  b  are  parallel  (by  E.  11.9.)  Q^E.  D. 

COROLLARY. 

TIV .  Hence  the  reprefentations  (ab  and  fg) 
of  all  original  lines,  (x4  B,  F  G)  which  are 
parallel  to  the  entering  line  (E  N)  of  any  ori¬ 
ginal  plane,  (W'XYZ)  are  parallel  to  that 
entering  line. 

N.  B.  This  is  the  lemma  premifed  §  4^ 
theorem  XIV. 

LV.  If  any  two  original  lines  (A  B  and 
AD.  fig.  14.)  forming  an  angle,  (BAD) 

are 
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a,re  parallel  to  t\iQ  picture  i  the  angle  (B  A  D 
which  they  make  with  each  other)  is  equal 
to  the  angle  (b  a  d)  which  their  reprefenta- 
tions  (a  b  and  a  d)  make  with  each  -other. 

DEMONSTRATION. 

For  the  lines  A  B  and  AD  are  refpe<51ively 
parallel  to  ab  and  ad  (by  §  52.)  wherefore 
the  angles  BAD  and  bad  are  equal  (by  E. 
II.  10).  Q^E.  D. 

COROLLARY. 

LVI.  Hence,  if  A  B  is  an  original  line  pa^ 
rallel  to  the  entering  line  of  any  original  plane 
WXYZ  (fig.  14.)  and  if  A  C  is  another 
original  line^  cutting  the  former, -at  right 
angles,  and  alfo  is  parallel  to  the  piBurei 
then  lhall  the  reprefentation  a  c,  of  that  or/- 
ginal  line  A  C,  be  perpendicular  to  the  faid 
entermg  line  E  N. 

DEMONSTRATION. 

For  the  angle  BAG  being  a  right  angle 
b  a c  is  a  right  angle  (by  §  55.)  but  a  b  (which 
is  the  reprefentation  of  *A  B)  is  parallel  to  the 
entering  line  E  N  (by  §  54.)  therefore  c  a  is 
perpendicular  to  it.  (by  E.  i.  29.)  Q^E.  D. 

THEOREM  XV. 

LVII.  If  two  original  lines  (A  B  and  A  C 
fig.  1 4.)  meeting  in  a  point,  are  parallel  to  the 

pi(^ure. 
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pidlure, their  reprefentations{2L  b  and  a  c)  will  have 
the  fame  proportion  to  each  other,  as  the  ori¬ 
ginal  lines  themfelves  have  :  that  is,  as  A  B  : 
A  C  :  :  a  b  :  a  c. 

DEMONSTATION. 

In  the  triangular  vifual  planes  ABI  and 
A  C  I,  fince  a  b  is  parallel  to  A  B  and  a  c 
parallel  to  A  C  (by  §  52.)  we  have 

Ia;IA::ab:AB  (by  E.  6.4.)  and 
Ia:IA::  ac  :AC  whence 
ab:  ac  :  :  AB  :  AC.  (E.  5.  n.^ 

COROLLARY. 

LVIII.  Hence  if  the  original  lines  (as  A  B 
and  A  D)are  equal,  their  reprejentafions  (ab 
and  a  d)  will  be  equal. 

THEOREM  XVI. 

LIX.  If  any  original  line  (A  C  fig.  14)  pa¬ 
rallel  to  the  piBnre,  is  divided  into  equal  parts 
(A  I.  12.  23.  &c.)  the  reprefentations  (a  1.12. 
23.  &c.)  of  thofe  parts  will  be  equal :  alfo,  if 
the  original  line  (A  C)  is  divided  in  any  man¬ 
ner,  the  reprefentatlon  of  its  parts,  will  divide 
reprefentation  a  c  of  the  whole  line  in  a' 
fimilar  manner. 

^he  demcfijlration  of  this  is  the  fame  as  of 
the  lajl  Theory, 


CHAP. 
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CHAP.  V. 


Some  applications  of  the  preceding  theory  to  the 
perfpeBi've  reprefentation  of  folid  bodies, 

LX.  Xn  explaining  the  theory  of  perfpeBkty 
the  pidture  and  any  original  plane  was  con- 
iidered  in  an  abftradted  manner,  as  two 
planes  either  parallel  to,  or  cutting  each  other. 
But  in  applying  our  rules  to  the  perfpeifdivo 
reprefentation  of  natural  objcSls^  plane  of 
the  Horizon,  and  its  parallels,  claim  particu¬ 
lar  attention ;  as  all  folid  bodies  muft  be  fup— 
pofed  to  Hand  upon  fuch  planes.  For  gravity 
(which  draws  every  folid  body  downwards  in 
a  direction  perpendicular  to  the  horizon)  im- 
pofes  an  eredt  fituation  on  every  thing  that  is- 
to  Hand  firm  on  its  bafe :  and  although  we 
may  vary  the  ground  plan  of  a  building  at 
pleafure,  the  walls  will  not  ftand  without 
fupport,  if  they  afcend  in  diredlions  not  per¬ 
pendicular  to  the  horizon. 

For  this  reafon  builders  work  by  the 
plumb-line  and  the  fcjuarej  that  is,  by  lines 
perpendicular  and  parallel  to  the  horizon. 
Architedts,  civil  and  military,  delineate  the 
dimenfions  of  buildings  and  fortifications,  by 

fedlions 
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fedtions  parallel  to  the  horizon  which  they 
C2^\. ‘plans  and  others  perpendicular  thereto 
which  they  call  profiles  In  fine,  we  can¬ 
not  fpeak  of  the  length,  breadth,  height  or 
depth  oi  any  fixed  folid  magnitude,  without 
referring  to  our  ideas  of  an  horizontal  plane  ; 
by  length  and  breadth  we  commonly  mean  its 
extent  meafured  by  lines  parallel  to  the  ho¬ 
rizon  ;  and  by  height  and  depth  its  altitude 
or  profundity,  efiimated  by  the  length  of  a 
line  extending  from  the  top  or  bottom  of  the 
objedt  in  (jueftion,  in  a  diredtion  perpendicu¬ 
lar  to  the  horizon. 

What  has  been  faid  will,  I  hope,  be  a 
fufficient  apology  for  retaining  the  terms  ho¬ 
rizontal  plane  and  horizontal  line,  without 
which  we  cannot  treat  this  art  in  a  pradlical 
manner ;  for  although  this  plane  and  line,  as 
Docftor  Taylor  obferves,  does  not  enjoy  any 
particular  advantage  more  than  any  other 
original  plane  and  its  vanilhing  line,  in  re¬ 
gard  to  the  theory  of  perfpedlive ;  yet  gravity 
iias  made  it  and  its  parallels  of  fo  much  con- 
fequence  in  the  difpofition  of  nature,  that  a 
pifture  can  no  more  be  drawn  without  a  ho- 
fizo?ital  line,  than  a  geographical  map  can  be 
confirudted  without  fixing  the  pofition  of  the 
firfi:  meridian* 


*  Th(  words  Plan  and  Profile  ^refo  generally  imderjlood, 
ejpectaily  among  arti/is,  that  a  formal  difinltion  was  ejieemed 
unntcefary.  ^ 


LXI. 
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LXI.  Let  W  X  Y  Z  (fig.  15.)  be  aoy  &r/- 
g'mal  plane  parallel  to  the  horizon  or  ground ; 
and  let  V  L  E  N,  the  plane  of  the  picture ^  be 
either  perpendicular  or  inclined  to  this  hori¬ 
zontal  plane,  and  cutting  it  in  the  entering  Ihie 
E  N,  through  the  eye  at  I,  fuppofe  a  plan# 
V  L  O  R  to  pafs  parallel  to  the  horizon,  and 
cutting  the  picture  in  V  L  ;  then  is  V  L,  cal¬ 
led  the  horizontal  line. 

LXII.  Hence  it  appear#  that  horizontal 
line  (V  L  fig.  15.)  is  the  vanijhing  line  of  th® 
horizontal  plane  ( W  X  Y  Z)  and  of  all  other 
planes  which  are  parallel  to  it.  (by  §  3  and  4.) 

LXIII.  plane  of  the  pi5lu?'e 

fig.  15.)  is  perpendicular  to  the  horizon',  all 
original  lines  as  A  B,  C  D,  which  are  perpen¬ 
dicular  to  the (WXYZ)  will  be  pa¬ 
rallel  to  the/)/<J?«r£’;  and  iheir  reprefentationv/WX 
be  perpendicular  to  the  horizontal  line  (by  §36.) 

LXIV.  But  if  the  pidure  V  L  E  N  (fig. 
15.)  is  inclined  to  the  horizon  then  the  rc- 
prejentation  of  all  lines  A  B,  C  D  which  are 
perpendicular  to  the  ground,  will  tend  to  their 
vanilhing  point  (by  §  17.) 

The  ered  pidure  is  by  far  the  mofl:  gene¬ 
ral  and  ufeful  j  becaufe,  as  was  obferved  be¬ 
fore,  nature  has  difpofed  the  greatefl  num¬ 
ber  of  objeds  in  ered  politions,  which  will 
therefore  have  many  of  their  parts  parallel  to 
the  ered  pidure,  and  the  perfpedive  repre¬ 
fen  tatlons  of  fuch  parts  will  be  fimilar  in 
diape  to  tbe  parts  they  reprefent ;  and  thefe 
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will  affifl:  us  to  form  a  juft  idea  of  thofe  parts 
of  the  original  objedt,  which  by  reafon  of 
their  obliquity  with  the  pidlure  have  their 
reprefentations  very  unlike  their  real  forms 
and  proportions.  Thus  the  reprefentation  a  b 
cd  (fig.  15.)  of  the  fquare  A  BCD  on  the 
upright  picture^  is  a  fquare  fimilar  to  the  ori-, 
ginal,  but  on  the  inclined  picture^  it  is  an  irre¬ 
gular  trapezium  totally  unlike  its  original, 
A  BCD. 

The  eredl  picture  fhall  be  firft  conlidered, 
on  which  the  reprelentation  of  any  objedt 
may  eafily  be  drawn  when  the  learner  has 
made  himfclf  mafter  of  the  two  following 
problems. 

P  R  O  B  L  E  M  I. 

LXV.  The  entcring2A\^va7iiJhmg  lines  (EN 
and  H  L  fig.  16.)  of  any  original  plane  being 
given ;  at  any  point  in  (A)  in  that  plane,  to 
put  the  reprefentation  (AB)  of  an  original  line 
which  is  parallel  tp  the  enterhig  line  (E  N)  and 
equal  to  any  part  (C  D)  of  it. 

I  ft.  Through  the  given  point  A  draw  a, 
line  A  B  parallel  to  the  entering  line  E  N  : 

2d.  Through  the  fame  point  draw  any 
other  line  VAC  cutting  the  entering  and 
vanijhlng  lines  in  any  two  points  as  C  and  V. 

3d.  Lay  from  the  point  C  on  the  entering 
line  E  N,  the  diftance  C  D  equal  to  that  part 
of  the  original  Ihu  which  is  to  be  reprefented. 

4th.. 
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^th.  Draw  VD  cutting  AB'inB,  then 
ihall  A  B  be  the  reprefentation  requited. 

D  h:  MONSTRATION. 

For  fince  A  B,  is  parallel  to  E  N,  it  is  the 
reprefentation  of  a  line  parallel  to  the  enter¬ 
ing  line.  (Vide\  54.)  alfo  CV  and  D  V,  are 
the  reprefentations  of  parallel  lines,  fituafed  in 
that  original  plane  whofe  entering  and  vanijh- 
ing  lines  are  given  :  (by  §  17,)  wherefore  the 
figure  A  B  C  D  is  the  reprefentation  of  a  pa¬ 
rallelogram,  of  which  C  D  and  A  B  being 
oppofite  lides,  they  muft  reprefent  lines  equal 
to  each  other:  (E  1.  34.)  confequently  AB  is 
the  reprefent  at  ioji  of  a  line  parallel  to  the  en¬ 
tering  line-,  and  equal  to  C  D.  Q^E.  I. 

COROLLARY. 

LXVI.  The  entering  line  EN  (fig.  16.) 
may  be  confidered  as  a  fcale,  from  which 
any  number  of  parts  may  be  transferred  to 
any  line  A  B,  drawn  parallel  to  it.  Thus  if 
the  part  C  D,  of  the  entering  line  is  20  feet, 
then  will  A  B  be  the  reprefejitation  of  a  line 
of  2o^feet  puffing  through  A;  and  if  this  line 
is  divided  into  20  equal  parts,  each  of  them 
will  reprefent  one  foot,  (by  §  59.)  alfo  the 
line  A  B  thus  divided,  will  ferve  as  a  fcale  to 
meafure  any  other  part  of  the  fame  line  pro¬ 
duced.  For  if  the  whole  length  A  B,  is  laid 
from  M  to  P,  in  the  fame  line  A  B  produced  ; 
then  will  Ad  P  reprefent  a  line  of  20  feet  : 

E  becaufe 
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becaufe  A  B  produced,  is  the  reprejentaiion  ot 
a  line  parallel  to  the  picture ;  the  equal  parts 
of  which,  A  B  and  M  P,  are  the  reprefen tati- 
ons  of  equal  parts.  (Vide  §  59.) 

This  meafure,  or  any  other,  may  again  be 
transferred  from  M  P,  to  anyother  line  (a  b), 
which  is  parallel  to  it,  by  the  fame  means  as 
A  B  was  transferred  from  the  entering  line  in 
§  65. 


COROLLARY. 

LXVII.  The  reprefentation  A  B,  of  any  line 
parallel  to  the  piSlure  being  given  ;  its  dimen- 
lions  C  D,  on  the  entering  line  may  be  found 
thus  :  through  any  point  V,  in  the  vanijhing 
hne,  draw  lines  through  the  extremities  A 
and  B  of  the  given  line ;  cutting  the  entering 
line  in  the  points  C  and  D  :  then  is  C  D  the 
true  meafure  of  A  B. 


PROBLEM  IL 

LXVIII.  The  entering  and  'uaniJJting  line., 
.  E  and  fl  L,  (fig.  17.)  of  any  origmal plane 
being  given:  at  any  point  A;  (which  isther£'^ 
prefentation  of  a  point  fituated  in  the  faid 
oiiginal  plane)  to  draw  the  reprejentation  AC 
of  an-  original  line,  which  is  parallel  to  the 
pidure,^  equal  to  any  part  (as  D  F)  of  the  en- 
tering  line,  and  inclined  to  the  entering  line  or 
any  of  its  parallels  in  a  given  angle. 


S  O- 
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SOLUTION. 

I  ft.  At  the  given  point  A,  put  the  repr^ 
fentatmi  A  B,  of  a  line  parallel  to  the  entering 
line^  and  of  the  dimenfions  propofedjas  fup- 
pofe  equal  to  DF  (by  prob.  i.  §  65.) 

2d.  Through  the  fame  point  A,  draw  A  C, 
making  with  A  B,  the  angle  CAB,  equal  to 
the  angle  required  :  (fuppofe  ^  right  angle: 
Fide  E.  i.  23.  or  1 1.) 

3dv  Make  A  C  equal  to  A  B,  and  the  prob¬ 
lem  is  folved. 

DEMONSTRATION* 

For  the  two  original  lines  reprefented  by 
A  B  and  A  C,  meet  in  a  point  reprefented  by 
A,  and  are  parallel  to  the  pidlure;  (by  fuppo- 
fition)  wherefore  thefe  original  lines  are  in¬ 
clined  to  each  other,  in  an  angle  equal  to  C 
AB.  (by  §  55.)  alfo  becaufe  A  B  is  equal  to 
A  C  5  it  reprefents  a  line  equal  to  that  repre¬ 
fented  by  A  B*  (by  §  58.)  but  A  B  is  the  re- 
prefentation  of  a  line  equal  to  D  F  :  (by  con- 
ftrudion)  and  fo  A  C  muft  alfo  reprefent  a 
line  equal  to  D  F. 

This  problem  may  be  folved  in  another 
manner, which  will  often  be  more  convenient. 
Thus  fuppofe  at  the  point  a,  (fig.  17.)  I  want 
to  fet  the  reprefent  at  ion  of  a  line  which  Ihould 
be  equal  to  any  length  propofed,  and  inclined 
to  the  entering  line,  (or  to  a  line  a  b,  drawn 
through  the  point  a,  parallel  to  the  entering 
line)  in  a  given  angle. 

F  2  ift. 


f  ? 

ift.  Tlirough  the  given  point  a,  draw  any 
line  (V  a  O)^  atpleafure;  cutting  the  entering 
line  in  any  pisint,  as  in  O,  and  the  'vanijhing 
line  in  any  point  as  in  V. 

2d.  ThroughO  draw  OP^  making  an  angle 
(NOP)  with  the  entering  line,  equal  to  the 
angle  propofed  (in  this  example  a  right  angle.) 

3d.  Make  O  P,  equai  to  the  length  of  the 
line  to  be  repr&fented  j  taken  from  the  fcale  on 
the  entering  line,  (in  this  exarnple  25  parts.) 

4th,  Through  a,  draw  a  c  parallel  to  O  P, 

Laftly,  drawV  P,  cutting  a  c,  in  c.  then  is 
a  c  the  line  required. 

DEMONSTRATION. 

For  fince  O  P,  is  fituated  on  the  entering 
line  E  N,  and  is' parallel  to  the  piciurey  it  mui4 
eoinfide  with  it,  (by  E.  11.  i.)  and  the  re- 
prejentation-  of  the  whole  line  O  P,  or  anv 
part  of  it,  muft  be  the  fame  fize  as  that  line 
or  part  really  is  :  the  line  O  P  is,  therefore, 
the  entering  Um  of  the  original  plane  repre- 
fented  by  O  P  a  c,  and  the  fame  argument 
iifed  in  the  demonfration  of  §  65.  will  drew 
that  ac,  is  the  reprefentation  of  a  line  equal 
to  O  P.  Moreover,  f  nee  a  c,  is  parallel  to 
OP,  the  angle  cab,  is  equal  to  the  angle  NOP^ 

■  Another  de77ionJlration  ?nay  be  had  thus. 

From  O  (fig.  17.)  lay  O  M  on  the  enter¬ 
ing  line,  equal  to  O  P,  then  through  a,  draw 
ab  parallel  to  the  entering  line',  and  draw 

M  V 
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M  V  cutting  ab  in  b  :  then  is  a  b,  the  repre- 
fintatmi  of  a  line  parallel  to  the  entering  line, 
and  equal  to  M  O  :  (by  prob.  i.  §  65.)  alfo 
by  fimilnr  tviajigles  (E.  6.  4.)  we  have 

V  O  :  V  a  :  :  O  M  :  a  b  and 
V0:Va::0  P  :ac  whence 
(by  E.  5.  1 1 .)  O  M  :  a  b  : :  OP:  a  c.  confe- 
quently  OM:OP::ab:ac  (by  E.  5.  16.) 
but  as  O  M  and  O  P  are  equal  by  conftrudi- 
on  j  a  b  is  equal  to  a  c  i  and  fo  this  method 
is  in  efFed:  the  fame  as  the  former. 

REMARK. 

LXIX.  It  is  evident  that  all  the  lines 
marked  ac,  drawn  parallel  to  OP,  and  boun¬ 
ded  by  the  vi/iiais  V  O  and  V  P,  (ibe  §  14.) 
are  the  reprej'entations  of  lines  equal  and  pa¬ 
rallel  to  O  P:  (by  §  53.  &  65.)  and  finte  O  P 
contains  25  parts;  if  ac  was  divided  into  25 
parts,  each  of  them  wouid  reprefent  one  of 
thofe  parts. — a  c  being  thus  divided  may  be 
ufed  as  a  fcale,  from  which  we  may  transfer 
the  reprefent  at  ion  of  a  line  parallel  to  the 
piBure,  and  equal  to  any  number  of  parts, 
to  any  ether  point  as  e:  thus, 

I  ft.  Draw  e  f  parallel  to  a  c. 

2d.  Lay  a  ruler  by  e,  and  a,  cutting  the 
•vamjhing  Hue  in  Id. 

3d.  Draw  H  c,  cutting  e  f,  in  f  j  then  is  e  f, 
the  reprefentationoi.  aline  equal  to  ac.  This  is 
evident,  becaufe  the  figure  e  f  ca,  is  ihtrepre- 
(eiitatibn  of  a  parallelogram. 


T  II  E- 
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THEOREM  XVII. 

LXX.  The  perfpeSlwe  reprefentation,  (a  b 
c  d  fig.  20.)  of  any  original  figure  ^  (A  B  C  D) 
fituated  in  a  plane  (W  X  Y  Z)  parallel  to  the 
picture,  (P  N)  is  fimilar  to  its  original. 

D  E  M  O  N  S  T  R  A  T  I  O  N. 

For  fince  a  b  andcb  are  refpedtively  pa¬ 
rallel  to  A  B  and  CB;  (by  §  52.)  the  angle 
c  b  a  is  equal  to  CBA.  (by  E.  1 1 .  to.)  for  the 
fame  reafon  the  other  angles  of  the  reprefen- 
tation  abed,  are  equal  to  the  correfponding 
angles  of  the  original  figure  A  B  C  D,  more¬ 
over,  by  E.  6.  4,  we  have 

IB:Ib::BC:bc  and 
I  B  :  I  b  : :  B  A  :  b  aconfequently(by 
E.5’.  1 1  .)BC  :  b  c  :  :  BA  :  b  a. 
wherefore  the  figures  abed,  and  A  B  C  D, 
being  equiangular,  and  having  the  fides  which 
contain  the  correfponding  angles  proportional, 
are  fimilar  (by  E.  6.  defi.  i.) 

LXXI.  If  we  would  transfer  ac,  (fig.17.)  or 
any  part  of  it,  to  any  other  point,  (as  b)  fitua-. 
ted  in  a  line  a  b,  drawn  through  a,  parallel  to 
the  entering  Une-y  then  we  have  nothing  more 
to  do,  than  to  make  the  line  b  d,  equal  to  a  c; 
or  to  that  part  of  it,  which  we  delire  it  Ihould 
reprefentj  for  if  we  join  d  and  c,  we  lhall  foon 
perceive,  that  fince  a  b  and  a  c,  are  the  repre- 
fientations  of  lines  parallel  to  tht  pi dlurey  the 
figure  abed  is  the  reprefentation  of  a  plane 

figure 
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fimre  parallel  to  the  figure.  {Vtde^  E  1 1.  15-) 
and  therefore  this  figure  abed,  is  fimilar  to 
the  original  figure  it  reprefents.  (by  § 
confequently  if  the  original  lines  reprefented 
by  a  c  and  b  d,  are  equal,  their  reprefentattons 
mull  be  made  equal  :  if  unequal,  then  a  c 
and  b  d  muft  be  made  to  have  the  fame  pro¬ 
portion  to  each  other,  as  the  original  lines  re¬ 
prefented  by  them  have.  thofe  on- 

ginal  lines  are  parallel,  or  inclined  to  each 
other  j  i\\tn  mwH  reprefentattons  ac  and 
b  d  be  made  parallel  to  each  other,  or  in¬ 
clined  juft  the  fame  as  the  faid  original  lines 
are  fuppofed  to  be. 

example.  I. 

LXXII.  The  plain  whofe  entering  and 
’vamfiiing  line  we  have  fuppofed,  given,  may 
be  a  plane  parallel  to  the  horizon:  Then 
the  two  laft  problems  will  enable  us  to  re- 
prefentany  plane furjace  in  perfpeBtve,  which 
is  parallel  to  the  pihlure,  and  fituatedon  any 
part  of  the  Iwrtzontal  plane.  Thus,  fuppofe 
EN  (fig.  18.)  to  be  the  entering  line^  of  a 
level  ground  ;  and  H  L  to  be  the  horizontal 
line-,  (Fide  §  61.)  and  that  we  would  repre- 
fent  the  fide  of  a  houfe  parallel  to  the  pi6ture . 
in  the  firft  place  we  muft  either_  alfume  the 
dimenlions  of  it  on  the  entering  line  E  N,  01 
on  fome  other  line  as  A  B  parallel  to  it  .  It 
is  the  moft  natural,  as  well  as  the  moft  corn- 
method,  to  divide  the  entering  line,  into 


mon 
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^  Jcdlc  oj" equal  parts  j  which  may  reprerent 
inches,  feet,  yards,  &c.  and  this  fc ale  w\\\  be 
the  true  meafure  of  all  original  Jigures  which 
coincide  with  the  piBurc.  Suppofe  EF  to 
be  20  foot,  this  is  transferred  to  any  line  pa¬ 
rallel  to  it,  as  A  B,  by  problem  t.  §  6c.  A  B 
being  divided  into  20  parts,  will  be  a  fcalc  to 
conflrud;  all  the  parts  of  the  front,  We  may 
transfer  the  breadths  of  the  windows,  6cc  to 
any  other  part  (MP)  of  the  line  AB  pro¬ 
duced  ;  and  transfer  their  heights  to  any  per¬ 
pendicular  line  as  M  G;  and  from  thefe  two 
lines  wemay  again  transfer  thefeveral  breadths 
and  heights,  to  any  other  part  of  the  piSlure,  (as 
fliewn  by  the  dotted  lines:  Vide(,b.  and  69  ) 
and  conhrua  fronts  (as  a  b  c  g,  a  b  c  &c  ) 
fimilar  to  the  firft  front  A  B  C  G. 

oblique  fronts  of  the  hoiifes  are  drawn  to 
fll  up  the  plate,  by  rules  with  which  the  reader 
IS  at  prefcnt  fuppofed  to  be  unasquamted  but 
which  Jhall  be  explained  a  Jew  pages  hence, 

example  it. 

LXXIII.  In  iig.  ig,  P  is  the  ground  plan 
otahoufe,  placed  in  anyfituation  at  pleafure, 
with  refpeft  to  the  line  EN;  which  is  the 
entering  line  of  a  level  plane  on  which  the 
houfe  iS  fjppofed  to  hand  ;  H  L  is  the  hori- 
pantal  line,  S  is  its  center,  and  S  I  its  dijlance. 
the  ground  plan,  or  any  part  of  it,  may  be 

put 
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in  perfpeBive  bj  any  of  the  methods  defcribed 
in  chapter  3.  But  I  have  made  ufe  of  the 
3d  method  §  42.  which  in  general  is  the  heft, 
a  b,  the  reprefentation  of  A  B,  is  iirft  found  ; 
Then  the'fituations  of  the  windows  and  door, 
are  transferred  from  A  B  to  a  b,  by  laying  a 
ruler  by  the  place  of  the  eye  (I)  and  the  fe- 
veral  divifions  on  the  line  A  B^  which  cutting 
a  b,  will  give  the  fituations  of  the  windows 
on  the  line  a  b,  as  expreffed  by  the  dots  on 
that  line:  perpendiculars  to  the  entering  and 
horizontal linesy  drawn  through  the  points  a,  b 
and  c,  will  be  the  reprefentatmis  of  the  cor¬ 
ners  of  the  houfe.  (Vide  §  63.)  on  either  of 
thefe  corners  as  am,  the  heights  of  the  win¬ 
dows,  &c.  may  be  transferred;  (by  §68.)  and 
by  the  help  of  thefe,  and  the  divifions  on  a  b, 
the  front  parallel  to  the  picture  may  be  com- 
pleated  ;  except  the  bow  window :  the  ob¬ 
lique  front,  is  alfo  compleated  by  means  of 
thefe  heights  on  the  corner  a  m ;  and  the 
dots  on  a  c,  reprefenitng  the  fituations  of  the 
windows  intheobliquefrontj  which  are  found 
in  the  fame  manner  as  thofe  on  a  bj  viz.  by 
laying  a  ruler  by  I,  and  the  feveral  divifions 
on  AC,  in  the  plan  P.  which  ruler  will  cut  the 
line  c  b  in  the  parts  expreffed  by  the  dots. — . 
It  is  almofl;  needlefs  to  remind  the  reader, 
that  as  the  oblique  front  A  C,  of  the  plan,  is 
perpendicular  to  the  entering  line-,  its  repre¬ 
fentation  a  c,  as  well  as  the  reprejentations  of 
the  tops  and  bottoms  of  the  windows, 

kc. 
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&c.  tend  to  S,  the  center  of  the  horizontal 
line,  §  7.  and  43*.)— -The  bow  window 
is  next  to  be  defcribed  —  chufe  any  number 
of  points  in  its  femicircular  plan,  as  the  points 
i.  2.  3.  4.  5.  6.  7.  then  by  any  metJaod  in  the 
3d  chapter,  find  the  rcprefentations  of  thofe 
points  on  the  ground  plane,  and  draw  a  re¬ 
gular  curve  through  'rcprefentations  i.  2. 
3.  4.  5.  6.  7.  which  will  be  the  reprefenta- 
tion  of  the  original  Jemicircle.  Perpendicu¬ 
lars  being  drawn  through  thefe  points  and 
made  equal  to  the  heights  (b  d,  b  e,  b  f,  and 
b  p,)  of  the  feveral  parts  of  the  bow  window 
defigned  to  be  reprefentedj  (byProb.2.  §  68.) 
will  give  other  points,  through  which  regu¬ 
lar  curves  being  drawn,  will  be  the  reprejen- 
taionoi  thofe  parts.  A  careful  perufal  of  the 
figure  will  make  its  conftruction  more  in¬ 
telligible  than  a  multitude  of  words. 

LXXIV  When  the  horizontal  line,  and 
the  entering  line  of  the  ground  plane,  are  pro¬ 
perly  proportioned  according  to  the  difiance 
of  the  eye  ;  (by  the  oblervations  contained  in 
the  two  next  chapters.)  The  ground  plan 
of  the  original  figure,  if  it  is  intricate,  con¬ 
fiding  of  feveral  complex  parts,  will,  when 
put  in  perfpedfive,  be  too  confufed  toafcertain 
the  exad  points,  where  perpendiculars  are  to 
be  raifed,for  determining  the  heights  of  thofe 
parts.  To  remedy  this  inconvenience,  let  a 
line  be  drawn  parallel  to  the  horizontal  line, 
at  a  good  difiance  from  ihc:  entering  line -of  the 

ground 
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ground ;  and  let  this  line  be  taken  as  the  ai~ 
tering  ImCy  and  the  ground  plan  be  drawn  at 
fuch  a  diftance  and  in  fuch  a  fituation  re- 
fpeding  it,  as  the  faid  ground  plan  is  fup- 
pofed  to  have  to  the  real  entering  line.  Then 
let  the  faid  ground  plan  be  put  in  perfpe5live 
and  all  its  parts  will  be  diftinit  and  clear  ; 
from  which  the  feveral  perpendiculars,  raifed 
to  exprefs  the  heights  of  the  parts  of  the  ob¬ 
ject:  whofe  perfpedive  reprefentation  is.  re¬ 
quired,  muft  be  augmented  fo  much,  as  is 
equal  to  that  diftance  the  falfe  entering  line  is 
below  the  true  one. 

EXAMPLE  III. 

In  fig.  2  1.  if  the  perfpeSlive  reprefentation 
of  the  ground  plan  of  the  objects  was  firfi: 
found,  in  the  fame  manner  as  in  the  lafi:  ex¬ 
ample  j  it  would  be  indiftind:,  by  realon  of 
the  vicinity  of  the  entering  line  (E  N,)  of  the 
ground  plane.,  to  the  horizontal  line  (HL). 
And  if  this  was  not  the  cafe,  it  would  be  in¬ 
convenient  ;  becaufe  luch  a  reprefentation  oj 
the  ground  plan^  confiftmg  only  of  auxiliary 
lines,  (which  mufl;  be  rubbed  out  when  the 
drawing  is  finilhed)  would  caufe  much  con- 
fufion,  by  mixing  with  thofe  lines  that  are  to 
remain  :  for  this  reafon  another  line  EN  is 
drawn  a  good  difiance  below  the  entering  line 
E  N;  and  thegroundplanof  theobjedstobere- 
prefented,  mufi  be  drawn  in  its  proper  dimen- 

fions 
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fions,  and  in  the  fame  fituation  with  refpefl 
to  E  Ny  as  it  is  fuppofed  to  have  to  the  true 
e72rermg  /me  E  N ;  then  efteeming  the  line 
E  AT  as  the  true  ejitering  line  ;  the  perfpcglhe 
reprefentation  (P)  of  the  faid  ground  plan,  is 
found  by  any  of  the  methods  taught  in  the 
third  chapter.  (  N.  B.  geometrical  plan 
from  which  the  perfpedihe  reprefertation  P  is 
derived,  is  not  inferred  in  the  plate  fnr  want 
of  room  :  it  may  alfo  be  remarked,  that  this 
perfpeSlive  reprefentation  is  much  more  dif- 
torted,  but  at  the  fame  time  the  interfedlionsof 
the  lines  forming  it,  with  each  other,  are  much 
more  diflmct,  than  they  would  have  been  if 
had  maae  ufe  of  the  true  entering  line 
E  N.  In  enuling  this  falfe  entering  line  E  IV, 
it  mould  be  taken  at  luch  a  diflance  below 
the  real  entering  line,  E  N,  that  the  perfpec- 
troe  7 eprefntation  ot  the  whole  ground  plan; 
may  fall  entirely  between  thefe  lines,  as  in 
theprefent  example.)  Having  found  the  re¬ 
prefentation  of  the  ground  plan,  the  heights 
ot  the  leveral  parts  are  to  be  found,  by  draW- 
ing  perpendiculars  through  their  feats  in  the 
ground  plan  ;  and  making  thofe  perpendicu¬ 
lars  equal  to  the  heights  propofed,  increafed 
by  the  height  EE  or  N  iV,  that  the  true 
entering  line  E  N  is  above  the  line  E  IV  fPVde 
§  68,  &c,)  Xhe  realon  of  which  is,  be- 
t  aufc  £  IV,  is  the  entering  liiie  of  a  level  plane, 
ntuated  at  the  depth  E  E  or  N  N  below  the 
plane  Oi  the  grouiid ;  as  will  be  evident  on 

the 
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tlie  leafl;  reflexion.  Every  other  ftep  lifed 
for  finding  the  perfpeBive  reprefentation  of  the 
objects  delineated  on  the  plate,  will  appear 
by  infpedtion,  aflifted  with  the  Ikill  which 
the  learner  is  fuppoled  to  have  acquired  by 
tlie  foregoing  pages. 

f  forbear  more  examples,  becaufe  the 
trouble  of  drawing  a  plan  of  every  thing  we 
want  to  reprefent  in  perfpedive  is  intollera- 
ble^  and  were  there  no  other  way  of  pro¬ 
ceeding,  our  art  would  only  fupply  the  archi¬ 
tect  with  a  tedious  method  of  drawing  the 
reprefentatwi  of  a  building  from  its  plan  and 
profile :  whilfl  the  artift  who  is  to  difpofe 
the  reprefentations  on  his  picture  in  fuch  a 
manner  as  to  form  an  agreeable  compofitionj 
could  receive  little  or  no  afiidance  hereby ; 
but  we  lhall  be  able  to  furmount  this  difficul¬ 
ty,  and  ,  not  only  abbreviate  the  labour,  but 
ajfo  enlarge  the  utility  of  perJpeBivs  by  the 
mediods  taught  in  the  feventh  chapter. 


CHAP- 
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A  digrejion  concerning  the  refraction  of  light, 
the  conjirudlion  of  the  eye,  and  the  nature 
.  of  vifion, 

E F  O R E  the  nature  of  vifion  is  explain¬ 
ed,  it  will  be  necelfary  to  fpeakof  the  change 
of  direction  which  the  rays  of  light  fuffer, 
when  they  pafs  through  mediums  of  different 
forms  and  denfities  :  this  fubjeeff,  in  its  full 
extent,  conftitutes  the  fcience  which  is  called 
Dioptrics  ;  on  whofe  utility  and  excellence 
it  were  needlefs  to  expatiate,  after  obferv- 
ing,  that  to  this  fcience  we  owe  the  inven¬ 
tion  of  thofe  optical  machines,  which  cor- 
redt  the  imperfedfions  of  fight,  and  increafe 
its  natural  powers ;  making  us  acquainted 
with  beings,  whofe  extreme  minutenefs  ren¬ 
der  them  imperceptible;  and  bringing  to  hand 
ob) edts  whole  remote  fituation  afford  to  the 
naked  eye  either  no  information,  or  fuch 
as  is  imperfedt  and  erroneous. 

I.  B.ays  of  light  ifue  from  aluminous  body  as 
from  the  fun,  a  fire,  a  torch,  ^c.  every  way,  in 
rightlined  diredlions.  For  if  a  torch  is  fixed  in 
the  middle  of  a  large  common,  its  rays  are  dif- 
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perled  immediately  all  around :  but  none  of 
thefe  rays  will  pafs  through  the  bore  of  a 
bended  pipe.  Conlequently  thefe  rays  iffue 
every  way  ;  and  in  right-lined  diredfions. 

2.  Every  thing  that  gives  a  paflage  to  light 
is  called  a  medium:  thus,  air,  water,  glafs, 
diamond,  &c.  are  mediums. 

3.  In  the  fame  medium  a  ray  of  light  pro¬ 
ceeds  in  a  right-lined  diredlion,  (as  was  ob- 
ferved,  Art.  i.)  but  when  a  ray  pafTes  ob¬ 
liquely  out  of  one  medium  into  another  of  a 
different  denfity,  it  is  bent  out  of  its  firji  di- 
retJion^  into  another  right-lined  diredlion. 
And  this  injlediion  or  bending,  is  called  refrac¬ 
tion. 

Example.  The  ray  S  B  (fig.  22.)  coming 
from  the  fun,  through  the  air,  ftrikes  the 
furface  of  the  water  in  the  point  B.  it  then 
receives  a  new  diredlion  B  R,  approaching 
nearer  to  the  perpendicular  B  a.  This  refrac¬ 
tion  arifes,  becaufe  the  ray  SB  is  more  ftrong- 
ly  attradled  by  a  denfe  medium,  as  water, 
than  by  a  rare  medium,  as  air. 

4.  The  ray  S  B  is  called  the  incident  ray, 
and  the  angle  S  B  A  which  it  makes  with  the 
perpendicular  B  A,  is  called  the  angle  of  inci¬ 
dence. 

5.  The  part  of  the  ray,  B  R,  which  is 
immerfed  in  the  water,  is  called  the  refracted 
ray,  and  the  angle  RB  a;  whichit  makes  with 
the  perpendicular  B  a,  is  called,  the  angle  of 
refradlion. 

6.  If 


a 


m 
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6.  If  about  the  point  B  as  a  center,  a  circle^ 
a  R  A  m,  is  defcribed  with  any  radius ;  (as 
B  A)  the  arch  A  m  or  a  m,  meafures  the  ang/e 
of  incidence  (A  B  S  or  a  Bm)  and  the  arch 
aR,  meafures  the  angle  of  refraction  (a  B 
R)»  But  a  line  (mn)  drawn  through  one 
extremity  (m)  of  an  arch^  (Am)  perpendicular 
to  a  radius  (BA)  pajjing  through  the  other  end 
(A)  of  the  faid  arch  (Am);  is  called  the  Jim 
oj  that  arch  y  wherefore  m  n,  is  the  fine  of 
the  angle  of  incidenccy  and  o  R  is  the  fine  of 
the  angle  of  refradiion. 

J.  Arguments  drawn  from  the  principles 
of  mechanics  and  geometry,  demonitrate,  and 
experiments  confirm,  that  the  fine  (m  n)  of 
the  angle  of  incidence,  has  always  the  fame  ratio 
to  the  fine  (O  R)  of  the  angle  oJ  reJ'raSlion  ;  in 
whatever  degree  of  obliquety  the  incident  ray^ 
Rrikes  the  furface  (CD)  which  feparates  the 
mediums  ;  this  proportion  is  as  follows : 

When  the  incidental  ray  pafles  obliquely 
out  of  air  into  water;  the  fine  of  incideiice 
(m  n)  is  to  the  Jme  of'  refraction  (o  R)  as  ^ 
to  3,  nearly. 

If  it  pafTesout  of  air  into  glafs,  the  propor¬ 
tion  is  as  3  to  2.  And  out  of  air  into  dia¬ 
mond,  the  fne  oJ  incidence,  is  to  the  Jine  of 
rej'r action  as  5  to  2. 

S.  The  opticians  to  anfwer  their  purpofes 
grind  the  furface  of  glafs  into  the  different 

forms 
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Forms  exhibited  in  fig.  23  *.  The  mathema¬ 
ticians,  from  the  general  law  of  refraition, 
mentioned  in  the  lafi;  article,  and  the  curva¬ 
ture  given  to  its  furface,  invell  the  proper¬ 
ties  of  either  of  thefe  glaffes,  which  is  called 
a  lens.  I  fhall  mention  one  or  two  of  their 
conclufions.  Thofe  who  would  fee  their 
arguments,  may  confult  Mr.  Martin  s  mathe¬ 
matical  injiitiitions ,  8vo.  vol.  II.  page  1 16.  &c. 
or  profe£br  s’ Grav'efands  mathematical  elements 
of  ndt.  philof.  410.  book  V.  chap.  8.  &c.  To 
thefe  books,  and  to  Mr.  Fergufon’s  lectures, 
I  am  obliged  for  the  heads  of  this  chapter. 

9.  A  line  AX  (fig.  23.)  drawn  perpendi¬ 
cular  to  both  the  faces  of  a  lerts,  is  called  its 
axis.  This  line,  if  thofe  faces  are  fpherieal, 
will  pafs  through  their  centers. 

10.  A  parcel  of  rays  ilTuing  from  any  ra- 
dient  point  (as  ^  or  A  fig.  24.)  and  falling  on 
a  lens  (B  C)  fituated  in  any  pofition  with  re- 
fpedt  to  that  point,  {A  or  A)  is  called  2. pencil 
of  rays ;  of  which  that  fngle  ray  (A'a  or  A  a) 
\vhich  palfes  through  the  center  of  the  lens^  is 
called,  the  axis  of  that  pencil. 

F  li.  If 


*  A  Plane  Crlafs  is  flat  on  both  fldes  as  A. 

A  Plano- con’Oex.,  is  flat  one  fide  and  convex  on  the 
other,  as  B. 

A  Plano-concave,  is  the  reverfe,  as  C. 

A  Double- convex,  is  convex  on  both  ftdes,  as  D. 

A  Double-concave,  is  concave  on  both  fides,  as  E. 

A  Menifeus,  is  convex  on  one  fide,  and  concave  on  the  , 
other,  as  F. 
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11.  If  a  fay  (as  A  a  fig.  24-)  ftrikes  a  Iei13 
B  C)  in  the  diredhon  of  its  axis-,  it  will  pafs 
diredily  through  it ;  becaufe,  as  there  is  no 
angle  of  incidence,  there  can  be  no  angle  of  re¬ 
fraction.  {Vide  art.  7.) 

12.  If  a  ray  {A  D  fig  24.)  pafies  through 
the  center  (D)  of  a  le?is  but  at  the  fame  time 
drikes  it  obliquely,  it  will  be  turned  out  of  its 
way,  in  the  refracted  direction  DE.  {Vide  art. 
3.)  But  when  it  has  pafied  through  the  lens 
(to  the  point  E,)  it  will  proceed  in  a  direction 
(E«)  parallel  to  the  incidental  ray(^D.) 
And  if  the  thicknefs  of  the  lens  is  inconfider- 
able  (as  is  always  the  cafe,)  the  refrafted 
part  (DE)  will  make^fofmall  a  difference  j 
that  the  whole  line  A  a  may  be  efteemed  a 
right  line. 

13.  From  honce  it  m.ay  be  Inferred,  that 
the  axis  {A  a  or  A  a  fig.  24.)  of  any  pencil  of 
rays  pafies  through  a  lens  (BC)  in  a  right- 
lined  diredion.  Becaufe  the  axes  of  all  pen¬ 
cils,  pafs  through  center  of  the  hns.  {Vide 
art.  10.) 

1 4.  Rays  proceeding  from  any  radiant  point 
(as  A  or  F  fig.  25.)  are  called  diverging  rays. 
And  when  they  fall  on  a  lens  (B  C}  they  are 
faid  to  be  more  or  lefs  diver gmg,  according  as- 
the  radiant  point  (A  or  F)  is  more,  or  lefs  remote 
from  the  lens.  If  the  radiant  point  A,  is  very 
remote  from  the  lens  in  refped  of  its  diame¬ 
ter  B  C  ;  (as  if  the  radiant  point  is  fifty  yards 
difiant  from  a  lens,  whofe  diameter  is  one 

inchr 
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inch.)  Thf: pencil  ABC,  may  be  efteemed  as 
compofed  of  parallel  lines. 

15.  It  is  the  property  of  a  convex  lens  B  Cj 
(fig,  25.)  that  if  a  pe7iCU of  7- ays  G  B  H  C,  pa- 
ralTel  to  each  other,  fall  on  it  in  a  diredtion 
parallel  to  the  axis  of  the  lens,  a  D.  {Vide  art. 
9.)  they  will  be  fo  refraded,  as  to  meet  in 
fome  point  (F)  of  that  axis  continued.  This 
point,  F,  where  parallel  nays  meet,  is 
called  the  principal  focus  of  the  lens  B  C. 
The  difiance  of  which,  from  the  Ci7iter  of 
the  j',  is  called  its  focal  dijlance. 

16.  In  1  piano  convex  lens  the  focal  difldnc'e 
is  equal  to  the  dia772eter  of  the  co7ivexJide:  in 
a  lens  equally  convex  on  both  Jides,  iht  focal  dt- 
fanceh  equal  to  the  radius  of  the  convexity 
of  either  fmface. 

17.  It  a  radiant  point,  F,  (fig.  25.)  is  fi-^ 
tuated  in  the  fociis  of  a  convex  lens,  B  C, 
the  pencil  of  rays,  F  B  C,  ifiuing  from  that 
pomt,  F,  v/ill  become  parallel  after  palling 
through  the  lens 

F  2  18.  If 

*  Mathematicians  in  deriving  thefe  conclufions,  only 
confider  thofe  incidental  rays,  which  fall  on  the  center  ot 
the  lens,  and  are  very  little  difperfed  ;  becaufe  the  rays 
which  pafs  through  different  mediums  that  ate  feparated 
by  curved  furfaccs,  are  not  all  united  by  refractlQ^n  :  they 
confider  different  A  of  rays  proceeding  from  the  fame 

radiant  point,  to  infill  on  inhnitely  fmall  and  diftimfl  por¬ 
tions  of  the  furface  which  feparates  the  mediums ;  from 
the  radius  of  the  curvature  at  any  one  of  thefe  points,  and 
the  conllarit  proportion  of  the  fines  of  incidence^  and  re¬ 
fraction,  they  find  z  focus,  where  thofe  rays  will  meet ; 

then 
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18.  If  the  radiant  point  A,  is  iituated  any' 
where  beyond  iht  focus  F,  of  the  con'uex  lens 
B  C.  (fig.  2^.)  the  pencil  of  rays  A  B  after 
pairing  through  the  lens,  will  converge  to  a 
point,  a,  in  the  axis  (F  D)  oj  that  pencil  pro¬ 
duced  j  which  point  a,  will  be  nearer  to,  or 
more  remote  from  the  lens,  according  as  the 
radiant  point  is  farther  from,  or  nearer  to  the 
focus  (F)  of  the  lens. 

19.  If  the  radiant  point  A.  (fig.  25.)  had 
been  any  where  between  the  lens  B  C,  and 
its  jocus  F,  the  pencil  of  rays  would  have  di-^ 
verged  after  pafiing  the  lens,  but  in  a  lefs  de¬ 
gree  than  before. 

20.  Let  DEG,  (fig.  26.)  be  any  objedl 
placed  beyond  the /oirar  F,  of  the  convex  lens 
B  C  r  this  objedl  will  fend  forth  innumerable 
rays  from  every  point  of  it,  fome  of  which 
falling  on  the  lens  B  C,  will  form  innumer¬ 
able  pencils  of  rays,  each  having  the  lens  B  C, 
for  its  bafe,  and  a  certain  p»int  in  the  objedl 
DEG  for  its  vertex..  But  by  the  nature  of 
the  convex  lens  each  of  thefe  pencils,  will  be 
eolleded  again  into  a  point  in  the  continuati- 


«hen  they  confidcr  another  fmall  portion  of  rays  and  find 
ks  focus,  and  then  a  third  portion,  he.  I'hefe  loci  fo- 
corum  form  a  cure,  which  they  call  the  diacauflic  curve.- 
Vide  Smpfo7i’s  Fluxions,  page  536.  Martin" s  Injlitu- 
lions,  voL  li.  page  xoa.  Or  Haas’s  Fluxions,  page  243. 
In  which  laft,  is  a  very  full  account  of  the  nature  of  this 
curve  j-'  and  the  theorems  for  determining  the  foci  of  all 
kinds  of  knfes  aje  elegantly  inveftigated. 

•OST 
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on  of  its  axis.  And  if  ^z{e.points  of  comotirfe 
are  received  on  a  fheet  of  paper,  P.  (on  which 
no  light  is  fuffered  to  fall,  but  what  comes 
through  the  lens  B  C)  they  will  form  a  pic¬ 
ture  g  e  d,  of  the  original  objeB  in  an  inverted 
htuation.  Thus  the  pencil  of  rays,  D  B  C, 
which  flows  from  the  point  D,  will  be  col- 
ledted  again  in  the  point  d,  (which  is  in  the 
continuation  of  the  axis  D  S,  of  that  pencil. 
Vide  art.  lo.  and  13.)  Aifo  the  pencil  of  rays 
B  E  C,  which  flows  from  Ej  will  be  col- 
ledled  again  fomewhere  in  its  axis  E  S  con¬ 
tinued  ;  as  in  e  j  alfo  the  pencil  B  G  C,  will 
be  colledled  in  g. 

21.  If  feveral  objedts  are  fituated  at  diffe¬ 
rent  diffances  from  a  lens,  and  the  nearefl  of 
them  is  many  times  the  diameter  of  the  lens 
diflant  from  it,  they  may  be  efteemed  as  e- 
qually  diflant.  For  t\\Q  pencils  w\\\,  to  fenfe, 
confifl:  oi  parallel  rays  and  will  converge  on  a 
fheet  of  paper  pafling  through  the  focus  of 
the  lens.  (Vide  art.  14.  and  15.') 

22.  But  if  theobjedls  are  all  near  the  lens ^ 
but  at  different  diftances  from  it;  a  fheet  of 
paper  which  receives  the  pifture  of  one  ob- 
je(^,  will  not  receive  the  pidfure  of  another. 
Thus  if  the  fheet  of  paper  V .  (flg.  26.)  receives 
the  piBiire  of  the  objeSt  D  E  G,  it  will  not  re¬ 
ceive  the  picture  of  the  object  H  I,  becaufe 
each  pcjicil  of  rays  proceeding  from  every  point 
in  the  latter^  diverges  much  more  than  thofe 
pencils  which  proceed  from  every  point  in  the 

former 
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former  DEG,  and  thcrefora  will  not  con- 
'verge  on  the  paper  P,  unlefs  it  is  rerrxDved 
farther  from  the  lens.  In  vrhich  ceSt  ss  picture 
of  the  objedt  PI  I,  will  be  formed  on  the 
paper  P  ;  and  if  we  fuppofe  the  object  I,  to 
approach  towards  the  /oarr  F,  of  the  lens, 
and  the  paper  P,  to  recede  farther  and  farther 
from  it;  a  fucceffion  of^;;;z/^?r  of  the 

object  H  1,  will  be  formed  on  the  paper, 
which  will  increafe  amazingly  in  magnitude 
as  the  chject  PI  I,  draws  nearer  the  focus  cf 
the  lens.  But  when  the  faid  objedl  arrives  in 
the  focus  y  no  image  can  be  formed;  becaufe 
the  pencils  oj  rays  proceeding  from  the  objecty 
will,  after  their  padage  through  the  his,  be¬ 
come  parallel,  {Vide  art.  17.)  and  confequent- 
ly  will  never  unite. 

23.  rile  truth  of  all  this  may  be  made 
evident  by  an  eafy' experiment.  Place  a  light¬ 
ed  candle  at  one  end  of  a  dark  room,  and 
taking  any  con^oex  lens  (as  a  glal's  of  a  com¬ 
mon  pair  of  fpedtacles)  go  to  the  other  end 
of  the  room,  and  holding  tlie  lens  between 
the  candle  and  a  diect  of  paper,  at  fucli  a 
riidance  from  the  paper  as  is  nearly  equal  to 
the  focal  difiance  rf  the  le?is.  A  fmall 
inverted  figure  of  xh&fi'ame  will  appear  on  the 
paper,  Approach  the  candle,  ftill  holding 
the  paper  in  one  hand,  and  the  lens  in  the 
otner ;  and  v^ery  little  variation  will  for  fome 
time  be  onlerved  in  the  ligure  of  the  flame 
on  the  paiiifr  :  but  when  you  arrive  nearer  the 

candle. 
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candle,  the  picture  will  grow  larger  and  lar- 
ger,  and  the  paper  muft  be  held  ftill  more 
and  more  remote  from  the  lens.  Approach¬ 
ing  ftill  nearer, .  the  picture  will  exceed  the 
bounds  of  the  paper  j  and  when  the  lens  be¬ 
comes  but  little  more  remote  from  the  candle, 
than  \\.i  focal  diflmce^  a  very  enormous  inverted 
figure  of  the  flame  will  be  feen  on  the  op- 
'"pofite  fide  of  the  room,  which  will  be  larger 
according  as  the  fide  of  the  room  is  more 
remote  from  the  candle. 

24.  As  it  is  the  nature  of  the  convex  lens 
to  colka  a  pencil  of  rays  which  falls  on  it 
either  diverging,  or  parallel  to  each  other . 
fo  it  is  the  nature  of  a  concave  lens  to  difperfe, 
or  render  parallel  any  pencil  of  rays,  which 
falls  on  it  in  a  converging  fate. 

But  it  is  not  tny  bufinefs  here  to  fay  more 
of  the  nature  of  lenfes,  than  is  fufficient  to 
explain  the  manner  by  which  the  eye  per¬ 
forms  its  fiindfion  of  making  us  fenftble  of 
the  figures  of  enlightened  objeds,  which  fenfe 
we  call  vifion  ;  and  for  this  pnrpofe,  it  will 
be  found  that  the  chief  furniture  of  the  eye 
anfwers  to  the  convex  lens  and  the  fiieet  of 
reaper  already  deferibed,  and  that  the  other 
parts  difplay  the  moft  amazing  contrivance 
to  adjuft  the  part  which  anfwers  to  the  lens, 
in  fuch  a  manner  to  that  which  anfwers  to 
the  paper,  that  the  pencils  of  rays  pafTing 

through 


through  the  former,  may  always  Converge  on 
the  latter  *. 

25.  The^eyeis  nearly  globular ;  it  confifts 
of  three  coats,  and  three  humours.  The  ex^. 
ternal  coatconfifts  of  twoparts;  one  of  which, 
D  E  F  G  (fig.  27.)  called  the  cornea,  is  tranf- 
parent,  and  more  convex  than  the  other, 

H  G,  called  the  Jclerottca,  which  is  o- 
paque.  The  cornea,  when  dryed,  refembles 
a  piece  of  tranfparent  horn  j  from  whence  it 
derives  its  name. 

26.  Next  within  this  coat,  is  that  called 
the  choroides',  in  the  front  of  which,  is  a 
fmall^  circular  hole,  (P)  called  the  fupih,  this 
hole  IS  lurrounded  with  the  iris  mn,  mn%. 
which  is  compofed  of  two  fets  of  mufcular 
fibres ;  the  one  of  a  circular  form,  which 
contrads  the  pupil,  when  the  light  is  too  pow¬ 
erful  for  the  eye ;  the  other  is  compofed  of 
radial  fibres,  tending  every  way  from  the 
circumference  of  the  irts,  towards  the  center 
of  the  pupil  P  j  which  fibres,  by  their  con- 
tradion,  dilate  and  enlarge  the  pupil,  when 

the  light  IS  weak,  in  order  to  admit  more  of 
its  rays. 


This  a  one,  where  there  are  no  proof,  thews  that 
there  muft  have  been  an  intelligent  being,  who  was  per- 
?  optics,  before  an  eye  was  formed; 

^  1  hej;-„,  IS  fo  called  from  its  being  of  various  co¬ 
lours  ;  whence  the  eye  is  faid  to  be  black,  blue,  hazel 
gi-ey,  Ikz.  ’  ’  ’ 
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ij.  On  one  fide  of  the  hinder  part  of  the 
eye,  the  optic  nerve  L  enters  it,  from  the 
brain  ;  and  is  finely  expanded  over  the  choroi- 
dest  lafi:  mentioned.  This  expanfion  of  the 
optic  nerve,  forms  the  third  coat  of  the  eye; 
and  is  named  the  retina.  In  its  colour  and 
contexture,  the  retina  is  not  unlike  extreme 
fine  white  linen.  Its  office  is  to  receive  the 
images  of  obje<51:s,  in  the  fame  manner  as  the* 
paper  mentioned,  art.  23. 

28.  At  a  fmall  diftance  within  pupil  P, 
is  fufpended  the  chryjtalline  humour,  I,  its 
form  and  office  is  the  fame  as  a  convex  lens, 
the  inner  furface  of  which  is  fomewhat  more 
convex  than  the  other  furface.  It  is  com- 
pofed  of  an  extremely  clear  jelly-like  fub- 
fiance,  contained  in  a  fine  tranfparent  mem¬ 
brane,  called  the  arachnoides  •,  from  v/hich 
proceed  radial  fibres,  o,  o,  all  around  its 
edge  j  thefe  fibres  are  called  the  ligamentum 
ciliare ;  and  by  joining  to  the  circumference 
of  the  iris,  m,  m,  not  only  keep  the  chryjialline 
humour  {Y)  fufpended,  but  alfo  by  their  power 
of  contrafting  and  dilating  occafionally,  they 
alter  the  convexity  of  the  chryftalline  humour, 
and  alfo  ffiift  it  a  little  backward  or  forward. 
'I'his  chryjtalline  humour  divides  the  eye 
into  two  cells,  P  and  K  K. 

29.  Lafily  to  keep  it  in  its  globular  form, 
and  alfo  to  preferve  all  the  parts  in  a  proper 
tenfion,  and  fituation  with  refped:  to  each 
other;  the  divine  conflruiftor  of  the  eye,  has 

filled 
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felled  thefe  two  cells,  P  and  K,  with  fluids ; 
which  differ  but  little  in  fpecific  gravity^  and 
rejraBive  power,  from  common  water.  That 
sucluded  between  the  chryjialline  humour  and 
the  cornea,  is  called  the  aqueous  hwnour  (from 
Sts  fimihtude  to  water)  and  that  in  the  fpace 
(K,  K)  included  between  the  faid  chryjialline 
humour  and  the  retina,  is  called  the  vitreous 
humour ;  this  lad  is  much  the  larged  in 
quantit)^  but  partakes  of  none  of  the  quali¬ 
ties  of  glafs,  (which  its  name  indicates)  but 
tranfparency. 

50.  From  this  account  of  the  condrudfion 
of  the  eye,  and  what  was  before  explained, 
it  is  evident,  that  if  any  pencil  of  rays  (t  u  w 
,  %.  27.)  ifliie  from  any  point,  (as  B)  fituated 
at  a  good  didance  from  the  eye,  they  will 
differ  but  little  from  parallel  rays,  (Vide  art. 
14.)  and  by  falling  on  the  middle  of  the  cor¬ 
nea  D  E  F  G,  they  will  go  through  the  pu¬ 
pil  (P)  and  converge  to  a  point  in  the  axis  * 
of  that  pencil  continued:  (Vide  art.  15.) 
which  point  will  be  nearer  to,,  or  farther 
from  the  cornea,  according  as  the  faid 
I'qrnea  is  more  or  lefs  globofe  :  in  this 
converging  Jfate,  they  will  drike  on  the 


*Tb«  axis  of  any  pencil  of  rays  which  enter  the  eye,  is 
that  particular  ray  which  pafi'es'through  the  center  cf  the 
pypil.  1  hus  the  ray  f.  (fig.  27  )  is  the  axis  of  the  pen- 
nl  rft;  the  ray  »,  is  the  axis  of  the  pencil  tuw,  and 
r,  is  the  axis  the  pencil  x  y  z. 

chryjlah 
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chryjicillhie  humour  I.  which  will  make  them 
converge  flill  more ;  and  if  the  bottom  of 
the  eye  is  at  a  due  diftance  from  this  chryftal- 
line  humour,  the  faid  pencil  of  rays  (t  u  w) 
will  converge  on  the  retina  ;  and  this  is  al¬ 
ways  the  cafe  in  a  well  formed  eye.  Thus 
the  pencils  of  rays  q  r  f,  tuw,  x  yz,  which 
flow  from  every  point  of  an  objed;  ABC, 
are,  by  the  humours  of  the  eye,  made  to  cen- 
verge  on  the  retina,  and  there  form  an  inv'ert-’ 
ed  t?nage  of  that  object,  in  the  fame  manner 
as  the  image  was  formed  on  the  paper  in  the 
experiment,  art.  23.  The  converging  power 
of  a  well  formed  eye  being  fuch  as  will 
unite  any  pencil  pf  rays  to  a  focus  on  the 
retina,  which  enters  the  pupil  P,  in  a  diredtion 
nearly  parallel. 

31.  Jt  will  not  be  difhcult  from  hence,  to 
account  for  the  fevcral  impediments  which 
may  hinder  a  pencil  of  rays  falling  on  thq 
cornea,  from  uniting  on  the  retina :  for  firft, 
if  the  eye  is  perfedtly  formed,  and  the  objedt 
be  held  very  near  it  then  the  feveral  pencils 
proceeding  from  every  point  in  that  objedt, 
will  pafs  through  the  cornea  and  enter  the 
pupil,  in  a  ftate  too  diverging  to  be  united 
on  the  retina.  To  remedy  this,  a  convex  lens 
applyed  between  the  eye  and  the  objedt  will 
render  thofe  pencils  nearly  parallel,  before 
they  enter  the  eye,  {J^tde  art.  17.)  and  then 
the  refradlive  power  of  the  eye  wdll  unite 

them 
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them  on  the  retina.  It  is  on  this  account 
the  hngle  nncroicope  becomes  neceffary. 

28.)  is  formed 

too  globofe,  or  the  chryjialline  humour  rl)  is 
too  convex  ;  any  pencil  of  rays  coming  frL 
a  point  (  )  placed  at  a  good  didance  from  the 
^e ;  will  converge  to  a  point  (P)  Ihort  of  the 
etma  j  becaufe  the  converging  power  of  the 

eye  IS  too  great  for  diftant  objeifts:  and  this 

IS  the  cafe  with  (hort  fighted  people,  who 
cannot  fee  objedfs  at  a  due  diftancef  but  ate 

ibofr  k‘T  '  proceeding  from 

thofe  objefls  enter  the  pupil  more  diverging. 

either  by  holding  them  clofe  to  their  eye:  or 
by  applying  a  concave  lens  between  tlie  eye 
and  the  objeft  ;  by  either  of  which  method 
the  faid  pencils  become  more  diverging  be¬ 
fore  they  enter  the  eye,  and  by  the  ?onverg- 
mg  power  of  fuch  an  eye,  they  will  unite  i 
the  letina,  and  form  a  ptflure;  which  pro- 
duces  the  fenfation  of  vifion. 

33.  On  the  contrary  when  the  cornea,  fa 
be,  hg.  29,)  or  the  chryJiaUme  humour  I,  is 
lefs  convex  tha^  it  ihould  be,  (arifing,  per, 
aps,  from  a  deficiency  of  juices  to  keep  the 
eye  to  Its  proper  glohofity.)  The  conv^ere- 
mg  power  of  the  eye,  will  be  too  little  m 

make  a  pencil  of  rays  proceeding  from  any 

point  of  an  objed,  unite  on  retina Jaut 
^ch  pencil  will  unite  in  a  point  beyond  it, 
Ihus  the  rays  proceeding  from  the  point  B, 
iinite  at  the  point  P,  beyond  the  retina to 

remedy 
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ferriedy  this  inconvenience,  a  cofivex  lens  rnUfj. 
be  applyed  before  the  eye  ;  which  w'ill  caufe 
the  4id  pencil  to  enter  the  pupil  P.  in  a  con- 
'verging  ftate,  and  by  receiving  an  additional 
converging  power  from  the  humours  of  the 
eye ;  the  faid  pencil  is  made  to  converge  on 
the  retina. 

34.  The  eye  is  naturally  endowed  with  a 
power  of  varying  its  converging  power^  by 
■tneans  of  the  ligamentiim  ciliare.  {Vide  art. 
28.)  Thus  when  the  objedls  are  near,  fa 
that  in  a  good  eye  the  pencils  would  unite  a 
fmall  matter  beyond  the  retina  ;  we  can  fliift 
the  chryjlalUne  humour  forward,  and  by  that 
means  throw  the  converging  point  on  the 
retina  :  on  the  contrary,  when  very  diftanf 
objeds  are  viewed,  the  chrijlalline  humour  is 
fbifted  a  little  backward.- 

35.  By  what  means  the  image  thus  paint-* 
ed  on  the  retina,  gives  us  the  fenfation  of 
vifion^  is  beyond  the  limits  of  human  con¬ 
ception  :  but  this  wc  know,  that  when  any 
of  the  caufes  beforementioned,  forms  the 
images  either  beyond,  (as  in  fig.  29.)  or  fliorl 
of  the  retina,  (as  in  fig.  28.)  The  fenfe  of 
vifion  is  imperfedt  and  obfeure :  and  that 
thofe  imperfedlions  vanifh,  when  fuch  re-* 
medies  are  applyed,  as  may  make  the  fe- 
veral  pencils  of  rays,  proceeding  from  an 
objedl,  united  on  the  retina,  and  thereon 
form  its  image.- 
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CHAR  VI. 

AdigreJJion  concerning  the  dijlance  the  eye  Jhould 
be  placed,  in  refpebl  of  the  ftze  of  the  pic¬ 
ture,  tn  works  of  defgn :  and  the  mof  ad- 
*vantageous  poftion  of  the  piBure,  when  the 
Jituation  of  the  original  objeSi,  and  the  eye, 
are  pre-determined ;  as  in  views  drawn from 
an  ajjigned ftuation. 

J3eF0RE  I  enter  on  the  fubjedls  of  this 
chapter,  it  may  not  be  improper  to  put  the 
reader  in  mind  of  the  difference  between  the 
appearance  of  an  objedf,  and  its  perfpedrive 
reprefentation  which  altho’  very  effentially 
different,  are  often  confounded  j  and  the  one 
is  frequently  mentioned,  when  the  other  is 
meant. 

Fiom  what  was  laid,  page  yy,  we 
find  the  pidure  of  every  vifible  objed,  i6 
forrned  on  the  retina',  which  being  a  fineex- 
panfion  of  the  optic  nerve,  a  fenfuion  is  com¬ 
municated  thereby  to  the  brain;  and  this 
fenfation  we  call  the  appearance  of  that  ob-^ 
jed .  but  as  it  is  beyond  the  extent  of  hu¬ 
man  fagacity,  to  trace  the  manner  in  w'hich 

any 
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any  impreffion  made  upon  a  nerve,  operates 
on  the  fenforium  }  it  muft  f'uffice  our  purpofe 
to  efteem  the  pidure  of  any  objed  which  is 
formed  on  the  retina  by  the  humours  of  the 
eye,  as  (Reappearance  oixk\2X  ohj^eB .  And  this  wc 
may  the  more  readily  do,  becaufe  experience 
teaches  us,  that  as  this  pidure  varies  in  Oiapc, 
ftrength  and  magnitude ;  our  ideas  of  the 
figure,  diftance  and  fize  of  the  laid  objedt 
which  caufes  it,  vary  in  a  correfponding 
manner. 

It  is  for  this  reafon,  that  when  we  want 
to  inform  ourlelves  of  the  true  lhape  of  any 
objed,  or  of  any  part  of  it,  we  endeavour  to 
place  that  objed,  or  part,  and  the  retina,  pa¬ 
rallel  to  each  other ;  becaufe  by  that  means  the 
pidure  on  the  retina,  will  be  fimilar  to  the 
objed  we  contemplate  :  (Vide  page  y  5.  and  § 
71.)  and  according  as  this  can  be,  more  or 
lefs,  exadly  done,  our  idea  of  the  true  figure 
of  the  objed  is  more  or  lefs  perfed 

The  appearance,  then,  of  an  objed,  is  for¬ 
med  on  the  retina:  but  the  perfpeciive  repre- 
fentation  of  an  objedt  is  formed  on  the  plane  c/f 
the  picture  :  (Vide  page  2.)  and  altho’  the  fame 
objed  will  always  have  the  fame  appearance. 


*  A  line  S  t  (fig.  30.)  palling  through  the  center  of  the 
eys{i)  and  the  center  of  the  pupil,  (P)  is  called  the 
of  the  eye.  fhe  axis  of  the  eye  is  therefore  perpen¬ 
dicular  to  the  bottom  of  the  retin. i ;  and  when  it  cuts  any 
plane  at  right  angles,  that  plane  is  parallel  to  the  bottom 
u{  the  retina.  (E.  ii.  14.) 


when 
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when  viewed  from  the  fame  place/  ytt  if 
to  ay  have  ten  thoufand  different  ferfpediivi 
1  eprejent  at  ions  j  becaufe  the  rays  proceeding 
Irom  the  faid  objed;  to  the  eye,  (and  Which 
pufe  the  appearance)  may  be  cut  by  a  plane 
in  an  infinite  number  of  fituations  and  pofi- 
tions :  and  thefe  various  fedions  of  thofe 
rays,  will  form  fo  many  different  perfpeBive 
reprefentations,  all  which  will  afford  the  eye 
the  fame  fenfations,  (that  is,  all  thefe  will 
have  the  fame  appearance)  as  the  real  objed 
^  itfelf .  and  tho  fome  of  thefe  reprejentations 
toay  be  totally  diffimilar  from  the  objed 
they  reprefent ;  and  may  feem  void  of  Ihape 
and  uniformity,  when  curforily  viewed ;  vet 
any  fuch  vdll  appear  natural  and  uniform,"  to 
an  eye  which  views  it  from  its  proper  pointy 
provided  the  fituation  of  the  original  objed 
and  the  eye  were  fo  chofen,  that  the  latter 
Inight  view  the  former  to  advantage,  fup- 

pofing  tht  plane  of  the  pitl  tire  was  out  of  the 
^uefiion. 

^  But  if  the  fittKition  of  the  eyC  and  the  ofi-' 
gmai  objed  are  fuch,  that  a  part  of  it  only 
can  be  feen  •  or  if  by  reafon  of  its  diftance  of 
obliquity,  the  flaape  and  diftance  of  the  parts, 
are  rendered  fo  obfcure  and  itoperfed,  as  fo 
afiord  the  eye  neither  pleafure  nor  informa¬ 
tion  in  fuch  a  cafe,  the  perfpe^rwe  reprefen- 
tation,  (whofe  bufinefs  is  to  produce  the  fame 
effed  as  the  original  objed,  fVide  2.) 
muff  labour  under  the  fame  difad  van  faces 

O 
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in  whatever  fituation  we  fuppofe  the  plane  of 
the  pidure  to  be  placed,  between  the  eye  and 
the  object. 

It  is  not  therefore  the  fituation  of  the  eye 
with  regard  to  the  picture,  that  can  produce 
a  bad  effedt ;  for  altho’  by  placing  \.\iq  p latte 
of  the  piSiiire^  very  obliquely  between  the 
eye  and  the  objedt,  the  reprefentation  may  be 
totally  unlike  the  appearance  of  that  ob- 
jedt,  yet  all  this  diffimilarity  vaniflies,  when 
the  eye  is  placed  to  view  the  pidture,  in  the 
fame  pof  tion  in  which  it  was  fuppofed,  when 
the  pidlure  was  drawn.  Thus  the  redtangle 
A  B  C  D,  (fig.  15.)  is  fo  placed,  that  it  may 
be  viewed  to  advantage  by  the  eye  at  I  but 
its  reprefentation  a  b  c  d,  on  the  inclined  pic¬ 
ture  E  N  V  L,  is  an  irregular  Trapezium : 
yet  the  eye,  at  I,  fees  nothing  of  this  irregula¬ 
rity,  but  the  mind  has  the  fame  fenfations  as 
are  produced  by  the  original  redlangle  itfelf, 
or  its  fimilar  reprefentation  on  the  upright  pic¬ 
ture  P  Q^E  N. 

Neverthelefs,  it  miifl;  not  be  underftood, 

•  that  all  fituations  for  the  pidture,  wfith  refpedl 
to  the  eye  and  the  original  objedt,  are  equally 
proper  ;  for  altho*  the  moft  dijiorted  perfpec- 
tive  reprefentations  are  equally  as  jufi;  and  true 
as  thole  which  are  more  fimilar  to  the  origi- 
hal  objedt  ;  yet  in  pidtures  which  are  for 
general  infpedtion,  we  muft  chufe  fuch  apofi- 
tion  for  the  eye,  as  we  may  imagine  any  per- 
fon  who  views  the  pidture,  will  naturally 
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place  his  eye  in  :  for  then  the  pi6lure  will  al¬ 
ways  be  viewed  to  advantage,  and  will  convey 
at  fird;  fight,  the  idea  which  the  artift  in¬ 
tended. 

Suppofe  P  Q^E  N  (fig.  30.)  isapapercir- 
cumfcribed  with  a  border,  within  whofe  li¬ 
mits  a  perfpedive  reprefentation  is  to  be  made: 
our  enquiry  then  is,  (efteeming  this  drawing 
as  an  objedt  for  infpedtion)  in  what  pofition, 
and  at  what  difiance,  any  indifferent  perfon 
v/dl  place  his  eye,  in  order  to  view  this  draw¬ 
ing  when  it  is  finifiied. 

From  what  was  obferved,  page  79,  it  is  evi¬ 
dent,  that  the  pidure  ENPQ^wifi  be  viev/ed 
to  mofi  advantage  when  the  axis  (P  S)  ^ the 
eye  is  perpendicular  to  it ;  becaufe  then  the 
laid  pidure  will  be  parallel  to  the  bottom  of 
the  retina  :  alfo  if  the  faid  axis,  P  S,  cuts  the 
pidureinthe  middle,  (Sj any equi-difiant  parts 
of  its  extremities,  (as  A  and  B)  will  be  equally 
oblique  to  the  eye :  that  is,  the  rays  A  P, 
and  B  P,  proceeding  from  thofe  points,.. will 
enter  the  pupil  (P)  with  the  fame  Obliquity  : 
and  the  appearance  (a  b,)  of  thefe  points  will  • 
be  the  nearefi  to  the  middle  of  the  retina 
pofiible  ;  and  confequently  the  whole  of  the 
pidure  will  be  viewed  to  the  mofi  advantage 
when  the  feat  of  the  eye  *  (S)  is  in  the  middle 

of 

*  The  point  (Sj  where  the  pi£ture  is  cut  by  a  perpen¬ 
dicular  P  S,  drawn  to  it  from  the  eye,  is  called  the  feat  of 
the  eye :  and  fometimes  this  point  (S)  is  called  the  center 
of  the  picture  ;  and  the  faid  perpendicular  P  S,  is  called  the 
dijiance  of  the  piSture. 
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of  it :  it  is  for  this  reafon,  that  when  people 
want  to  fee  the  whole  of  any  portable  objcSi  at 
one  view,  they  always  direct  the  axis  of  their 
eye,  fo  as  to  llrike  the  middle  of  that  objedt  in 
a  perpendicular  diredtion.  They  alio  hold  it 
at  fuch  a  diftance,  that  they  may  fee  it  with 
eafe  and  diftindtion  :  if  they  hold  it  too  near, 
they  cannot  fee  the  whole ;  and  if  they  place 
their  eye  too  far  off,  they  cannot  diftinguifh 
the  minute  parts  of  it. 

If  the  dijlance  (P  S,  fig.  30.)  of  the  eye  from 
its  feat  (S)  on  the  pidture,  is  equal  to  the  dif- 
tance  which  any  point  (A)  on  the  pidture,  is 
from  the  faid  feat  of  the  eye  ;  then  the  ray, 
PA,  proceeding  from  that  point  to  the  center 
of  the  pupil,  (P)  ^  will  cut  the  axis  of  the 
eye  P  S  in  an  angle  (APS)  of45S  (E  1.32.  Cor. 
4.)  andthisis  thegreateft  obliquity  at  which  any 
point  can  be  vifible  :  for  if  any  point  (as  M) 
is  more  oblique,  the  pencil  proceeding  from 
that  point,  will  not  be  united  on  the  retina  by 
the  humours  of  the  eye  ;  (Vide  the  note^  page 
67).  Wherefore,  if  the  feat  of  the  eye  (fig. 
31.)  is  any  where  pre-determlned,  the  fhorteft 
difiance  for  the  eye  that  can  be  allowed,  is 
(S  1  equal  to  P  S,)  the  difiance  which  the 

G  2  mofi: 


*  Of  the  pencil  of  rays^  proceeiiing  from  the  point  A,  only 
the  ray  A  P,  need  be  regnreieJ,  which  is  axis  of  the 
faid  pencil  ( Vide  note,  page  ’]\.}  for  the  point  (a)  where 
the  faid  axis  A  P,  cuts  t\\f:  r-jina,  will  be  the  point  where 
that  pencil  unites  and  forms  tha  appearance  (a)  of '.he  point 
A,  (Vide  art.  20  and  30,0!  ihelaft  chapter.) 
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moii;  diftant  part  (P)  of  the  pidture  is  from 
its  center  (S.)  [Fide  the  note,  page  82.) 

But  altho’  the  point  A,  (fig.  30.)  is  vifible, 
yet  it  cannot  be  feen  diftindfly  :  and  the  point 
C,  or  D,  whofe  dihance  (C  S  or  D  S)  from 
the  feat  of  the  eye  (S)  is  only  two  thirds  of  the 
diflance  (P  S)  of  the  eye  from  the  pidure, 
will  be  a  much  better  boundary  for  its  limits: 
becaufe  the  rays  C  P,  or  D  P,  cut  the  axis  of 
the  eye  lefs  obliquely,  and  form  the  appear¬ 
ance  (cand  d)  of  thofe  points,  nearer  to  the 
center  of  the  retina.  But  if  the  diflance  of 
the  farthefl  limits  of  the  pidure  from  the 
feat  of  the  eye  (S)  does  not  exceed  E  S,  orF  S, 
which  is  only  half  the  diftance  (P  S)  of  the 
eye  ;  then  the  whole  appearance  of  fuch  a  pic¬ 
ture,  will  occupy  a  fpace  on  the  retina,  whofe 
diameter  will  not  exceed  e  f ;  which  fpace 
will  differ  but  little  from  a  plane  furface,  and 
being  parallel  to  the  pidure,  (p  q  e  n,)  the 
figures  on  the  pidure  and  the  retina,  will  be 
very  nearly  fimilar. 

Inflead  then  of  making  the  diflance  of  the 
eye  (S  I,  fig.  31)  equal  to  (P  S,)  the  diflance 
of  the  mod  remote  extremity  of  the  pidure 
from  its  center,  it  will  be  more  proper  to 
make  the  faid  diflance  of  the  eye,  equal  to 
once  and  an  half  that  diflance  (P  S,)  or  if 
the  diflance  (Si)  of  the  eye  from  the  pidure,  is 
taken  equal  to  twice  (P  S),  it  will  be  flill  near¬ 
er  the  diflance  which  a  perfon  will  naturally 
place  his  eye  at,  to  view  the  pidure  when 

it 
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it  Is  finiflied  ;  becaufe  at  this  dlflance  he 
will  eafily  fee  the  whole,  without  lofing  fight 
of  the  minute  parts  i  which,  as  was  obferved 
before,  is  what'every  fpedtator  naturally  aims 

to  do.  ,  , 

If  the  feat  of  the  eye  (  f )  is  alTuraed  m  the 

middle  of  the  fpace  (P  Q^E  N,  fig. 
lotted  for  the  pid:ure,  all  the  extremities  of 
that  fpace  will  be  the  neared  to  it  pofllble ; 
and  the  diftance  of  the  eye  (fi,  or  f  k)  when 
taken  equal  to  once  or  twice  (f  P,  f  fN> 
or  fE),  the  diftance  of  the  corners  from  the 
feat  of  the  eye  (S),  will  be  ftiorter  than  it 
can  pofiibly  be,  when  the  faid  feat  of  the  eye 
is  not  in  the  middle  of  the  pidure  (P  N). 
Aqd  this,  together  with  what  was  faid  be¬ 
fore,  feems  to  argue,  that  the  feat  of  the  eye 
ought  always  to  be  in  the  middle  of  the  pic¬ 
ture  :  but  whether  this  fometimes  might  not 
deftroy  the  beauty  of  compofition,  I  leave  to  the 
fuperior  tafte  of  the  artift  i  confefilng  myfelf 
a  very  incompetent  judge  pf  that  difppfition 
of  the  parts,  which  conftitutes  a  fine  pidure. 

I  cannot  quit  thisfubjed  without  putting  the 
reader  in  mind  that  if  he  works  with  a  ftiort 
diftance,  his  piece  will  appear  vaftly  diftorted 
to  an  eye  that  views  It  at  a  greater  diftance 
than  the  proper  one  :  but  if  he  ufes  a  long 
diftance  (or  one  not  lefs  than  twice  the  dif¬ 
tance  of  the  fartheft  extremity  of  the  pidure 
from  the  feat  of  the  eye;)  no  deformity  will 
arife  by  viewing  it  clofer  than  the  proper 

G  3  diftance, 
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diftance,  confequently  it  is  mofl  proper  to 
work  with  a  long  diftance ;  altho’  attended 
with  a  little  more  trouble,  by  reafon  of  the 
vanhlhng  points  being  fometimes  fo  diftant 
from  the  center  of  the  pidlure,  as  to  exceed 
by  much  the  bounds  of  the  paper  we  are 
drawing  on  :  it  is  for  this  reafon  I  have  been 
obliged  to  ufe  fliorter  diflances  in  fome  of 
my  examples,  than  are  recommended  in  the 
preceding  obfervations :  but  we  fliall  find 
a  remedy  for  this  inconvenience  in  the  courfe 
of  the  feventh  chapter. 

In  the  foregoing  confiderations,  the  fize  of 
the  pidlure  was  fuppofed  predetermined  ;  and 
it  was  propofed  to  determine  fuch  a  difiance 
and  pofition  of  the  eye,  that  any  thing  de- 
figned  on  this  pidlure  by  the  rules  of  perfpec- 
tive,  might,  to  a  common  obferver,  appear 
natural  and  void  of  deformity.  The  chief 
ufe  of  them  therefore  relates  to  works  of  de- 
fign  :  but  in  drawing  real  cbjeBs  from  na¬ 
ture,  we  mud  proceed  in  another  manner ; 
becaufe  in  this  cafe  the  pq/ition  of  the  eye,  and 
tlu  original  ohjeB  to  each  other,  are  predeter¬ 
mined  ;  and  it  remains  to  determine  the  po¬ 
fition  of  the  pidture  between  them,  fo  that  the 
reprefentation  may  appear  as  natural  as  pofiible 
to  a  common  obferver,  viewing  it  at  random. 

^  The  folution  of  this  problem  will  not'  be 
difficult,  if  we  refledf  that  when  a  perfon 
looks  at  any  object  with  attention,  he*  turns 
his  ej'.e  towards  it  in  fuch  a  manner,  as  to  fee 

each 
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each  extremity  of  it  at  once,  with  the  fame 
eafe.  (If  on  account  of  his  vicinity  to  the 
objedt,  he  cannot  fee  both  extremities  at  once, 
he  will  go  farther  off  till  he  can).  Toilluftrate 
this,  fuppofe  the  five  circles  and  the  point  I, 
fig.  32.)  to  denote  the  fituation  of  the  eye, 
and  a  row  of  columns  to  each  other  j  it  is  evi¬ 
dent,  that  although  we  fuppofe  the  eye  fixed 
at  I,  yet  by  turning  the  head  about,  the  fpedlator 
will  fee  any  particular  column  diredtly ;  tnus, 
if  he  diredts  the  axis  o^his  eye  along  the  line 
I  m,  he  will  fee  the  column  G,  to  the  greateft 
advantage,  but  will  not  be  able  to  diftinguifii 
the  column  FI  at  all  :  on  the  contrary,  if  he 
directs  the  axis  of  his  eye  along  the  line  nl,  he 
will  fee  the  column  H  in  a  diredt  view  ;  but 
the  column  G  will  be  undifcernible  :  but  ac¬ 
cording  to  our  fuppolition,  he  wants  to  fee 
both  thefe  columns  at  once  to  the  greateft 
advantage  pofiible  :  and  for  this  purpofe,  he 
will  diredt  the  axis  of  the  eye  along  the  line 
I  X,  fo  as  to  6ifeB  the  angle  A I  h.  which  the 
whole  ran2;e  of  columns  fubtends  at  the  eye. 
In  this  pofition  the  rays  h  I,  and  I  A  (which 
proceed  from  the  extremities  of  the  columns 
H  and  G)  ftrike  (IX)  the  axis  of  the  eye,  with 
the  fame  obliquity ;  which  is  meafured  by 
the  equal  angles  h  I  X  and  A  I  X.  It  is'evi- 
dent,  that  this  is  the  beft  pofition  for  view¬ 
ing  both  the  extremities  j  becaufe  if  the  eye 
is  turned  any  other  way,  although  one  ex¬ 
tremity  will  be  feen  better,  the  other  will  be 
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feen  more  oblique  and  obfcurely. — Having 
thus  determined  the  podtion  of  the  eye,  the 
polition  of  the  picture  cannot  be  miflook  as 
it  was  before  obferved,  that  if  the  pidure  p  p 
v/as  placed  parallel  to  the  retina,  or  perpen¬ 
dicular  to  the  axis  of  the  eye  (I  X),  the  figures 
on  it  and  the  retina,  will  be  nearly  fimilar; 
and  all  objects  will  be  reprefented  on  the 
pidture,  nearly  as  they  appear  on  the  retina  i 
and  we  fball  not  err  much  when  we  call 
fuch  a  reprefen tation  the  appearance  of 
thofe  objefls.  The  diftance  of  the  pidlure 
p  p  from  the  eye  is  immaterial  j  becaufe  a 
variation  of  the  diftance,  will  only  vary 
the  magnitude  of  the  objedts  on  the  pic¬ 
ture,  but  will  not  vary  their  fhape.  Hence 
it  follows,  that  fince  the  reprefentations 
of  the  columns  on  the  pidlure  p  p,  is 
nearly  fimilar  to  their  appearance  on  the 
retina ;  the  reprefen  tation  of  thefe  columns, 
on  the  pidlure  P  P,  placed  parallel  to 
them,  is  very  unlike  their  appearance  : 
and  although  both  thefe  pidlures  P  P  and 
p  p,  will  have  the  fame  effedl  when  view¬ 
ed  from  the  point  I  yet  from  any  other 
point,  the  pidlure  P  P  will  look  very  difagree- 
able  and  deformed ;  and  a  common  obferver 
will  fay  that  it  is  not  a  juft  reprefentation  of  a 
row  ofequi-diftant  and  equal  columns  :  the 
contrary  will  happen  to  the  pidlure  p  p,  which 
will  always  be  viewed  in  the  pofition  the  eye 
was  fuppofed  in  when  it  was  drawn.  And 
the  objects  drawn  on  it  having  ftaapes  fimilar 

to 
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to  what  eyery  man  has  feen,  he  will  pronounce 
the  piece  well  drawn,  and  agreeable  to  nature,. 

I  have,  perhaps,  been  too  prolix  in  tbefc 
digreffions  5  but  the  firft  appeared  to  me  ne- 
cedary  to  explain  the  fecond  :  the  fubjedl  of 
which  being  partially  or  erroneoufly  under- 
dood  by  fome  writers,  has  occadoned  mif- 
takes  and  contrqverfy,  which  rendered  a  full 
difcLiflion  heceflary. 


CHAP. 
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c  n  A  p.  vir 


Vniverfal  methods  of  findmg  the  reprefejitatlons 
of  objedls,  in  any  aftgned  part  of  the  pia lire 
without  a  geometrical  plan*  Among  'ivhich 
will  be  fiewn  the  manner  of  drawing 
'ufiials  tending  to  inaccefible  vanijhing 
points  j  and  the  methods  oj^  dividing  any 
given  vifual  at  pleafure,  whofe  dividing 
center  cannot  be  laid  down  voithin  the  limits 


of  thepiaure. 


HE  preceding  modes  of  finding  the 
perfpective  reprefentations  of  objefts,  labour 
under  the  feveral  difadvantages  which  have 
been  notified  :  yet  even  thefe  are  far  fupe- 
rior  to  the  methods  formerly  taught  in  feveral 
pompous  books,  whofe  writers  being  more 
fhilled  in  the  pradlice  of  the  art  than  in  the 
reafons  on  which  it  are  founded,  had  not 
abilities  to  make  improvements,  but  firove 
rather  to  recommend  themfelves  by  the  beau¬ 
ty  and  magnificence  of  their  examples,  than  ' 
the  convenience  cf  their  rules.  At  the  head 
of  thefe  is  Andrea  Pozzo,  whofe  work,  in 
two  volumes  folio,  printed  at  Rome,  in  1717 
is  the  moft  ornamental  book  on  this  fubjedl 
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I  have  ever  feen  :  but  his  two  methods  of 
working  are  fuch  as  make  us  admire  his  pa¬ 
tience  in  performing  fuch  intricate  and  labo¬ 
rious  examples  by  them,  as  much  as  his  ge¬ 
nius  in  inventing  thofe  examples  and  his 
neatnefs  in  their  execution.  Yet  it  is  but 
juft  to  acknowledge  that  the  method  of  ufing 
the  auxiliary  entering  line  §  74,  is  taken  from 
the  beginning  of  his  fecond  volume.  Bofte 
and  the  Jefuit  are  little  more  to  be  commended 
for  the  excellence  of  their  methods :  neither 
of  them  ever  thought  of  finding  the  repre- 
fentation  of  an  objed;  without  havinga  ground 
plan  firft  determined,  and  even  fome  mathe¬ 
matical  writers  on  this  fubjed,  although 
they  have  extended  the  theory  of  this  art  far 
enough  for  drawing  objeds,  on  an  upright 
picture,  without  a  geometrical  plan,  yet  they 
do  not  avail  themfelves  thereof  in  their  ap¬ 
plications  to  pradice,  indeed  their  difcove- 
ries  only  amount  to  the  methods  of  finding 
the  vanijhmg  points^  and  dividing  centers  of 
fuch  original  lines,  as  are  parallel  to  the  hori¬ 
zon,  to  which  plane  they  limited  all  their  at¬ 
tention.  It  was  left  for  Dr.  Brook  Taylor, 
firft  to  diveft  the  theory  of  this  art  from  a.ll 
ideas  of  locality,  from  whence  he  derived  the 
moft  concife  acd  univerfal  methods  of  per- 
fpeclive  of  which'  w'e  fhall  treat  in  this  and 
the  fucceeding  chapters. 

We  m3.y  geometrically  draw  a  right  line 
figure  of  any  propofed  fliape  and  dimen- 

fions, 
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A 

if  we  can  draw  a  line  which  /liall  cut 
a  given  line  in  any  propofed  point,  and  form 
with  it  a  given  angle  ;  and  if  at  any  propofed 
point  we  know  how  to  put  a  line  equal  to 
one  of  an  affigned  length  :  in  like  manner 
we  may  perfpeStively  draw  the  reprefentation 
of  any  right-lined  figure,  if  we  can  draw 
two  lines  cutting  each  other  in  fuch  a  manner 
as  to  reprefent  two  original  lines  forming  any 
propofed  angle  ^  and  alfo  that  they  may  be 
the  rcprefentations  of  lines  of  a  propofed 
length.  How  this  is  to  be  done,  when  the 
original  lines  to  be  reprefented  are  in  a  plane 
parallel  to  the  picture  has  been  fiaewn  in 
problem  i  and  2,  §  and  68.  It  is  now 

to  be  flievvn  how  the  lame  may  be  effedled, 
when  the  lines  to  be  reprefented,  are  fituated 
in  a  plane  oblique  to  the  picture  •,  but  whofe 
'danijhing  hnCy  with  the  place  of  the  eye 
(F/r/epage  24.)  is  always  given. 

problem  III. 

LXXV.  Through  any  propofed  point 
%•  33)  iri  a  given  vifud  line  (A  P)  whofe 
vanijking  point  P,  with  the  place  of  the  eye  I, 
is  given,  to  draw  another  vifiial  line  (A  p)  fo 
that  thefe  two  vifual  lines  (A  P  and  A  p)  may 
reprefent  lines  forming  a  given  angle. 

I  ft.  Draw  the  line,  I  P,  joining  the  place 
of  the  eye  (I)  and  the  vanillaing  point  (P)  of 
the  given  dfual  line  (A  P) 


2d.  Draw 
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W 

ad.  Draw  I  p,  making  with  the  line  I  P* 
the  angle  P  I.p  equal  to  the  given  angle 
which  the  original  lines  are  fuppofed  to  form* 
and  cutting  the  VanKhing  line  (V  L)  in  p. 

Laftlvp  Draw  A  p  v/hich  will  be  the  vifual 
fought,  the  reafdn.  of  which  is  evident  from 
§  25  and§  19. 

PROBLEM.  IV. 

LXXVI.  The  vifiml  line  (V  M  %.  34) 
of  any  original  ime  fituated  in  an  original  plane, 
whofe  vanijliing  line  V  L  together  with  the 
place  of  the  eye  (I)  is  given;  from  any  align¬ 
ed  point  (a)  in  that  vifual,  to  cut  off  a  part 
(a  hj  equal  in  reprefentation  to  a  given, 
length  (E  C.) 

GENERAL  SOLUTION* 

I  ft.  At  the  given  point  (a)  put  the  repre-^ 
fentation  (a  b)  of  a  line  equal  to  E  C  and 
parallel  to  the  vanijhmg  line  (V  L)  by  prob. 

I .  §  65. 

2d.  Through  the  vanijhing  point  (V)  of 
the  given  vifual,  (V  M)  and  the  given  point, 
(a)  draw  any  two  lines  parallel  to  each  other  3 
as  V  D  arid  a  d,  V  I  and  a  i,  or  V  B  and 
a  b,  See.  and  make  that  drawn  through  the 
vanijhing  point  (V)  equal  to  (V  I)  the  diftance 
of  the  laid  vanijhing  point  {Vide  ^  g.)  and 
make  its  parallel,  drawn  through  a,  equal 
to  a  b. 

Laftly 
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Laflly,  Draw  a  line,  as  D  d,  or  I  i  or 
Bb^  joining  the  extremities  of  thefe  paral- 
Jel  lines,  and  cutting  the  given  vifual  in  h, 
to  E  C  ^  r^prefentation  of  a  line  equal 

demonstration. 

This^  is  in  effeft  the  fame  method  as  was 
t-aught  in  §  48,  which  the  reader  is  defired 
to  read  carefully  over.  Suppofe  then  that 
ac  (fig.  12.)  the  reprefentatio7i  of  AC,  is 
found  by  the  means  there  recommended  • 
then  I  fay  that  if  thro’  c,  (which  is  the 
prefentatio72  of  C)  a  line  cf,  is  drawn  paral- 
e  to  the  dijiajice  S  i,  or  the  Jcale  Ime  m  g 
(V7de  §  47)  and  terminated  by  the  line  g  i’ 
(which  determines  the  reprefentatmi  a,  of  the 
point  A)  this  line  c  f  is  equal  to  c  e,  (which 
IS  the  reprefentation  of  a  line  at  c,  parallel  to 
the  entering  line,  and  equal  to  AC). 

For,  becaufe  S  i  is  parallel  to  mg,  the 
triangles  m  c  h  and  c  S  i  are  limilar,  where¬ 
fore 

Sc  :  cm  :  :  i  c  :  c  h  by  E.  6.  4.  and 

S  c  :  (S  c-f  c  m=:)  S  m  :  ;  i  c  :  (ic  +  c  h=)i  h 
by  E.  5.18 

But  fince  the  triangles  S  d  c  and  S  m  n  are 
fimilar,  we  have  S  c  :  S  m  (or  i  c  :  i  h)  ;  ;  c  d 
(=  c  e)  :  n  m  (-  ca) 

that  is, 

S  c  :  S  m  (or  i  c  :  i  h)  :  :  c  e  :  C  A ; 

but,  becaufe  of  the  hmilar  triangles  i  c  f  and 
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ill  g,  we  have  i  c  :  ih  :  :  cf:  hg(=CA)con-= 
fequently  c  e  :  C  A  :  ;  c  f  :  C  A,  (by  E  5. 1 1 .) 
wherefore  c  f  .  is  equal  to  c  e  by  (E  5 
g)  from  whence  v/e  may  gather  that  if 
c  f  is  drav/n  parallel  to  S  i,  and  made  equal 
to  c  e  the  line  joining  f  and  i,  is  the  fame  as 
the  line  joining  g  and  i  ;  and  therefore  muft 
cut  the  vifual  line  m  S  in  the  fame  point  a. 

COROLLARY.  1. 

LXXVII.  There  other  methods  of  folving 
this  problem  as  will  appear  by  obferving 
fig.  12.  where,  becaufe  of  the  fimilar  tri¬ 
angle,  a  c  f  and  a  S  i,  we  have  a  c  :  a  S  :  :  c  f 
(or  c  e)  :  si;  wherefore  to  folve  our  problem 
we  have  nothing  to  do  but  to  cut  c  S  into 
two  parts;  c  a  and  a  S,  which  fliall  be  to  each 
^)ther  as  c  e  to  s  i,  and  as  there  are  feveral 
ways  to  do  this  {Vide  E.  6.  10)  there  are  as 
many  ways  to  folve  the  problem,  either  of 
which  may  be  ufed  as  pleafure  or  conveni¬ 
ence  may  didlate,  as  will  be  fhewn  occa- 
fionally. 

COROLLARY.  11. 

LXXVIII.  If  the  diflance  V  I  (fig.  34) 
of  ‘vanijiiing  point  iht  gw&n 'vifual'V  M. 
is  laid  on  the  vanijiiing  line  (V  L)  from.V 
to  B,  then  the  line  joining  B  and  b  cuts  the 
given  vifual  in  h,  and  folves  the  problem,  in 
this  cafe  we  have  no  occafion  to  transfer  a  b 
to  any  other  line. 


COROLLARY 
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COROLLARY  HI. 

*  ^  34-)  is  drawn  parallel 

to  the  alliance  I  V,  and  made  equal  to  a  b,  then 
I  1  cuts  the  given  vifual  V  M  in  h,  and  folves 
the  problem.  But  in  this  cafe  a  i  makes  the 
lame  angle  with  a  b,  as  V I  makes  with  the 
n^an fling  line  V  L  •  which  is  equal  to  the  ano-le 
which  the  original  line,  whofe  vifual  is  V  M, 
makes  with  the  entering  line  (by  §.  20.)  and 
hncethis  angle  is  commonly  known,  we  may, 
by  the  help  of  this  confideration,  divide  any 
•vifual  line  z.t  pleafure,  by  lines  drawn  to  the 
place  of  the  eye,  (I)  which  is  always  given. 

Before  I  proceed  any  farther,  I  fliall  give 
fome  examples  of  the  application  of  thefc  four 
problems. 

example  L 

'Eo  conllru<fl  a  floor  of  fquares  whereof  the 
lides  are  parallel,  and  perpendicular  to  the 
picture.  E/V/^-hg.  35. 

E  N  is  the  entering  line,  which  is  equally 
divided  in  any  number  of  points,  i.  2.  3.  4. 

S'  6‘  7,  tiom  which  lines  are  drawn  to  the 
center  (S)  of  the  horizontal  line  H  L,  which 
lines  will  reprefent  the  perpendicular  fides  of 
the  fquares  (by  §.  2i .) 

The  diflance  (I  S)  is  laid  on  the  horizontal 
line  from  S  to  D,  then  (by  prob.  4.  §  78.)  the 
line  I  S  IS  cut  in  the  points  a,  b,  c,  d,  e,  and  f, 

by 
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by  lines  joining  D,  and  the  Teveral  points 
I,  2,  3,  &c.  Lines  then  are  drawn  through 
the  points  a  h,  c,  d,  &c.  parallel  to  enter¬ 
ing  line,  and  thefe  will  reprefent  thofe  fideS 
of  the  fquares  which  are  parallel  to  the  pic* 
ture,  and  fince  there  was  fix  divifions  laid 
down  on  the  entering  line  \  we  fliall  by  this 
means  get  the  reprefentation  of  thirty-fiX 
fquares — if  we  would  continue  them  fo  as  to 
fill  up  the  width  of  the  pidture  :  on  the  line 
en,  which  pafles  through  (f)  the  corner  of 
the  moft  remote  fquare,  lay  the  dimenfions 
which  the  fide  of  a  fquare  has  at  that  pointy 
as  often  as  it  can  be  contained  within  the  li¬ 
mits  of  the  pidture.  Through  thefe  divifions, 
on  e  n,  and  the  point  S,  draw  lines,  and  you 
will  have  fix  rows  of  fquares,  extending  the 
whole  width  of  the  pidture.  If  you  would 
have  more  rows,  through  the  ift  divifionj 
next  ti,  draw  a  line  to  S,  then  lay  a  ruler  by 
D,  and  the  feveral  divifions  on  e  n,  cutting 
the  line  n  S  in  as  many  points  as  there  are  di¬ 
vifions  on  e  n,  through  which  points,  lines 
drawn  parallel  to  the  entering  line,  will  give 
fo  many  rows  of  fquareS  j  which  may  be  con¬ 
tinued  to  the  fides  of  the  pidture,  in  the  famd 
manner  as  done  before.  The  number  of 
rows  may^  by  repeating  the  operation,  be 
increafed  to  infinity,  but  they  would  grow  fo 
very  fmall  as  to  be  undiftiriguifhable  j  there¬ 
by  conforming  to  nature,  which,  perfpedtive 
never  fails  to  do. 


H 
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it  will  be  more  convenient  in  common 
f)rad;ice,  after  having  drawn  a  fufficient  num¬ 
ber  of  lines  to  S,  to  crofs  all  thefe  lines,  by 
a  line  drawn  from  any  of  the  divifions  in  the 
entering  line,  to  (D)  'the  diftance  laid  down 
on  the  horizontal  line,  as  the  line  7  D,  then 
through  the  feveral  points  in  which  this  line, 
7  cuts  the  lines  tending  to  S,  draw  lines 
parallel  to  the  entering  line,  and  the  work  is 
hnilhed.  The  reafon  of  all  which  is  evident 
from  §  78. 

example  II. 

‘To  conjlru^  a  jloor  of fqiiares  whofe  fdes  are 
oblique  to  the  pidt lire,  fig.  36. 

Through  I,  draw  I  v,  making  the  angle, 

I  V  S,  equal  to  that  which  you  intend  one  of 
the  lides  of  each  fquare  fliall  make  with  the 
enteringjine,  E  N.  (Vide%  20.  and  24.) 

2d.  Through  I,  draw  IV,  making  the  an¬ 
gle  V  I  V,  equal  to  90^.  {Vide  §  25.)  because 
a  fquare  is  always  right-angled  (E  i.  Def. 

30O 

3d.  Alibrne  any  point  A  at  pleafure  be¬ 
tween  the  entering  and  vanifiiing  lines.  (E  N 
and  V  L)  and  through  this  point  draw  lines 
to  the  vanijhing  points  V  and  v,  and  produce 
them  till  they  cut  the  entering  line  (as  in  this 
cafe  they  do)  in  E  and  N'.  Alfo  through  A 
di  aw  Vi  N,  parallel  to  the  entering  line. 

4th, 
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4th.  Aflume  on  the  entering  line,  "E)  Nj 
any  diftance,  as  F  G,  for  the  fide  of  each 
fquare,  and  (by  Problem  i,  §  65)  cut 
olF  from  the  point  A,  a  part  of  E  N,  equal 
to  it,  and  jay  this  Diftance  A  i ,  repeatedly 
on  the  line  E  N,  each  way  from  the  point 
A,  as  often  as  you  have  room  on  your  paper, 
AS  fhewn  by  the  large  dots  on  the  line  E  A  N* 

5th.  By  §  78,  lay  the  ^ij^ance  V  I,  on  the 
Vanifliing  line  to  D,  then  a  ruler  laid  by  the 
point  D  ;  and  the  fevcral  dots  on  E  N  gives 
the  points  marked  o  on  the  line  V  N.  Alfo 
if  the  diftance  v  I  is  laid  on  the  vanifriing 
line  to  d :  then  a  ruler  laid  by  d,  and  the 
fame  dots  on  E  N,  gives  the  points  marked  o 
on  the  line  v  E:  laftly,  thro’  the  feveral 
•  points  thus  found  on  V  N,  draw  lines  to  v. 
Alfo  thro’  thofe  found  oU  v  E,  draw  lines 
to  V  :  then  will  thefe  lines  crofting  each 
other,  form  the  reprefentation  of  feveral 
fquares  more  or  lefs  in  number,  according 
as  F  G  (which  was  aftlimed  for  the  fide  of 
each  fquare)  is  fmaller  or  larger. 

The  number  of  fquares  thus  found  may 
be  continued  ad  if  thro  a,  (which  is 

the  moft  remote  corner  of  the  fartheft  fquare 
already  found)  a  line  e  n  is  drawn  parallel  to 
the  entering  hnc  (E  I\)  :  by  the  help  of  this 
line  let  the  whole  work  be  repeated  in  the 
fame  manner  as  was  done  before,  by  means 
oiEN-y  that  is,  ift  by  problem  i,  §  65,  cut 
off  from  e  n,  a  part  (f  g)  equal  to  F  G.  2d. 

H  2  frorn 


from'a,  lay  repeatedly  the  diftance  f  g  each 
way  as  often  as  you  pleafe,  as  is  reprefen  ted 
by  the  dots  on  e  n,  a  ruler  laid  by  thefe  dots, 
and  the  point  D,  gives  the  dotted  points  on 
a  V ;  and  thofe  on  a  v  are  found  by  laying 
the  ruler  by  the  point  d,  and  each  of  the 
dots  on  e  n  from  a  towards  n.  Lines  are 
now  to  be  drawn  thro’  V,  and  the  feveral 
points  marked  on  v  a  j  and  thefe  muft  be 
eroded  by  lines  drawn  thro’  v  and  the  dots 
on  a  V  :  by  this  means  a  great  increafe  of 
fquares  will  be  added  :  but  as  they  recede 
farther  and  farther,  they  become  fo  fmall  as 
to  be  indifcernible. 

N.  B.  The  point  a,  might  have  been  aL 
fumed  at  frit,  which  would  have  faved  the 
trouble  of  a  fecond  operation  ;  but  it  would 
have  been  more  liable  to  error,  becaufe  a 
fmall  one  committed  in  placing  the  diftances 
exadl  on  e  n,  v/ould  have  made  a  very  great 
difference,  as  the  fquares  advance  in  the  Jorc 
ground. 

Note  alfo.  That  if  the  point  a  is  near 
the  horizontal  line,  it  is  better  to  ufe  the 
method  taught  in  §  79,  than  that  of 

§  78,  for  when  the  divifions  are  laid  from 
a  towards  e,  on  the  line  e  n,  lines  drawn 
from  thefe  divifions  to  D,  cut  the  vifual  a  V, 
fo  very  obliquely,  that  the  fedions  can  hard¬ 
ly  be  difeovered  j  but  if  thro’  a,  a  line,  a  C,  is 
drawn  parallel  to  I  V  (Fide  §  79)  and  the  dL 
■vifions  are  laid  on  this  line  (as  the  dots  exhi- 
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bit)  inftead  of  e  n,  then  a  ruler  kid  by  the 
point  I,  and  the  feveral  dots  on  C  a,  will  cut 
the  vifual  a  V  in  the  points  marked  thereon^ 
rftuch  more  diredt  and  diftindt,  than  before. 
In  the  fame  manner  a  v  will  be  divided  by 
lines  joining  I  and  the  feveral  dots  on-  a  B, 
which  is  drawn  parallel  to  v  I. 

remark. 

Moil  writers  on  this  fubjedl  feem  to  regard 
that  kind  of  obliquity  only,  which  makes 
with  the  piaure  an  angle  of  45^.  They  al- 
center  (S  Vide  jig.  36)  and  the  dijiance 
S  I,  of  the  Horizontal  line  j  this  dillance  they 
ky'each  w^ay  on  the  Horizontal  line  frorn  S 
to  i  and  i ;  and  whenever  they  fpeak  of*  a 
reftangle  whofe  fides  are  oblique  to  the  pic¬ 
ture,  they  generally  make  one  tend  to  one 
point  of  dillance  (i)  and  the  other  to  the 
other,  in  which  cafe  the  fides  of  the  figure 
are  always  inclined  to  the  piaure  in  an  ang  e- 
of  for  the  angle  I  i  Sis  equal  to  45  .  (by 
E  1.  32.  Cor.  4)  and  this  is  equal  to  the  angle 
which  any  original  line,  whole  vifual  tend^to 
i,  makes  v/ith  the  entering  line  by  §  20.  ^  But 
the  method  here  taught  regards  no  particular 
obliquity,  but  all  are  managed  with  the  fame 
facility.  Alfo  this  method  of  continuing  the 
fquares  ad  infinitum,  is  general  in  ail  cafes. 

H5  REMARK. 
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remark/ 

It  is  to  be  obferved,  that  as  the  fquares  ad^ 
Vance  in  fore  ground,  and  to  the  extremi¬ 
ties  of  the  fides  of  the  pidture,  they  become 
very  diftortcd  and  by  no  means  convey  to  the 
mind  the  idea  of  fquares ;  becaufe  they  can-- 
not  be  viewed  from  the  proper  diftance  S  I, 
as  they  fubtend  an  angle  at  that  dillance’ 
peater  than  the  eye  can  obferve  (^Vide  page  87) 

included  about  the  center 
(S)  by  a  fquare  frame  R  QJ)  N  of  a  due  pro¬ 
portion  to  the  diftance  S  I  as  mentioned  in 
page  84,  all  the  deformities  will  be  excluded. 
Included  in  the  frame  P  ci 
E  N,  appear  regular,  altho’  viewed  at  a  much 
greater  difunce  than  the  proper  one. 


example  III. 

3^  reprefents  two  rows  of  uprkht 
prtjms  landing  on  fquare  bafes,  having  one’ 
hde  parallel  to  the  pidure,  for  which  reafoa 
the  other  fides  muft  tend  to  S  the  center  of 
rte  pia^ure.  §  21)  A  B  C  D,  the  parallel 
Iront  of  the  firft,  is  drawn  according  to  any 
affumed  or  given  fimilarity  j  and  from  it  all  the 
other  parts  are  determined.  Thus  S  D,  the 
dfanceoix\iQ  Horizontal  line  is  laid  from  S  to 
D,  and  the  vifuals  B  S,  C  S  and  A  S  are 
drawn  •  then  C  D  is  drawn  cutting  the  vifual 
B  S  in  E  (Vide  §  78)  thro’  E,  E  F  is  drawn 

parallel 
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parallel  to  B  C,  cutting  C  S  in  F. 

F  G  drawn  parallel  to  A  C  compleats  the  iirit 
prifm.  We  muft  next  affume  the  diftance 
we  would  have  the  prifms  from  each  other; 
let  this  be  B  b,  and  draw  b  S.  This  is  cut  by 
the  farther  edge,  E  F,  of  the  firft 
produced,  in  e  ;  then  a  line  joining  e  and  D, 
gives  f,  for  the  corner  of  the  fecond  prifm, 
from  whence  all  the  reft  of  it  is  determined 
in  the  fame  manner  as  the  firft  :  the  fecond 
prifm  being  finifiied,  the  corner  g  of  the 
third  prifm,  is  determined  from  the  fedtion 
of  the  fartheft  edge  of  the  fecond,  with  the 
vifual  b  S,  &c.  &c.  One  row  being  finiftied 
a  parallel  row  may  be  drawn  in  the  fame 
manner :  or  if  a  rectangle  a  b  c  d  is  drawn 
equal  and  even  (with  refpeft  to  the  entering 
line  E  N)  to  the  reftangle  A  B  C  D,  then 
lines  drawn  parallel  to  the  Horizontal  line, 
from  the  corners  of  the  prifms,  whofe  repre- 
fentatlons  are  already  found,  will,  by  their 
interfeBion  with  the  'utjuals  c  S,  b  S  and  d  S 
give  the  corners  of  the  prifms  of  the  other 
row,  as  may  be  feen  by  a  bare  infpedlion  of 

the  figure. 

example  IV. 

Figure  40  exhibits  three  rows  of  upright 
priftns,  having  the  fame  dimenfions  as  thofe 
in  fig.  38  :  but  here  all  the  fides  are  oblique 
to  the  pidlure.  H  L  is  the  Horizontal  line, 

H  4  S  its 
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S  its  center,  and  S  I  its  diftance,  all  which 
are  fuppofed,  given  or  afTumed.  (The  dif^ 
tmce  S  I  is  laid  from  the  Horizontal  line 
H  L  downwards  to  I,  in  this  example,  for 
want  of  room ;  but  in  general  it  is  bell  to 
ufe  a  feparate  paper,  on  which  a  line  may  be 
drawn  to  reprefent  the  Horizontal  line,  or 
any  other  vamjhmg  Ime.  The  center  and 
diftance  being  then  laid  down,  the  vanijhmg 
and  dividing  points  may  be  found  in  this  pa-' 
per  agreeable  to  §  24,  25  and  78  ;  and  then 
transierred  to  the  vanijhing  line  &c.  in  the 
paper  you  work  on.) 

Alfo,  having  determined  or  affumed  the 
obliquity  of  one  of  the  fides  of  the  prifms ; 

id,  ‘Draw  thro’  the  eye  (I)  the  line  I  H 
cutting  the  Horizontal  line  in  H,  and  forming 
with  It  the  angle  L  H  I,  equal  to  that  obli¬ 
quity  \Jride  §  24.) 

2d,.  Draw  I  L  at  right  angles  to  I  H,  and 
cutting  the  Horizontal  line  in  L,  then  are 
the  ^ints  H  and  L  the  vanijliing  points  of 
pc  Horizontal  boundaries  of  the  prifms  to 
be  reprefented  {Vide  §  24,  25.) 

3d,  Let  the  point  B  be  alTumed  for  the 
neared  corner  of  the  bafe  of  one  of  the 
prifms,  and  at  this  point  put  A  B  parallel 
to  pe  piflure  and  perpendicular  to  the  enter¬ 
ing  or  Horizontal  line,  and  equal  to  the  given 
height  of  the  prifms  by  (prob.  2.  §  68.) 

4th,  Through  A  draw  a  working  line  pa¬ 
rallel  to  the  Horizontal  line,  and  on  it  lay 

from 
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from  A,  A  C,  equal  to  the  width,  and  A  f 
equal  to  the  diftance  that  the  prifms  are  to 
be  from  each  other,  then  through  all  thefe 
points  ABC  and  f,  let  vifual  lines  be  drawn 

to  H. 

5th,  On  the  Horizantal  Uney  from  H  lay 
H  D  equal  to  H  I,  cutting  H  L  in  D.  Al- 
fo  bifea  the  right  angle  L  I  H  by  the  line 
I  d. 

We  may  now  find  the  reprefentation  of  as 
many  prifms,  or  as  many  rows  of  prifms  as 
we  pleafe,  in  the  following  manner  : 

By  problem  4.  §  78.  cut  off  from  A  H, 
parts  equal  to  A  C,  and  A  f,  alternately ; 
thus,  a  ruler  laid  by  C  and  D  gives  the 
point  I  by  cutting  A  H,  through  which  a 
line  drawn  parallel  to  A  f  gives  the  point  2, 
by  cutting  f  H.  A  ruler  laid  by  2  and  D, 
gives  the  point  3,  by  cutting  AH  j  through 
which  a  line  drawn  parallel  to  A  f,  gives 
the  point  4,  &c.  In  this  manner  may  A  H 
be  divided  ad mfinitum^  into  fpaces  alternately 
equal  to  A  C  and  A  f.  Through  all  thefe 
points  I,  3,  5>  7?  9>  let  lines  be  drawn 
to  L,  and  crolfed  by  a  line  drawn  from  A  to 
d,  cutting  the  find  lines  drawn  to  L,  in  the 
points  m,  n,  o,  p,  q,  &c.  through  thefe 
points,  lines  drawn  to  H  form,  by  their  in- 
terfedfion  with  thofe  already  drawn  to  L, 
the  reprefentatlons  of  the  tops  of  the  prifms, 
and  how  the  other  parts  are  foqnd  may  be 
feen  by  infpedting  the  figure. 


it 
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It  IS  needlefs  to  give  a  formal  demonftra- 
tion  of  all  this  practice  :  the  point  d  is  the 
vanifhing  point  of  the  diagonals  of  the  ori¬ 
ginal  fquares,  feeing  I  d  bifeds  the  right- 
angle  L  I  H  ;  for  it  is  eafy  to  demonftrate, 
that  the  diagonals  of  a  fquare  biled  its  angles; 
wherefore  fince  the  fides  of  the  original 
fquares,  which  form  the  tops  of  the  prifms 
are  parallel  to  their  diftance  lines  I  H  and  I  L 
(by  §  q)  it  follows  that  their  diagonals  are 
parallel  to  I  d,  w'hich  bifeds  the  right  angle 
L  I  H  ;  confequently  d  is  the  vaniihing  point 
ofthofe  diagonals  {Fide  §  9  and  19.) 

Several  other  methods  might  have  been 
ufed,  but  the  above  is  conceived  the  moll; 
exad,  and  at  the  fame  time  not  very  tedious ; 
however  we  will  mention  one  method  more. 

Through  A  draw  an  indefinite  line  parallel 
to  the  Horizontal  line  before,  {Vide  hg.  40.) 
in  \vhich  take  A  C  equal  to  the  width,  and 
C  h  equal  to  the  dijiance  of  the  prifms  from 
each  other  :  then  C  D  gives  the  point  i,  and 
F  D  gives  the  point  3  ;  then  by  means  of  the 
diagonal  A  d,  finilh  prifm  II,  produce  its 
fides,  and  they  form  two  fides  of  each  of  the 
prifms  III,  IV,  V  and  VIII ;  then  III  may 
be  compleated  by  means  of  its  diagonal^  b; 
and  from,  hence  two  fides  of  the  prifms  VI 
and  IX  will  be  obtained.  VI  may  next  be 
compleated  by  its  diagonal  A  b,  and  by  it 
V  may  be  compleated,  and  two  fides  of  VTI 

may 
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may  be  drawn,  and  the  reft  of  it  compleated 
by  the  diagonal  of  III  produced,  VII  be¬ 
ing  compleated,  the  fronts  of  IV  may  be 
finifhed,  and  two  fides  of  X  may  be  drawn. 
X  may  then  be  finilhed  by  the  diagonal  of 
II  and  VI  produced,  and  from  it  IX  and 
VIII  may  be  compleated.  By  this  method, 
which  is  more  brief  than  the  former,  we 
may  find  the  reprefentation  of  any  number  of 
prifms  we  pleafe. 

EXAMPLE  V. 

Fig.  42  contains  the  reprefentation  of  a 
houfe,  whofe  fronts  are  all  oblique  to  the 
pidlure.  The  vanifhing  points  V  and  V of 
all  fuch  lines  as  are  parallel  to  the  horizon 
and  to  the  fronts  of  the  houfe  are  found  by 
the  fame  method  as  in  the  laft  example.  The 
neareft  corner  A  B  is  afiTumed,  or  it  may  be 
put  in  any  pofition  and  of  any  dimenfions  by 
means  of  prob.  2.  §  68.  On  this  corner  the 
heights  of  the  door,  windows,  fide,  and  roof 
of  the  houfe  are  laid  according  to  any  given 
or  affumed  proportion,  and  from  thefe  divi- 
fions  lines  are  drawn  to  the  vanifhing  points 
V  and  V.  Having  thus  found  the  heights 
of  the  feveral  members,  their  lateral  dimen¬ 
fions  are  found  by  prob.  4.  §  78.  Thus, 
through  any  point  (as  A)  in  the  corner  of 
the  houfe  A  B  draw  an  indefinite  line  A  E 
parallel  to  the  vanifhing  line  H  L  \  and  on 
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this-  line  fet  the  breadths  and  diflances  of  the 
door  and  windows  in  any  proportion  (affigned) 
to  the  heights  before  laid  down,  as  denoted 
by  the  divifions  between  A  and  C.  Next  lay 
the  diftance  I  T  of  the  vaniihing  point  P\ 
from  V  to  D  on  the  Horizontal  line  H  L  ; 
alfo  draw  the  line  A  F:  then  lines  drawn 
from  D  to  the  feveral  divifions  on  A  C  give 
the  pofitions  of  the  door,  windows,  &c.  on 
the  vifual  line  A  F  as  exprefied  by  the  dots ; 
through  which  lines  drawn  parallel  to  A  B, 
will,  by  their  interfedlions  with  thofe  before 
drawn  to  F,  form  the  reprefen tation  of  the 
external  parts  of  the  left  hand  front  of  the 
houfe.  Next  through  the  point  a,  (being  the 
height  of  the  bottom  of  the  lower  windows) 
let  a  b  be  drawn  parallel  to  the  Horizontal 
line,  and  made  of  any  determined  length  for 
the  thicknefs  of  the  wall  :  alfo  through  this 
point  a,  let  a  line  be  drawn  to  V  and  a  part  of 
it,  a  o,  cut  off  equal  to  a  b  (by  prob.  4.  §  78) 
Through  o  draw  o  F;  alfo  through  the  points 
where  a  cuts  the  farther  edges  of  the  door 
and  windows,  let  lines  be  drawn  to  V,  cut¬ 
ting  o  ^  in  the  points  diftinguilBed  by  the 
large  dots,  through  which  points  lines  drawn 
parallel  to  A  B,  form  the  reprefentation  of 
the  inner  edges  of  the  windows,  &c.  which 
appear  through  the  openings. 

The  left  hand  front  being  finifhed,  the 
length  of  the  nght  hand  front  is  laid  from 
A  to  F  in  the  line  A  F,-  drawn  through  A, 

parallel 
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l^arallel  to  the  Horizontal  line  H  L,  and  its 
half  to  G,  thefe  are  transferred  to  A  V  bjf 
prob.  4.  §  78.  and  from  them  the  whole 
front  is  finilhed.  Next  how  the  roof  is  com- 
pleated  will  appear  from  infpedion.  For  the 
chimney  (which  I  fuppofe  to  be  pofited  in 
the  neareft  corner  of  the  houfe)  1  lay  its 
height  from  B  to  O,  thro’  which  g  g  is 
drawn  parallel  to  the  Horizontal  line  H  L, 
on  this  is  taken  O  f  equal  to  the  thicknefs  of 
the  wall,  and  f  g  equal  .the  width  of  the 
chimney  :  thefe  diftances  are  then  transferred 
to  O  h  and  O  i  by  probi  4.  §  78.  How  all 
the  reft  is  formed  will  be  better  underftood 
by  infpeding  the  figure  and  refleding  on  the 
theory,  than  by  many  words. 

remark.- 

By  this  timOj  I  imagine,  the  reader  has 
discovered  two  very  difagreeable  circumftan-i 
tes  in  the  pradice  of  this  art  5  the  firfi:  is^ 
that  if  he  ufes  a  fiiort  diftance,  his  reprefen-^ 
rations  appear  deformed  and  unnatural  wheri 
feen  at  that  diftance  which  people  will  natu¬ 
rally  view  them  from  (fee  page  83.)  as 
may  be  feen  in  the  examples  we  have  hitherto 
defcribed,  which  the  fmallnefs  of  the  plates 
rendered  unavoidable.  The  fecond  difficulty 
is,  that  if  a  long  diftance  is  ufed  as  recom¬ 
mended  in  page  84  and  85,  the  njaniflitng points 
of  fuch  lines  as  arc  nearly  parallel  to  the  pic¬ 
ture 


\ 
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turCj  and  the  dividing  ce?iters  of  thofe  which 
are  nearly  perpendicular  to  it,  fall  fo  very  re¬ 
mote  from  its  center,  that  they  frequently 
exceed  the  bounds  of  the  paper  we  draw  on- 
and  require  a  long  ruler  to  join  points  that 
are  fo  far  apart;  the  ufmg  of  which  is  trou- 
blefome  and  awkward.  Thefe  inconvenien¬ 
ces  we  hope  entirely  to  remove  by  the  three 
Jucceeding  problems. 


,  PROBLEM  V. 

LXXX.  At  any  point  A  (fig.  37.)  in  a 
given  vijml  line  A  V  tending  to  any  vanijhing 
fotnt  within  the  pidlure,  to  cut  off  a  part 
A  c  that  lhali  reprefent  an  original  line  of  a 
given  length,  when  there  is  not  room  to  lay 

down  the  whole  dijiance  V  L  of  the  faid  vifual 
A  V. 

^  ift,  By  problem  i.  §  65.  page  48.  at  the 
given  point  A  put  A  F  parallel  to  the  vanijh- 
tng  hnCy  and  equal  in  reprefentation  to  the 
given  length. 

2d,  Inftead  of  laying  the  whole  diflance 
from  V  to  L,  as  taught  in  prob.  4.  page  oe. 
§  70.  lay  one  half,  one  third,  one  fourth 
or  any  part  of  it  from  V  to  D,  (in  the  figure 
V  D  IS  one  third  of  V  L.) 

^  ^  equal  to  the  fame  part  of 
A  F  which  V  D  is  of  V  L  (in  this  cafe  A  f 
muft  be  one  third  of  A  F)  and  draw  f  D, 
which  cuts  the  given  vifual  A  V  in  (c)  the 

fame 
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Tame  point  in  which  it  is  cut  by  F  L,  which 
is  drawn  according  to  the  method  before 
taught  in  prob.  4.  §  78. 

The  truth  of  which  is  evident  from 
E  6.  10*  method  4,  and  §  77. 

EXAMPLE  VI. 

In  the  third  example  I  was  obliged  to  make 
ufe  of  a  very  (liort  diftance,  which  made  the 
prifms  afford  an  unnatural  appearance  :  where¬ 
fore  in*  fig.  39.  I  have  given  another  repre- 
fentation  of  the  fame  prifms.  I  lay  the  dif¬ 
tance  S  D  on  the  horizontal  line^  the  fame  as 
before  ;  but  1  fuppofe  S  D  to  be  only  one 
fourth  of  the  true  diftance  :  then  on  B  C,  I 
take  B  a,  equal  to  one  fourth  of  the  width  of 
the  prifms  ;  and  B  b,  equal  one  fourth  of  their 
diftance  from  each  other,  and  dra\^  the  vi- 
fuals  a  S  and  b  S  j  then  prob.  5.  and  a  peru- 
fal  of  the  figure,  will  fufficiently  explain  the 
reft  of  the  operation. 

\ 

PROBLEM  VI. 

LXXXI.  Any  vaniftiing  line  S  V  {Vide  fig. 
44.)  its  center  S,  and  any  part  S  i,  as  one 
half,  one  third,  one  fourth,  &c.  of  its  dil- 
tance  being  given,  through  a  given  point  A, 
to  draw  the  vifual  A  B,  of  an  original  !me, 
making  a  given  angle  with  the  entering  line 
E  N  i  and  to  cut  off  a  part  (A  B)  from  the 

given 
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given  point  A,  equal  in  reprefentation  to  ahy 
affigned  length. 

SOLUTION. 

In  fig.  44.  we  fuppofe  S  i  to  be  given  equal 
to  one  third  of  the  true  dijiance  of  the  eye. 

iftj  Through  i  draw  i  v,  making  the  an¬ 
gle  i  V  S  equal  to  the  angle^  which  the  origi- 
hal  line,  you  want  to  reprefent,  makes  with 
the  entering  line. 

2d,  Through  the  given  point  A,  draw  the 
ticcult  lines  A  v  and  A  S. 

3d,  Through  any  point  r,  taken  at  plea- 
fure  in  A  Sj  draw  r  t,  parallel  to  the  entering 
line  E  N,  and  cutting  A  V  in  f. 

4th,  On  this  line  (r  t)  repeat  the.  diflanec 
f  f  three  times  from  r  to  t  (becaufe  S  i  is  one 
third  of  the  true  diflance,)  then  a  line  joining 
A  and  t  will  be  the  vifual  required,  vvhich  if 
produced  tends  to  V  its  true  vanifhing  point, 
which  may  be  inacceffible,  or  exceed  the 
bounds  of  the  paper. 

To  perform  the  latter  part  of  this  problem^ 

iff,  Affume  or  take  i  m  equal  to  one 
third  of  the  length  you  want  A  B  to  re¬ 
prefent  (becaufe,  as  before,  S  i  is  one  third 
of  the  true  diftance.) 

2d,  Thro’ m  draw  m  n  parallel  to  the  va- 
injhing  line  S  V,  and  cutting  i  S  in  n. 

3d,  From  S  lay  i  S  (the  given  one  third 
of  the  diftance)  to  D  and  from  A  lay  A  o 

parallel 
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jparallel  to  the  vanifhing  line,  and  equal 
to  i  n. 

4thj  Join  o  D  cutting  A  S  in  b ;  then  b  B 
drawn  parallel  to  the  vanijhing  line,  V  S  D, 
cuts  A  B  in  B.  and  A  B  is  the  reprefentatioa 
of  an  original  line  parallel  to  i  m,  [Vide  §  32) 
and  of  3  times  its  length.  Q^E.  I. 

DEMONSTRATION. 

It  is  plain  from  the  fimilar  triangles  I  S  V. 
and  i  S  V  fig.  44.  that  becaufe  I  (the  true 
diftance  of  the  given  vanijhmg  line)  is  3  times 
as  far  from  S,  as  i,  is  ;  V  (the  true  vanijliing 
point  of  a  line  inclined  to  the  entering  line  in 
the  angle  I  V  S  or  its  equal  i  -z;  S)  is  3  times 
as  far  from  S  as  v  is.  (E  6.  4.)  Now  fince 
r  t  is  parallel  to  the  vanilhing  line  {by  conjlruc- 
tion)  and  equal  to  3  times  r  f,  therefore  if  lines 
drawn  from  A  thro’  r  andf  tend  to  the  points 
Sand  V,  (as  they  do  by  conftruction)  then  t  A 
muft,  if  produced  tend  to  a  point  in  the  va- 
nijliing  line  V  S,  three  times  as  far  from  S  as 
V  is,  (by  E  6.  4.)  or  in  other  words,  it  muft 
tend  to  the  point  V,  as  was  intended. 

Again,  it  appears  from  this  conftrucftion, 
that  A  B  is  the  reprefe?itation  of  an  origmal  line 
parallel  to  I  V  {Vide  §  32)  and  confequently 
to  i  V  ;  alfo  A  b  is  the  reprefentation  of  an 
original  line  to  S  i  :  and  B  b  is  the  re¬ 

prefentation  of  an  original  line  parallel  to  v  S 
{Vide  §  44)  or  m  n  :  wherefore  A  B  b  is  the 

I  rcpre- 
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reprefentation  of  an  original  triangle  fimilar  to 
i  m  n,  (by  E  6.  4*)  But  A  b  is  the  repre¬ 
fentation  of  a  line  equal  to  A  o  or  n  i,  at  the 
diftance  S  D  or  S  i,  (by  §  76.  page  93.) 
confequently  it  is  the  reprefentation  of  a  line 
equal  to  3  times  n  i,  at  the  true  dijlance  of 
the  eye  1  S,  (by  §  80.)  whence  A  B  is  the 
t eprefentation  of  a  line  equal  to  3  times  i  m, 
at  the  true  diftauce  I  S.  Q^E.  I. 

This  problem  is  of  great  fervice,  when  we 
want  to  find  the  reprefentation  of  a  fingle  line, 
which  tends  to  a  remote  vani/hing  point,  and 
which,  as  it  fometimes  happens,  will  facili¬ 
tate  our  finding  the  reprej'entation  of  feveral 
other  lines.  But  if  we  want  to  find  the  re- 
prefentations  of  many  lines  v/hich  tend  to 
fome  one  vanifhing  point  lying  beyond  the 
bounds  of  our  paper,  the  following  method 
Will  be  produdlive  of  much  more  difpatch. 


Another  Solution  of  the  lajl  Problem. 

LXXXII.  ifi:.  Having  laid  down  i  S  equal 
to  one  third,  one  fourth,  &c.  of  the  true  dif- 
tance  I  S,  ^(fig.  45.)  of  the  vanififing  line  S  V, 
draw,  as  before,  i  v,  making  with  the  nja- 
nifhing  line  the^  -angle  i  v  S,  equal  to  that 
which  the  original  line  to  be  reprefented 
makes  with  the  entering  line. 

2d.  Produce  i  S  both  ways,  and  through  v 
draw  a  line  parallel  to  it,  ^ 

3d. 


[  II5  ] 

3d.  From  S  take  any  fmall  didance  In  your 
compares,  and  repeat  it  each  way  from  S  j 
and  let  thefe  divifions  be  numbered  as  the 
figure  fiiews. 

4th.  Take  in  your  compafles  as  many  of 
thefe  divifions  as  Is  one  lefs  than  the  number 
of  times  that  S  i  is  contained  in  the  true  dif- 
tance  S  I.  Thus  in  the  prefent  cafe.  S  I 
being  3  times  S  i,  I  take  2  divifions  from  the 
line  S  i,  and  lay  them  on  its  parallel  drawn, 
through  V,  as  often  as  I  pleafe. 

LaSly,  divide  each  of  the  divifions  laid 
from  V  into  fo  many  parts  as  exprefs  how 
often  S  i  is  contained  in  S  I,  (in  the  prefent 
cafe  3)  and  let  thefe  be  numbered  as  the 
figure  fhews.  Now  if  we  would  draw  thro 
any  point  (A)  in  the  pidure,  a  line  tending 
to  the  proper  vanijhing  point  V ,  we  need  only 
lay  a  ruler  by  the  propofed  point  A,  and  any 
two  correfpondent  divifions  on  the  divided 
lines ;  becaufe  any  line  pafiing  through  any 
two  correfpondent  divifions  tends  to  V,  the 
true  'vanijhing  point. 

DEMONSTRATION. 

Through  I  (fig.  45)  the  true  dijiance  or 
place  of  the  eye,  draw  I  V  parallel  to  i  v,  then 
is  V  the  true  'vanijhing  point  of'the  original 
line  to  be  reprefented  (by  §  32)  and  it  is  plain 
(from  E  6.  4.)  that  If  S  I  is  divided  into 
equal  parts,  lines  drawn  to  V  from  thofe 

I  2  divifions. 


[  ii6  ] 

divifions,  will  divide  v  F  into  the  fame  num¬ 
ber  of  equal  parts}  and  that  thefe  parts  will 
be  to  each  other,  as  V  S  to  V  v  or  as  S  I  to 
I  i,  or  as  the  number  which  daews  how  often 
S  i  is  contained  in  S  I,  to  that  number  lefs 
one.  In  the  fcheme  before  us  we  have 
S  I  :  I  i  :  :  3  ;  2,  wherefore  a  divifion  on  S  I 
ought  to  be  to  a  divifion  on  v  F  as  3  to  2. 
Confequently  2  divifions  on  I  S  is  equal  to  3 
on  V  F,  and  this  being  made  fo  in  the  con- 
flrudion,  it  follows  that  lines  drawn  through 
any  correfpondent  divifions  on  the  lines  S  I 
and  V  F  will  meet  in  V.  Q^E.  D. 

LXXXIII.  JVc  come  now  to  the  fecond  part 
oj  the  Problem  ;  wherein  we  Jhall  Jhew  how  the 
center  S,  (Vide  fig.  45.)  oj  ava7^iJhing  line  7nay 
be  iifed  injlead  oj' the  dividmg  center  (Vide  §  47) 
of  any  yifual  Ime,  which  te7ids  to  an  inaccejjible 
'vantfiing  point. 

Let  A  V  (fig.  45)  be  the  given  'vifual,  and 
from  A,  it  is  required  to  cut  off  a  part  (A  B,) 
which  fliall  reprefen t  a  line  of  a  given  mao-- 
nitude. 

I  ft.  From  v  (found  as  before-mentioned) 
lay  v  d  on  the  ‘va7iifimg  Ime  equal  to  v  i. 

2d.  Through  d  and  S  draw  any  two  lines 
d  C  and  S  c  parallel  to  each  other ;  make  d  C 
equal  to  the  length  of  the  line  required  to  be 
reprefented  :  and  lay  a  ruler  by  v  and  C 
cutting  S  c  in  c.  Lay  this  line  S  c  on  the 

entermg 
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entering  line  (E  N,)  and  by  prob.  i .  (page  48) 
at  A  put  a  line  A  e  equal  and  parallel  to  it. 

Laftly,  A  ruler  by  e  and  S  cuts  A  B  in  B, 
then  is  A  B  the  line  fought. 

DEMONSTRATION. 

The  reafon  of  this  operation  will  be  plain, 
if  we  reflect  on  what  was  faid  in  §  77.  p^ge  95* 
where  it  appears  that  we  may  ufe  any  part  as 
S  V  of  the  true  dijiance  (V  D  or  V  I)  of  any 
vifual  A  V,  if  we  fhorten  the  true  length  of 
the  line  we  want  to  reprefen t  in  the  fame 
proportion,  that  is,  if  inftead  of  ufing  the 
true  diftance  V  D,  we  would  only  ufe  a  part 
of  it  as  V  S,  we  muft  make  A  e  (by  prob.  i .) 
to  reprefent  a  line  S  c  parallel  to  the  pi61;ure> 
which  bears  the  fame  proportion  to  d  C,  the 
true  length  we  want  to  reprefent,  as  S  V 
the  diftance  we  ufe,  is  to  V  D  or  V  I, 
the  true  diftance',  that  is,  we  muft  make 
V  D  :  V  S  :  :  d  C  :  S  c ;  let  us  now  examine 
our  figure,  and  we  ftiall  find  this  is  actually 
performed. 

Draw  I  D  and  i  d,  then  in  the  fimilar  tri¬ 
angles  iSdandlSD  wehaveSTSi:; SD:Sd. 
Alfo  in  the  fimilar  triangles  VIS  and  v  i  S  we 
have  S  I  :  S  i  :  :  S  V  ;  S  V.  wherefore  (by 
E  c.  1 1 )  S  D  ;  S  d  :  :  S  V  :  S  V.  confequently  (by 
E  5.  18.)  SD  +  S  V  (=VD) :  VS:  :  S  d  +  S  V 
(=zv-d) ;  V  S.  but  by  conftrudion  v  d  :  v  S 
; :  d  C  :  S  c.  confequently  V  D :  V  S  : ;  dC  :  Sc. 

I  2  from 
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from  whence  it  appears  that,  by  making  A  c 
equal  in  reprefentation  to  Sc,  and  joining  S  c, 
it  cuts  the  vifual  A  B,  in  the  fame  point  B, 
Where  it  would  have  been  cut  if  A  e  had  been 
made  equal  in  reprefentation  to  d  C,  and  a 
line  drawn  joining  e  and  D.  {Vide  §  77. 
page  95.) 

EXAMPLE  VII. 

^  The  prifms  reprefen  ted  in  figure  40  appear 
diflorted,  when  viewed  at  a  natural  ffance, 
(Vide  page  84  &  85)  becaufe  the  diftance  I  S, 
which  was  ufed  to  find  their  reprefentation 
is  too  fhort.  We  have  therefore  in  fig. 
reprefented  the  fame  prifms  as  they  would 
appear  if  the  eye  is  removed  fix  times  as  far 
from  the  pidure,  as  it  was  fuppofed  in  fig. 
40.  To  eifed  this,  and  at  the  fame  time  not 
exceed  the  limits  of  the  plate, 

I  ft.  Draw  H  L  for  the  horizontal  line, 
affume  S  for  its  center,  and  draw  the  perpen¬ 
dicular  S  I,  making  S  I  equal  to  S  I  in  fig. 
40  j  which  will  now  be  only  one  fixth  of 
the  true  difta7ice  of  the  eye.  Alfo  draw  the 
diftance  lines  I  L  and  I  H,  the  fame  as  in 
fig.  40. 

2d.  Take  any  fmall  opening  in  the  com- 
paffes,  and  repeat  it  on  the  line  S  I  from 
b,  as  often  as  fhall  be  thought  needful, 
and  number  them  i,  2,  3,  &c.  {Vide  §  82. 
page  115.) 
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^d.  Through  the  vanhliing  points  H 
and  L,  draw  lines  parallel  to  1  S,  on  eac 

of  which  lay  five  parts  of  I  S,  °  ’ 

and  from  L  to  6,  and  divide  the^  fpaces 
into  6  equal  partsj  and  let  them  be  num¬ 
bered  and  continued  as  far  as  neceflary. 

%  2,2.  page  1 1 5.) 

N.  B.  T'he  fpaces  thus  numbered  on  the  lines 
SI,  HE  and  LN  may  be  Jub  divided  into 
four  parts  each,  exadl  enough,  by  the  eye ,  as 

is  (hewn  by  the  fmall  dots. 

4th.  Draw  I  b  bifefiing  the  angle  L 
I  H,  and  make  S  D  equal  to  fix  times 
S  b,  (for  as  b  is  the  vanijhing  point  oj  the 
diagonals  of  the  fquares,  when  the  difance  is 
S  t  it  is  plain,  the  true  difance  being  fx 
times  S  1,  that  the  true  diagonal  will  Jail Jix 
times  as  far  from  S,  the  point  h  does.) 

We  now  proceed  in  all  refpeas  as  we  did 
in  fig.  40,  taking  care  that  all  lines,  which 
tend  to  H  in  fig.  40*  through  co:  re^ 

ponding  divifions  on  the  lines  .. 

in  figure  41.  and  that  all  vanifiimg  lines, 

which,  in  fig.  40 

muft  pafs  through  correfpondmg  divifions  m 

the  lines  S  I  and  L  N. 

To  find  the  points  i  and  3,  (fig-  40 
have  recourfe  to  the  diredtions  given  in  the 
laft  problem  (§  83.  page  116.)  Becaufe  the 
true  difance  of  all  vifual  lines  ’ 

would  fall  6  times  as^far  from  S  as  d  d^es 


ex- 
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(U  d  being  made  equal  to  H  I)  and 
ceed  the  bounds  of  the  plate;  we  draw  any 
two  hues  d  F  and  S  f  parallel  to  each 
other  make  d  C  equal  to  the  true  width, 
and  d  F  equal  to  the  true  diftance  of  the 
pnfms  from  each  other;  then  lines  drawn 
throiigh  C  and  F  to  H.  cut  S  f  in  the  points 

A  draw  a  line  parallel  to 
thQ  vawJIimg  line  H  L  :  on  it  lay  A  C  equal 
to  S  c  and  C  f  equal  to  S  f.  The  figure  will 
ftewhow  all  the  reft  is  performed,  remem¬ 
bering  all  diagonal  lines  tend  to  D,  and  all 
dividing  lines  to  S, 

example  VIII. 

^  In  fig.  43,  we  have  another  view  of  the 
noufe  reprefen  ted  in  %.  42,  as  that  fee, ns  a 
iittle  diftorted,  by  reafon  of  the  iliortnefs  of 
the  dtftance  of  the  eye.  1  here  fuppofe  the 
diftance  of  the  eye  to  be  twice  as  ftr  from  the 
pitture  as  in  fig.  42,  and  becaufe  I  would  not 
exceed  the  bounds  of  the  plate,  I  draw  S  I 
I  V  and  I  V  here  exactly  of  the  fame 
lize  and  inclination  to  each  other  as  in 
hg.  42-  .But  becaufe  V  and  V,  the  vanidiing 
points  of  the  fides  of  the  houfe,  are  but  half 
their  proper  diftance  from  S,  therefore  the 
divifions  on  and  V  M  are  half  as  large 
as  the  divifions  on  I  S  (§  82.  page  iifi 
Alfo  becaufe  S  I,  is  but  half  the^  lengtl/it 
ought  to  be,  the  dividing  centers  {  D  and  -  d 
gre  but  half  fo  far  froni  S  as  they  ought  "to 

be. 


be,  for  which  reafon  thefe  diftances  doubled 
give  the  points  D  and  d  for  the  true  dividing 
centers  of  thofe  vifual  lines  whofe  corref- 
pondents  in  fig.  42  tend  to  V  and  V .  Alfo 
the  true  widths  of  the  door  and  windo\^s, 
&c.  are  laid  from  A  to  C  and  to  F,  jufi;  the 
fame  as  in  fig.  42  :  becaufe  altho’  the  vanilh- 
ing  points  of  the  fides  of  the  houfe  ex;  e(;d 
the  bounds  of  the  pidlure,  yet  their  true  di¬ 
viding  centers  D  and  d  do  not  :  if  they  had,  we 
mull;  have  ufed  the  fame  method  as  in  the  lall; 
example,  by  Ihortening  A  C  and  A  P ,  to  as 
to  have  made  S  the  dividing  center  of  the  vi- 
fuals  A  V  and  A  V.  {See  page  116.  §  8^, 
&c.) 

EXAMPLE  IX. 

In  fig.  46  we  have  given  a  fmall  fummer- 
houfe,  whofe  ground  plan  is  a  regular  hexa¬ 
gon.  H  L  is  the  horizontal  line,  S  its  cen¬ 
ter,  and  S  I  is  one  third  of  its  diftance. 
One  front  is  fuppofed  to  be  parallel  to  the 
pidlure  j  and  in  order  to  facilitate  the  finding 
of  the  vanilhing  points  of  the  other  fides  of 
the  bale,  A  B  C  D  F  G,  it  will  be  convenient 
to  draw  in  any  indifferent  corner  of  the 
pidlure  a  fmall  hexagon  O,  having  one  fide 
a  b  parallel  to  the  horizontal  line.  Through 
I,  draw  I  V  and  I  F”  parallel  to  the  fides 
pf  the  hexagon,  b  c  and  a-  g,  aflume  or 
piake  (by  prob.  i.  page  48.)  A  B  equal  to  the 
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bafe  of  the  front  fide.  Produce  I  S  to  T 
in  the  entering  line  E  N,  or  beyond  it  if 
you  have  room:  then  (by  prob.  6.  pa^e 
112)  through  the  points  I  and  T,  draw 
lines  I  1,  T  t  tending  to  a  point  three  times 
as  remote  from  S  as  V  or  Vh.  Alfo  draw  t  i 
and  t  i,  (through  the  points  i  and  i  taken  at 
pleafure  m  the  line  I  i)  parallel  to  I  T  and  di¬ 
vide  thefe  three  lines  into  the  fiime  number 
of  equal  parts  more  or  lels,  as  you  would 
bemore  or  lefs  exadl :  then  (by  page  iir.) 
any  line  drawn  through  correfponding  divi- 
fions  of  thefe  divided  lines  will  reprefent  lines 
parallel  to  the  horizon,  and  to  the  Tides  of  the 
houfe.  A  perufal  of  the  figure  will  fiiew 
how  all  the  refi;  is  performed.  But  the  cor- 
nifia  piay  demand  a  little  more  explanation. 
On  either  fide,  as  a  g,  of  the  fmall  hexagon 
O,  draw  the  heights  and  projedtions  of  the 
feveral  parts^  of  the  cornifh  propofed  to  be 
reprefented  in  their  proper  dimenfions,  and 
under  it  draw  a  line  parallel  to  the  horizontal 
line.  Alfo  through  the  projedions  of  this 
cornifii  3,  4  and  5,  draw  lines  parallel  to  a  cr, 
cutting  the  lafi;  drawn  line  in  the  points  6  % 
and  8.  ’  ^ 

2d.  On  the  corner  of  the  houfe  A  K,  lay 
the  heights  of  the  cornifh  ;  but  inftead  of 
the  true  projedions,  take  them  from  the  line 
k  8,  and  by  this  means  we  get  the  figure 
K  2  6  8,  which  is  the  reprefen tation  of  the 
end  of  the  cornifh  of  the  fide  A  G  K  IVf,  cut 

off 
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off  even  with  the  front  A  BKP.  Through 
the  points  6.  7,  8,  9,  draw  lines  tending  to  F 
beyond  the  bounds  of  the  pidlure.  Let  the 
neareft  ends  of  thefe  lines  be  cut  by  lines 
drawn  through  K,  i  and  2  to  V  beyond  the 
bounds  of  the  pidture,  (or  through  K,  1,  2, 
and  correfponding  divifions  on  I  T  and  t  i) 
and  let  the  farther  ends  be  cut  by  lines  drawn 
through  M,  i  and  2,  parallel  to  the  horizon¬ 
tal  line.  Having  thus  found  the  appearance 
of  that  part  of  the  cornifh,  which  belongs  to 
the  front  A  G  K  M,  the  cornidies  of  the 
other  two  fronts  will  be  ealily  found,  as  the 
figure  fufficiently  indicates, 

PROBLEM.  VII. 

LXXXIV.  Ihe  vanijhing  line  (V  L,  Vide 
fig.  47.)  of  any  original  plane  being  given ^  to~- 
get  her  with  the  reprefentation  A  B  of  an  ori¬ 
ginal  line  in  that  plane  ;  to  divide  that  line  into 
parts,  whofe  originals  may  be  equal  to  each  other, 
or  bear  any  afigned  proportion  to  each  othei . 

SOLUTION. 

Affume  any  point  D,  in  the  vanilhing  line, 
and  through  this  point  and  the  extremities 
A  and  B  of  the  given  line,  draw  lines  cutting 
the  entering  line  (or  any  other  line  parallel  to 
it)  in  the  points  F  and  G.  Then  (by  E  6. 
10.)  divide  this  line  F  G,  as  you  would  have 
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the  given  line  divided,  and  through  each  di- 
vition  draw  a  line  to  D  ;  then  will  thefe  lines 
divide  A  B.  fo  that  its  parts  will  be  fimilar  in 
reprejentatiqn  to  the  parts  of  F  G. 

demonstration. 

is  r' P  G  C,  then 

u^.  ^eprefentation  of  a  triangle, 

wheieof  the  hdes  repreiented  by  B  C  and  FC 
are  cut  by  lines  parallel  to  the  bafe,  repre- 
fented  by  B  F,  for  the  originals  of  the  lines 
that  are  dravyn  to  D  are  parallel  to  each  other 
therefore  the  original  of  A  B  is 
divided  in  a  manner  fimilar  to  F  G  rbv  F  ^ 
10.)  Q^E.D. 


remark. 

This  problem  is  often  of  ufe,  when  we 
have  found  the  reprefentation  of  a  line,  and 
we  want  to  divide  it  in  any  proportion,  but 
cannot  have  recourfe  to  its  dividing  center,  as 

we  lhall  have  occafion  to  fiiew  in  the  next  ex¬ 
ample. 


example  X. 

In  fig.^  49,  we  have  the  fame  fummer- 
houfe.  as  m  the  laft  example,  but  now  that 
loe,  vyhich  before  was  parallel,  is  made  a 
little  oblique  to  the  picture.  I  S  is  one  fixth 
part  of  the  true  difiance  of  the  horizontal 
ime.  I  he  fmall  hexagon  is  drawn  as  in  the 

lafi 
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laft  example,  Having  now  the  Tides  a  b  and 
d  f  inclined  To  much  to  the  horizontal  line, 
as  we  would  have  the  fide  A  B  inclined  to 
the  entering  line,  lines  are  drawn  through  I 
parallel  to  the  Tides  oT  the  hexagon  :  theTe 
give  the  points  -u,  v  and  u,  (each  oT  which 
is  only  one  Tixth  as  Tar  Trom  S  as  it  ought 
to  be)  S  V  repeated  6  times  gives  V  Tor  the 
vanilhing  point  of  the  Tide  A  G,  and  of  all 
lines,  whole  originals  are  parallel  to  it.  $  d 
repeated  6  times  from  S,  gives  the  point  D 
Jbr  the  dijlanceox  dividing  center  of  A  B  and 
its  parallels,  and  S  d  repeated  6  times  gives 
D  for  the  diftance  of  B  C  and  its  parallels  j 
but  as  the  vanidiing  points  of  thefe  lines  far 
exceed  the  bounds  of  our  plate,  we  have  re- 
courfe  to  prob.  6 .  page  1 1 4  and  1 1 5 .  B  may- 
now  be  alfumed  for  the  neareft  corner  of  the 
bafe,  and  B  P  taken  equal  to  the  height  of- 
the  nearefi:  corner.  How  all  the  reft  is  per¬ 
formed,  the  figure  will  fhew.  But  it  may 
be  proper  to  fay,  that  the  reprefentation  of  the 
bafe  ABCDFG  isfirfh  found  by  drawing 
the  fides  to  tend  to  their  vanilhing  points, 
and  cutting  them  by  the  diagonals  which  tend 
to  the  fame  vanidiing  points,  becaufe  the  di¬ 
agonals  of  a  hexagon  are  parallel  to  its  tides. 

The  fituation  of  the  door  and  window  on 
the  Tides  A  B  and  B  C  are  found  by  their 
proper  diftance  points  or  dividing  centers  D’ 
and  D.  But  we  muft  proceed  in  another 
manner  to  divide  A  G,  becaufe  its  true  di- 

-  vidin^ 
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vidlng  center  falls  beyond  the  bounds  of  the 
pifture,  for  which  reafon  we  make  ufe  of 
p-oblem  7  page  123.  viz.  from  any  point  as 
D  m  the  horizontal  line  H  L,  we  draw  lines 
throi^h  A  and  G  cutting  the  fcale  line  in  W 
and  Y .  Through  W  we  draw  any  line  W  X 
at  pleafure,  and  make  it  equal  to  the  true 
length  of  the  fide  A  G,  and  on  this  line  the 
breadth  and  fituation  of  the  window  is  laid 
^ay  a  ruler  by  the  points  X  and  Y,  and  draw 
in^  through  the  divifions  on  W  X  parallel 
to  X  Y,  and  cutting  W  Y  fimilar  to  it,  (Fide 
^  O;  lo-j  then  a  ruler  laid  by  D  and  the  fe- 
veral  divifions  on  W  Y  gives  the  fituation  and 
width  of  the  window  on  A  G,  from  whence 
Its  whole  reprefentation  is  found.  The  cor- 
nith  IS  found  in  the  fame  manner  as  in  ho- 
44-  As  the  door  in  this  and  the  laft  exampTe 
was  arched,  the  reader  may  be  fuppofed  fo-. 
nprant  of  the  manner  by  which  its  reprefenta¬ 
tion  found,  till  he  is  mailer  of4e  two 
next  problems. 


problem 


VIII. 


P  vanijhing  line, 

j  :  HL  (Rg.  ^o.)  of  any  original  plane 

being  given.  At  any  point  C,  in  that  plane,  as 

reprefentation  of  a  circle 
piiated  in  a  plane  parallel  to  the  pidlure,  and 
-iVhoJe  radius  is  given ;  E  F. 


By 
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Ey  §  65  or  68  at  the  given  point  C,  put 
the  reprefentation  C  B  of  a  line  parallel  to  the 
pifture,  and  equal  to  the  given  radius  E  F. 

2d,  At  the  given  point  C  with  the  radius, 
B  C,  defcribe  a  circle,  B  D  I  K,  whicli  will 
be  the  reprefentation  of  the  circle  propofed. 

DEMONSTRATION. 

For  fince  the  original  circle  was  fuppofed 
parallel  to  the  pidlure,  the  reprefentations  of 
all  its  radii  will  be  equal  to  each  other  by 
§  70,  and  mufi;  pafs  through  C,  which  is  the 
reprefentation  of  the  center  of  the  original 
circle  (by  the  fuppojitiori)  ;  but  C  B,  by  con- 
ftruftion,  is  the  reprefentation  of  one  radius  ; 
wherefore  the  radii  of  the  circle  B  D  I  K  are 
the  reprefe7itations  of  the  radii  of  the  original 
circle  propofed  ;  and  the  circle  itfelf  mud  be 
the  repnfeJitation  of  that  original  circle. 

E.  D. 

PROBLEM  IX. 

LXXXVI.  The  entering  hine  (E  N,  fig.  52) 
and  the  ’vanifhing  line  V  L,  with  its  center  (S) 
.  ajid  dijiance  (SI)  of  any  original  plane  being 
given',  at  any  point  {Qd)  given  as  a  center,  to 
draw  the  reprefentation  of  any  original  ci>  cle, 
[lituated  in  that  original  plane')  whofe  radius  is 
of  a  known  magnitude. 

There  are  many  ways  to  folve  this  problem 
but  the  moft  general  and  expeditious  I  appre¬ 
hend  to  be  the  following. 

i-ft. 
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ill.  At  the  point  C  {by  problem  1.)  put 
C  D  parallel  to  the  entering  line  and  equal 
to  the  radius  of  the  circle  propofed,  alfo 
draw  C  I  perpendicular  to  C  D;  and  defcribe 
the  quadrant  C  i  D. 

2d.  Through  any  points  b,  d,  e,  &c.  taken 
at  pleafure  in  the  radius  CD,  draw  lines  parallel 
to  C  I,  cutting  the  perephery  of  the  quadrant 
in  the  points,  2,  3,  4,  &c.  alfo  through  the 
lame  points  draw  lines  C  n,  bo,  dp,  e  q, 
&c.  to  the  center  S  of  the  vanilhing  line  ;  then 
a  ruler  laid  by  the  place  of  the  eye  (I,)  and 
the  points  I,  2,  3,  4,  &c.  gives  the  points 
P>  q,  &c.  through  which  points,  draw 
a  curve,  which  will  be  the  reprefentation  of 
one  quadrant  of  the  circle  propofed,  from 
whence  the  other  3  may  be  eafily  determined 
thus  Produce  C  D  to  F,  making  CF 
equal  to  C  D  and  lay  the  fame  divilions  be¬ 
tween  C  and  F  as  were  before  laid  between 
C  and  D.  Through  thefe  divilions  draw  the 
lin^  b  S,  d  S,  e  S  and  F  S,  and  let  thefe  be 
crolfed  by  lines  drawn  through  n,  o,  p,  q, 
parallel  to  the  entering  line,  which  will  give 
the  points  through  which  the  curve  of  the 
quadrant  marked  IV  muft  pafs.  Lay  a  ruler ' 
by  the  points  n,  o,  p,  q  in  the  quadrant  firll 
found,  and  the  center  C,  and  its  interfedion 
With  the  lines  b  S,  d  S,  &c.  gives  the  points 
to  form  the  curve  of  quadrant  II.  from 
which  the  quadrant  marked  III  is  determined 
as  the  figure  Ihews  by  infpedion. 


By 


By  the  lafl  problem  it  appears  that  C  i  D 
is  the  reprefentation  of  a  quadrant  parallel 
to  the  pidture  atid  having  the  fame  center  and 
radius  with  the  circle  to  be  reprefeUted,  and 
C  I  is  the  reprefhUatiofi  of  a  radius  and  b  2 
d  e  4  &c.  of  chords  perpendicular  to  the 
radius  C  D.  But  C  n  is  alfo  the  rCprefenta- 
tion  of  a  radius,  and  bo,  dp,  eq,  &c.  of  chords 
perpendicular  to  the  fame  radius  C  D,  and 
cutting  it  the  fame  points,  wherefore  C  n 
fliould  be  feprcje/iied  equal  to  C  1,  b  o  equal 
tob  2,  d  p  equal  to  d  3,  &c.  but  it  is  evident 
from  prob.  4,  Cor.  3.  §  79-  that  C  n  is 
equal  in  reprefentation  to  Ci;  botobz; 
d  p  to  d  3  and  D  E  to  D  h,  &c.  wherefore 
D  q  p  6  n  C  is  the  perfpedlive  reprefentatioii 
of  a  quadrant  equal  to  that  reprefented  by 
C  I  D.  -A  little  refledion  on  the  nature  of 
liries  drawn  in  a  circle  parallel  and  perpen¬ 
dicular  to  each  othdr,  will  fully  diew  therea- 
fon  of  the  meflio'd  laid  down  for  finding  the 
other  three  quadrants;  for  which  reafon-  a  cir¬ 
cle  is  drawn  in  the  upper  part  of  the  plate, 
andcroffed  with  the  lines  made  ufe  of  to  de¬ 
termine  its  reprefentation. 

In  this  example  1 6  points  are  found  to*  de¬ 
termine  the  path  of  the  ellipjis  which  repre¬ 
fen  ts  the  propofed  circle,  which  is  amply 
fufficient  for  mofl  pUrpofes ;  but  if  greater 
exadtnefs'  fiiould  be  thought  necelTary, 
another  line  dravvn  in  the  quadrant  C  i  D 
would  have  given  20  points.  For  every  line 

K  fo 
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fo  drawn  gives  4  points  :  but  in  moft  cafes 
a  much  fewer  number  of  points  will  be 
found  fufficient  to  determine  the  diape  of  the 
cllipfes.  And  if  it  is  to  reprefent  the  bafe  of 
a  finall  column  the  ellipfis  may  be  deter¬ 
mined  by  the  circumfcribing  fquare  E 
N  G  H  alone,  ^  ^  ^ 

.  example  XL 

Fig.  48  is  the  reprefentation  of  three  cylin¬ 
ders  ;  the  centers  C,  C,  C  of  whofe  bafes  are 
fuppofed  to  be  lituated  in  a  line  parallel  to 
the  pidlure,  and  equally  diftant  from  each 
other.  H  L  is  the  horizontal  line,  S  its  cen¬ 
ter,  and  S  I  is  made  equal  to  one  third  of 
its  diftance,  becaufe  we  have  not  room  to  lay 
down  the  whole  j  for  which  reafon  the  radius 
B  C,  and  the  chord  D  G  (which  as  the  radius 
is  fmall,  are  fufficient  to  determine  the  repre¬ 
fentation  of  the  circle)  are  divided  into  three 
equal  parts,  and  lines  drawn  through  1 1  and 
I  I  givejthe  points  b  and  d  j  (F/We  §  80.  page 
1 10.)  The  remainder  of  the  reprefentation  of 
the  bafe  is  found  as  the  lad  problem  diredls. 
The  reprefentation  of  the  bafe  of  that  cylinder 
(marked  III)  which  is  moil  remote  from  the 
center  S  of  the  horizontal  line  being  found, 
the  other  bafes  are  eafily  determined  from  it, 
as  the  figure  fufficiently  fhevrs.  Through  the 
centers  C,  C  and  C,  lines  drawn  perpendicu¬ 
lar  to  the  horizontal  line,  reprefenting  the 

axis 
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axis  of*  the 'Cylinders,  which  (by  prob.  2. 
§  68)  are  made  equal  in  reprefentation  to  the 
height  of  the  cylinders.  Alfo  parallel  to 
thefe  axes,  lines  are  drawn  touching  the 
ellipfes  which  reprefent  the  bafes  ;  thefe  lines 
will  reprefent  the  extremities  of  the  apparent 
breadth  of  the  cylinders.  Laftly,  the  top  of 
each  axis  being  confidered  as  a  center,  circles 
are  formed  (by  the  lafl  prob.)  whofe  diame¬ 
ters  are  equal  to  the  diameters  of  the  bafes. 

■  The  reafon  why  lines  parallel  to  the  axes, 
and  touching  the  ellipfes  which  reprefent  the 
bafe,  are  the  extremities  of  the  apparent 
breadth  of  the  cylinders,  will  foon  appear  if 
(fig.  50.)  we  fuppofe  I,  to  be  the  eye  of  a 
fpedtator  viewing  a  cylinder,  and  two  planes 
A  B  I  F  and  C  D  I  F  to  pafs  through  the  eye 
I,  and  to  touch  the  cylinder,  in  the  lines  A  B 
and  C  D,  thefe  lines,  by  the  nature  of  the 
cylinder,  rnuft  be  parallel  to  the  axis  X  Y  j 
and  becaufe,  in  the  prefent  cafe,  we  fuppofe 
the  axis  X  Y  to  be  parallel  to  the  pidure, 
and  perpendicular  to  the  ground.  Therefore 
a  b  and  c  d,  which  are  the  reprefentations  of 
A  B  and  C  D,  (and  which  bound  the  greateft 
apparent  breadth  of  the  cylinder)  muft  be 
parallel  to  x  y,  which  is  the  reprefentation  of 
X  Y.  (by  §  53.)  Again  it  is  apparent,  that 
the  fedions  B  F  and  D  F  of  the  planes 
A  B  I  F  and  C  D  I  F  with  the  ground,  touch 
the  bafe  B  D  G  H  of  the  cylinder  in  tlie 
points  B  and  D,  therefore  the  perfpeclhe  re- 

K  2  prefentation 
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pKefejitation  of  thefe  lines  B  F  and  D  F  mnft 
touch  the  reprefentation  b  d  h  g  of  the  bafe ; 
but  the  reprefentation  of  B  |i'  muft  lie  in  the 
line  a  b  produced  y  for  A  B  and  B  F  being 
fituated  in  the  fame  vijual  plane  (A  B  1  F) 
paffing  through  the  eye  :  their  reprefenta$iorr 
mu/l  lie  in  the  line  a  b,  which  is  the  fedion 
of  that  plane  with  the  pidure,  (by  §  16.) 
wherefore  a  b,  the  reprefe7itation  of  the  ap¬ 
parent  extremity  of  the  cylindpr  is  parallel  to 
X  y,  and  touches  tlie  eliipfes  b  d  g  h,  which 
is  the  reprefentation  of  the  bafe  B  D  G  H  of 
the  original  cylinder.  The  fame  may  be  de- 
mondrated  of  c  d,  which  is  the  reprefentation 
of  the  other  apparent  extremity  of  the  cylinder* 

EXAMPLE  Xlf. 

In  figure  53,  there  is  reprefen  ted  a  row  of 
equidiftant  columns  fituated  in  a  line  parallel 
to  the  pidure ;  the  plan  of  which,  together 
with  the  pofitiops  of  the  eye  I,  and  the  pic¬ 
ture  P  P,  are  laic!  down  in  fig.  32. 

Draw  H  L  (fig.  53)  at  pleafure  for  the 
Horizontal  line.,  afiiime  the  point  C  for  its 
center,  and  draw  the  perdendkular  I  C  equal 
to  1  Q  in  fig.  33  ;  then  is  ^he  point  I  (fig.  5^) 
the  place,  of  the  eye. 

By  fig.  3Z,  it  appears  that  the  center  (m) 
of  the  neared  column  (G)  is  fituated  in  the 
line  I C  drawn  through  the  eye  perpendicular 
to  the  pidnre,  P  P  ;  wherefore  the  line  I  C 

(fig- 


t  133  ] 

fig.  ^2,)  is  the  rdprefentation  of  the  axis  of 
the  firfi:  column < 

At  fuch  a  difiance  below  the  houizmtal  nnc 
as  I  would  have  the  fops  of  the  bafes  of  the: 
columns  below  the  eye,  I  draw  the  line  E  bl 
(fig.  53,)  which  is  the  entering  line  of  d  plane 
pairing  through  the  tops  of  the  bafes  parallel 
to'  the  ground.  At  any  point  as  c  in  this 
line  (E  N)  I  draw  c  m  perpendicular  to  if* 
and  equal  to  C  m  in  fig.  32  ;  then  I  draw  c  C,‘ 
and  m  I  cutting  c  C  in  p.  {Vide  §  79'.  Cor.  ]. 
Prob.  4.)  Then  the  line  p  q  drawfi  through 
p  parallel  to  thd  horizontal  line,  will  repre- 
ient  the  original  line  which  pafies  thro’  the 
centers  of  the  tops  of  the  bafes  of  the  columns : 
but  pq  cuts  I  C  in  a :  wherefore  a,  is  the  re- 
preferitation  of  the  center  of  the  top  of  the 
bafe  of  the  firft  column. 

From  the  point  (b)  where  the  enterifig  line 
E  N  cuts  the  perpendicular  I  C,  I  lay  b  i  — 
the  true  radius  of  the  bottom  of  the  columns/ 
and  b  2  =:  the  diftance  which  the  centers  of 
the  columns  are  from  each  other  :  then  draw¬ 
ing  lines  from  the  points  i  and  2  to  they 
cut  p  q  in  the  points  d  and  2. 

a  d  is  the  repreftntation  of  the  lower  radius' 
of  the  firfi:  column prob.  i.  §  66.)  pro¬ 
portionable  to  which,  I  draw  the  feveral  mem¬ 
bers  of  the  bafe,  according  to  the  meafures 
affigned  by  the  architects*,  on  each  fide  the 

K  3  axis 


*  In  thefe  examples  I  life  the  Tufean  order,  becaufe 
its  members  arc  more  fimple  and  large  than  any  other. 
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axis  I  C.  And  from  the  center  C,  I  lay  on 
the  horizontal  line  the  diftance  C  i  =  C  I  the 
diftance  of  the  eye.  The  reprefentation  of 
the  bafe  of  the  firlf  column  may  now  ealily 
be  compleated  thus  ; 

The  torus  being  the  largefl;  circular  mem¬ 
ber,  I  find  its  reprefentation  firft,  through 
the  extremities  t  and  r  of  its  diameter  :  I 
draw  t  C  and  r  C,  which  are  the  perpendicu¬ 
lar  fides  of  its  circumferibing  fquare  :  then 
through  r  (which  is  that  extremity  of  the 
diameter  neareft  to  i)  I  draw  r  i  cutting  I  C 
in  o.  A  line  drawn  through  o,  parallel  to 
H  L,  will  be  a  parallel  fide  of  a  fquare  cir¬ 
cumferibing  the  torus.  If  tbefe  three  points 
tor,  affifted  by  the  fides  of  the  circum¬ 
feribing  fquare  are  deemed  infufficient  to  de¬ 
termine  the  reprefentation  i  more  may  be 
found  at  pleafure  by  prob.  9.  §  86.  and  in¬ 
deed  it  will  be  neceffary  to  determine  this 
with  fome  accuracy,  becaufe  the  curve  which 
reprefents  the  extreme  rim  of  the  torus  will 
much  afTifl  us  in  forming  the  other  circular 
mouldings  of  the  bafe. 

The  extremities  of  the  profile  of  the  bafe 
form  two  points,  through  which  the  curve 
reprefenting  each  particular  moulding  mufV 
pafs ;  and  a  third  point  will  be  obtained  by 
laying  a  ruler  by  i,  and  the  extremity  of  any 
moulding  whofe  reprefentation  is  wanted  j, 
which  will  cut  I  C  in  the  third  point  fought. 
Thus  d  and  n  are  two  points,  through  which 

the. 
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tlie  curve,  reprefentlng  the  top  of  the  hafej 
mufl  pafs ;  and  a  ruler  laid  by  i  and  d  cuts 
the  line  I  C  in  b.  ^.dc  Cor.  2.  §  7^*) 

wherefore  a  regular  curve  drawn  through  the 
three  points  d,  b  and  n  will  reprefent  the 
circular  edge  of  the  top  of  the  bafc ;  and  to 
draw  this  fair  and  even  the  curve  t  o  r,  found 
before,  will  greatly  affift.  The  other  curve 
lines  are  drawn  in  the  fame  manner.  Laftly, 
the  perpendiculars  S  and  S,  drawn  to  touch 
that  ellipfis  which  reprefents  the  bottom  of 
the  fhaft  of  the  column  within  the  cindiure^ 
{Vide  page  13.)  will  reprefent  the  apparent 
extremities  of  the  lhaft  of  the  column. 

The  point  2,  on  the  line  p  q  Was  before 
determined,  and  if  the  diftance  a  2  is  repeated 
on  the  line  p  q,  the  centers  of  the  tops  of  all 
the  bafes  will  be  obtained;  {Vide  §  5B)  thro’ 
which  perpendiculars  being  drawn,  will  repre¬ 
fent  the  axes  of  the  columns,  from  whence 
their  reprefentations  may  be  determined  as 
before. 

After  having  compleated  the  reprofentation 
of  the  firft  column,  feveral  abbreviations 'will 
fpontaneoully  offer  themfelves  to  the  pradti- 
tioner  who  underflands  the  theory  which 
has  been  taught  in  the  foregoing  pages.  But 
this  will  not  be  the  cafe  with  him  who  only 
learns  a  few  pradtical  rules  by  rote :  he,  like 
the  traveller  in  a  ftrange  country  dares  not 
deviate  from  the  high  road,  though  ever  fo 
round  about,  whilft  the  oiher,  like  one  who 
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is  well  acquainted  with  the  ground,  takes 
the  fliorteft  and  pleafanteft,  altho’  lefs  fre¬ 
quented,  paths,  and  reaches  his  journey 
without  finding  it  wearifome  or  tedious. 

EXAMPLE  XIII. 

54  exhibits  another  reprefentation  of 
the  fame  row  of  columns  as  were  reprefented 
in  the  lafi;  example  :  but  here  inllead  of  fup- 
pofing  the  pidure  to  be  parallel  to  a  line 
(An  fig.  2 2)  palling  through  the  centers  of 
the  columns,  as  P  P,  (fig  ga)  the  pidure  is 
placed  in  the  moll;  advantageous  poll tion  (as 
PP  %  32)  between  the  eye  I  (fig  32)  and 
the  faid  colonade;  according  to  the  diredions 
given  in  page  88. 

I  firfi;  draw  any  indefinite  line,  H  L  (fig 
54)  the  hoj'tzofit dl  lifiey  in  which  I  alfunie 
the  point  S  for  its  center  and  draw  a  perpen¬ 
dicular  S  I,  equal  to  SI  in  fig.  32  ;  then  is 
the  point  I  (fig,  3^)  the  place  of  the  eye 
{Vide  §  23^  page  14). 

I  next  lay,  on  the  horizontal  line,  (H  L) 
from  its  center(S)  S  V,  equal  to  S  V  in  fig.' 
32;  then  is  V,  (fig.  34)  the  vanijliing point 
of  all  lines,  parallel  to  the  ground  and  per¬ 
pendicular  to  ‘the  row  of  columns.  Alfo, 
through  I,  I  V  is  drawn  perpendicular  to  I  V, 
and  cutting  H  L  in  v,  which  h  the  va~ 
nijhing  point  of  lines  parallel  to  the  colonade 
and  to  the  ground.  {Vide  §  23,  page  16). 

I  next  lay  the  diftance  I  v  of  tlie  vanijliin^ 

poi?it 
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pctni  V,  from  v  to  d  on  the  horizontal  line, 
vmd  the  dlftance  (I  V)  of  the  vanidnag  point 
V,  from  V  to  D  {Vide  Cor.  2.  §  Alfo; 
at' I,  I  make  a  fmall  fquare  ( QJ  on  the 
dijianse  lines  IV  and  {  v  {Vide  ^  9;  and  dra\v 
its  diagonals  ;  produce  that  which  pafleff 
through  the  eye,  I,  till  it  ctus  K  L  in  B, 
then  will  B  fee  the  wnijliing  point  of  one  dia¬ 
gonal  of  all  fciuares  whole  fides  tend  to  the 
vanifhing  points  v  and  V.  Alio  through  T, 

I  draw  a  line  I  m,  parallel  to  the  other  dia¬ 
gonal  of  the  fqu^are  (  Q^)  htit  as  this  will  not 
cut  H  L  within  the  bounds  of  my  plate,  I 
cannot  obtain  the  vanilhirig  point  of  that  dia¬ 
gonal.  To  remedy  this  inconvenienee,  1  have 
recourfe  to  the  confideration  ufed  in  page 
122.  Through  any  two  points  m  and'n,  in 
the  line  I  m,  I  draw  any  two  indefinite  lines 
parallel  to  each  other  and  cutting  the  hori¬ 
zontal  line-  in  k  and  1  (thefe  lines  fhould  be 
drawn  as  far  apart  as  pofiible,  and  in  fuch  a 
part  of  the  paper  as  not  to  interfere  with,  or 
confufe,  the  other  parts  of  the  work)  .1  take 
the  difiance,  n  1  in  my  compafies,  and  lay 
it  on  that  line  n  1,  as  often  as  I  judge  ne- 
ceflary  upwards  and  downwards ;  (in  this 
example  I  lay  n  1  twice  downwards,  in  the 
points  4  and  S)-  Then  1  take  k  m  in  my  com¬ 
pafies  and  lay  it  in  like  manner  on  km. 

I  then  divide  each  of  thefe  diftances,  on  k  m 
and  n  1  into  the  fame  number  of  equal  parts, 
(in  this  example  I  divide  them  each  into* 
'  four 
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four  equal  parts)  and  I  number  thefe  divifiong 
as  the  figure  fiiews  ;  Then  it  is  evident,  from 
page  122,  that  any  line  drawn  through  two 
correfponding  divifions  will  tend  to  fhe  va- 
mlhing  point  of  that  diagonal  of  the  fquare, 
which  IS  parallel  to  I  m.  We  are  now 
fuAciently  furniihed  with  all  the  points  ne- 
.cefi^ry  to  determine  the  perfpedive  reprefen- 
tation  required;  the  manner  of  doing  which 
1  mall  now  defcribe. 

ift.  On  reviewing  fig.  32,  I  obferve  that 
the  center,  (m)  of  the  ift  column  is  in  the 
continuation  of  the  line  I  V,  which  anfwers 
to  I  V  in  fig.  54;  confequently  a  perpendi- 
cu  ar  to  H  L  (fig.  54)  drawn  through  V, 
will  be  the  indefinite  reprefen tation  of  the 
axis  of  the  ift  column. 

I  next  draw  E  N  parallel  to  H  L  and  at 
the  fame  diftance  below  it  as  in  the  lafi  ex¬ 
ample  ;  which  I  affume  as  the  entering  line 
of  a  plane  pafiing  through  the  tops  of  the 
bafes,  parallel  to  the  ground.  From  anv 
point,  c,  in  this  line  (E  N)  I  lay  c  b  equal 
to  V  m  in  fig.  32,  then  I  draw  V  c,  and  b 
p,  cutting  V  c  in  P.  §  78.)  Then  a 

line,  p  q,  drawn  through  p,  parallel  to  H  L 
will  reprefent  an  original  line  parallel  to  the 
pidure,  and  pafiing  through  the  center  of 
the  top  of  the  bafe  of  the  firfi:  column  ; 
^d  fince  this  line  cuts  the  reprefentation,  (V 
X)  of  the  axis  of  the  firfi:  column  in  a,  that 
point,  (a)  is  the  reprefentation  of  the  center 
of  the  top  of  the  bafe  of  the  firfi  column. 

a  d 
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a  d  and  a  2  are  obtained  exactly  are  in  the 
laft  example,  (Fide  page  133.)  I  take  a  2  in 
my  compafles  and  repeat  it  on  the  line  p  q, 
cutting  it  in  the  points  3,  4  and  5.  Then  I 
draw  the  vifual,  a  v,  and  crofs  it  by  laying  a 
ruler  by  d  and  the  points  2,  3,4,  5,  and  by 
this  means  I  obtain  the  points  11,  III,  IV  and 
V,  which  are  the  centers  of  the  tops  of  the 
bafes  of  the  columns.  ,  - 
*  Efleeming  a  d  as  the  radius  of  the  lower 
part  of  the  column,  I  draw  a  profile  of  a 
Tufcan  bafe,  exadly  as  in  the  laft  example. 
Then  I  find  the  reprefen tation  of  the  out¬ 
ward  rim  of  the  torus  by  the  fame  means  as  . 
direded  page  134;  tliat  is,  through  t  and  r  1 
draw  (t  S  and  r  S)  the  perpendicular  fides  of 
the  circumfcribing  Iquare.  Alfo,  I  draw  a 
line,  o  S,  through  the  center  S  of  the  hori¬ 
zontal  line,  and  the  center  of  the  profile  of 
the  torus ;  a  ruler  then  by  r  and  i  cuts  this 
line,  o  S  in  o.  Through  o  draw  a  line  pa¬ 
rallel  to  E  N,  which  will,  be  a  parallel  fide  of 
the  circumfcribing  fquare.  Then  draw  a  re¬ 
gular  curve  through  the  3  points  t,  o,  r ;  or 
more  may  be  found  if  thefe  aie  deemed  in- 
fufficient.  (Fide  page  1 34.)  The  other  cir¬ 
cular  moulding  are  done  in  the  fame  manner. 

In  order  to  explain  the  better  how  to  de¬ 
termine  the  reprefentation  of  the  plinth, 
which  is  fquare,  1  have  drawn  the  central pro- 
Jile  (which  was  before  fuppofed  determined  in 
its  proper  place;  in  the  upper  part  of  the 

plat(  % 
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plate,,  that  it  may  not  interfere  with  afty 
other  part  of  the  work :  this  forms  th{ 
redangle  w  xy  z.  Though  f,  the  center  of 
that  fere  rvhich  is  vtfible  (which  in  this  in- 
itance  bemg  above  the  horizontal  line,  is  the 
Wer  face),  I  draw  two  lines,  and  34  to 
V  and  y  i  I  lay  a  ruler  by  d  and  y,  and  cut 

point  d,  ana  z  cuts  the  feid  fine  34,  is 
the  point  4  ;  through  thefc  points,  3  and 

cuts  Tv  f-  it 

cuts  the  lines  35  and  46  in  the  points  r 
n  6  ;  through  which  points,  3  and  6  I 
draw  lines  tending  to  v,-  and  fo  compleat  the 
r  prefentaaon  ot  the  fquara  face^f  the 
P  nth.  It  would  be  needlels  to  fay  how 
the  reprcfentation  of  the  remainder  of  the 
plinth  IS  determined,  or  how  to  determine 
the  reprefen  tution  of  the  other  columnsraf! 

t^er  having  fo  minutely  defciibed  the  tenre 
lentation  of  the  firlf.  repre- 

fo  finding:  alJ  thefe  feprefentations  I  only 

T  thV'tto°S^T‘'™  and 

V,  the  two  Mmg  centers,  d  and  i,  and  the 

nigona  point,  B;  ittherefore  appears  that 
there  is  nooccafion  kr  dividing  center  D 
O.  to  draw  any  lines  tending  to  the  remote 
diagonal  point  beyond  the  plate.  p,a»e 

137-  But  certain  cafes  may  happen  (parti¬ 
cularly  in  the  niore  ornamental  orders  Thich 
have  many  concentric  fqnare  mculJings) 

where 
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\«here  lines  tending  to  both  the  diagonal 
points,  will  lave  much  trouble,  and  therefore 
I  was  willing  to  furnidi  the  learner  with 
whatever  can  be  ferviceable  in  any  future 
cafe.  But  I  mufl  again  remind  the  learner, 
that  his  own  good  fenfe  and  knowledge  of 
the  Theory  of  this  art,  will  teach  him  more 
praftical  contradions  than  can  be  derived 
from  books  i  nothing  being  more  true  than 
Mr.  Pope’s  obfervation. 

Good  fenfe,  which  only  is  the  gift  of  Heav’n, 
And  tho’  no  fcience,  fairly  worth  the  feven^ 


A  digrejfion  concerning  the  curve  formed  by  the 
perfpeStive  reprefentcitton  of  an  original  cir¬ 
cle  ^  ftuated  in  a  plane  oblique  to  the  picture  : 
nviAi  a  fpecimen  of  the  profound  mathema¬ 
tical  and  optical  knowledge  of  Criti¬ 
cal  Reviewers. 

In  the  preceding  pages  I  have  feveral  times 
ufed  the  word  Ellipjis,  to  exprefs  the  repre- 
fentation  of  a  circle,  for  which,  perhaps,  I 
may  incur  the  fame  cenfure  from  the  authors 
of  the  Critical  Review,  which  they  bellowed 
on  Mr.  Ware,  in  the  year  1756.  In  their 
critique  of  that  gentleman’s  tranllation  of 

Saraeatti’s  Perfpeftive,  they  tell  us, 

^  “  His 
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„  “  ellipfis  for  the  reprefentation 

or  a  circle  is  a  notorious  mark  of  his  want 
of  mathematical  and  optical  knowledge 
“  In  regard  to  the  regular  elipfis  for  the 
reprefentation  of  a  circle  ;  it  appears  from 
“  the  very  nature  of  perfpedlive,  that  the 
fore  part  of  a  circle  will  appear  more  round 
than  the  back  part,  which  being  farther 
removed  from  the  eye,  cannot  appear  to 
have  the  fame  degree  of  curvature,  and 
“  confequently  the  whole  figure,  if  drawn 
“  mufi;  be  very  far  from  having  the  form  of 
fuch  an  ellipfis  as  is  to  be  made  by  a  tranf* 

“  verfe  and  conjugate  diameter.”  Vide  Crit 

Rev.  for  July  1756,  page  509. 

Now.  I  mufi  beg  thefe  able  criticks  to  re- 
collefl- (for  nobody  can  fuppole  any  mifiakc 
of  theirs  to  proceed  from  ignorance)  that  the 
rays  which  come  to  a  fpecfiator’s  eye,  from 
every  point  in  the  circumference  of  a  circle 
which  it  views,  form  a  cone  :  and  fince  the 
fedtion  of  thefe  rays  by  the  plane  of  the 
pidture,  is  the  perjpeSltve  reprefentation  of  that 
circle,  (ytde  page  2.)  It  follows,  that  the 
perjpeaive  reprefentation  of  a  circle  on  a 
plane,  mufi:  always  be  one  of  the  conic-fec- 
tions.  If  they  read  oyer  the  definitions 
which  yJpollonms  Fergaeusy  ‘^^and  after  him  all 
the  writers  on  the  conic-fecaions  have  given 


Vfde  Dr.  Halley’s  edition  of  Apollo.nius,  fol.  Oxon 
1710  i  page  13,  &c. 
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of  the  Parabola,  Hyperbola  &  Elipsis 
(except  Defcartes  and  fome  other  writers 
on  curves  in  general,  who  define  them  by  their 
properties,  when  defcribed  on  a  plane)  and  if 
they  can  conceive  themfelves  fituated  near  the 
glafs-door  of  a  circular  building,  as  a  fum- 
mer-houfe,  &c.  then  I  think  it  will  occur  to 
them,  that  the  circular  boundaries  of  the 
ceiling  and  floor  (or  fo  much  of  them  as  are 
vifible)  will  be  reprefented  on  the  glafs  by 
two  ellipfes,  or  elliptical  fegments  * — if  they 
conceive  the  door  to  be  removed  within  the 
building  and  themfelves  advanced  in  its  place, 
(fo  that  the  eye  may  be  in  the  circumference 
of  the  building)  the  vifible  parts  of  the  faid 
circular  boundaries  will  form  on  the  glafs 
two  p(ircibol<2. :  and  thefe  will  become  hyper- 
bolse,  if  they  conceive  their  eye  advanced 
within  the  building  and  nearer  the  glafs.  If 
they  cannot  conceive  all  this,  1  would  advife 
them  to  aid  their  fancy  by  a  trip,  fome  fum- 
mer  evening,  to  a  new  round  building  near 
Cold-Bath-Fields,  called'  the  Pa?it/ieon  ;  or, 
if  more  convenient,  to  Ranelagh  j  where, 
when  they  have  confidered  the  above  phaEno— 
mena,  I  would  have  them  fit  down  and  en¬ 
deavour 


*  Except  in  one  particular  cafe  only,  which  Is, 
when  the  cone,  formed  by  the  rays,  which  enter  the  eye 
from  the  faid  circular  boundaries,  is  cut  by  the  door  in 
a  pofition  fub-contrary  to  its  bafe  ;  in  which  caje  the  re- 
prefentation  will  be  cireular.  Vide  Apollonii  Pergaei 
Jib,  X.  prop.  5. 
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deavour  to  enter  a  little  into  the  uibanity  and 
good  hiimour  of  the  company,  which,  per¬ 
haps,  will  unbend  their  auderitv,  and  fend 
them  home  in  a  temper  of  mind  lefs  liable  to 
lubject  them  to  contempt  for  cenfures  cither 

cafe^^™^'  tirijuft,  as  in  the  prefent 

Neverthekfs,  the  reader  muft  be  infor¬ 
med,  that  however  excellent  the  conic- 
fetlions  are  in  many  hranches  of  the  mathe¬ 
matics,  we  can  derive  nothing  from  them 
to  facilitate  the  fra^ice  of  perffe^ftr^e.  It 
wonld  require  a  good  deaf  of  theory  to  ex¬ 
plain  their  organical  conflrudfion,  and  Hill 
more  time  and  Hu'dy-  to  adjiaft  them  to  per- 
ipedtive  reprefen rations  of  the  circle  ;  and 
after  all,  the  method  woo'd  be  moch  iworc 
operofe  and  troiiblefome  than  rhe  o-ewepal 
one  taught  in  the  laH  problem,  for  which 
rra^fons  the  theory  of  conic  fettiofl'S,  and 
thcir  application  to-  perfpective,  are  omit¬ 
ted  in  this  Work.  But  thofe  who  wilh.  to 
fee  the  circle  reprefented  on- a  plane,  by  eon- 
fiderations'  drawn  from  the  conic  fecfirions- 
mayconfikMr.  Hamilton,  who  has  learnedly 
jmd  copionfly  hand-fed  that  fu-bjea:,  in  the 
rhird  Book  of  his  Body  of  Pcifpedive. 

It  may  alfo-  be  nccefikry  to-  aequaint 
hich  of  my  readers  as  do  not  think  them, 
lelves  fo  profound  as  the  revieavers,  and 
who  may  be  milled  by  the  feeming  plaiifi- 
hrhty  o£  the  argument  ufed  by  thofe  learned 

critieks 
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criticks,  (  **  that  the  fcjfe  part  qf  a  circle 
“  muft  appear  more  round  than  the  back 
part’’  )  that  the  curve.  A  B  C  D  (fig.  21. 
page  59.)  which  is  a  juft  perfpe£live^  repre- 
ientation  of  a  circle,  is  an  elhpfes  j  whereof 
A  B  is  the  tranfverfe  qr  long^  axis  j  CD' 
is  the  fliort^  or  conjugate  axis  ;  the  points, 
F  and  F  are  the  foci ;  and  c,  is  the  cen¬ 
ter.  Alfo  the  curve,'  p  n  F  f,  (fig.  52) 
which  is,  the  reprefentation  of  a  circle,  a$ 
found  by  problem  9 ;  is  likewife  a  regular 
ehiplis;  of  which  a  B  ^d  M  N  are  the  tranf- 
verfe  and  fonjugate  diameters ; '  c  is  the  center, 
and  F  and  F  are  the  fpci ;  but  it  is  certain 
that  in  both  thefe  epta^mples  the  point  C, 
which  is  the  reprefentation  of  the  center  of 
the  original  circle^  does  not  coincide  witli  the 
center  of  the  ellipfis  ;. and  therefore  the  line 
8,  9,  in  fig. '2i(  or  the  line'D  F,  in  fig,  52^ 
which  are  the  reprefentations  of  a  diameter  of 
the  original  circle,  is  not  a  diameter  of  the  el- 
lipfis  which  reprefents  that  circle ;  confe- 
quently  the  fegment  8  A9  (of  the  ellipfis,  fig. 
21.)  or  the  fegment,  D  F  f  (of  the  ellipfis, 
fig.  51.)  which  are  the  reprefentations  of  the 
rnoft  remote  original femi- circles,  are  lefs  than 
the  fegmept  8  B  9  (of  the  ellipfis,  fig.  21.)  or 
the  fegment,  D  n  F  (of  the  ellipfis,  fig.  51.) 
which  are  the  reprefentations  of  t\\Q  "original 
femi-circles,  neareft  the  pidture }  and  this  is 
what  I  apprehend  has  led  our  criticks  into 
their  too  confident  alfertioiv. 

L 
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A  Mgrejion  concerning  the  reprefe7iiation  of  a 
'  'row  of  equi-difant  cy lenders. 

I  i  T*  '  '  * 

If  we  infpedt  the  reprefentation  of  the  3 
cylenders  (fig.  48.)  wefhall  perceive  that  the 
reprefentation  of  the  cylender  matked  III  is 
wider  than  that  rnarked  II,  and  this  is  again 
wider  than  that  rnaykcd  I,  and  if  the  number 
of  thefe  cylinders  was,  increafed  the  perfpec- 
tive  reprejentations  of  thofe  near  the  center  of 
the  picture  would  be  lefs  than  of  thofe  more 
remote.—It  is  very  ftran^e  that  difpute  Ihould 
find  entrance  in  a  fubjed:  which  may  be 
brought  to  the  tefi;  of  Geometrical  reafoning^ 
and  the  truth  or  fallhood  of  every  aflertiori 
incontrovertibly  decided.  Yet  we  are  told 
by  a  gentleman,  whofe  writings  on  this  fub- 
jed,  together  with  his  patronage  by  the 
great,  intitle  him  to  fome  attention,  that  this 
manner  of  reprefenting  a  row  of  cylenders 
which  has  long  fubfifted,  though  he  ap- 
prehends,  founded  upon  erroneous  princi- 
pies,  has  occafioned  much  controverfy  among 
painters,  mathematicmis  and  other  ingenious 
men."  If  thefe  ingenious  men  were  of  the 
fame  opinion  with  this  ingenious  writer,  I 
wonder  not  that  the  mathematicians  dilTented 
from  them;  but  I  wonder  they,  fhould  dif- 
putp  much  about  it,  becaufe  they  might 
be  pertain  their  opponents  were  ignorant  of 
thofe  few  geometrical prcecognita  which  alone 
could  render  them  capable  of  convidion  : 
fiQj  do  I  now  undertake  to  confider  this  gen¬ 
tleman’s 
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tleman’s  arguments  with  any  hope  or  defire 
ofleffening  their  reftitude  in  his  opinion,  but 
purely  to  hinder  the  learner  from  concaving 
any  imperfedion  in  this  art ;  which  being  e- 
ftablhhed  on  geometrical  reafoning,  will  never  ^ 
require  the  fenfe  o(  feeing' (which  our  author 
calls  the  mod:  mfallible  guide  on  this  occalion) 
to  corred  it,  but  only  to  applaud  and  admire 
its  agreement  with  nature.— I  fhould  hcjcry 
glad  to  avoid  perfonality  if  it  were  poffible, 
but  notwithdanding,  this  gentleman  tells  us 
«  his  opinion  is  neither  tiew  nor  Jifigular^  1 
cannot  confider  it  as  very  old  or  general ;  be- 
caufe  I  never  faw  any  book  printed  before  his 
wherein  any  fuch  difputes  or  opinion  are  men¬ 
tioned  ;  and  indeed  the  whole  would  be  un¬ 
worthy  of  notice  were  it  not  that  the  reputa¬ 
tion  of  this  gentleman  (which  excepting  in 
this  indance  is  not  wholly  undeferved)  may  * 
give  a  fandion  to  errors  tending  to  leflen  the 
utility  of  perfpedive,  which  if  it  required 
corredion  by  the  didates  of  fancy  (which 
every  man  has  a  right  to  confider  as  the  re- 
fult  of  his  own  obfervation  and  epcperieritej  it 
would  be  a  vague  and  uncertain  art,  fcarcely 

worth  dudying.  t 

-  In  order  to  avoid  any  mifreprefentation,  1 

(hall  fet  down  the  gentleman’s  own  words, 
and  placing  my  remarks  oppodte  to  them, 
leave  my  reader  to  adopt  that  opinion 
which  fhall  appear  to  him  bed  fupported 
bv  reafon  and  evidence. 

^  L  2  ^^‘8 
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His  words  are, 

“  Suppofe  it  was 
“  required  to  draw 
“  the  reprefentation 
“  of  a  range  of  co- 
“  lumns  parallel  to 
“  the  plane  of  the 
‘‘  picture  ;  if  they  are 
**  drawn  according  to 
“  the  flridl  of 

**  PerfpeStive,  then 
that  column  which 
is  in  the  center  of 
the  picture  will  be 
“  the  leaft,  and  con- 
*'  fequently,  thofe  on  ‘ 
each  fide  of  it  will 
‘‘  be  larger  and  larger 
‘‘  continually  the  far- 
‘‘  ther  they  are  re- 
“  moved  from  the 
‘‘  center  of  the  pic- 

“  ture  :  But  to  ex- 

/  ■ 

“  plain  this  more  ful- 
“  ly,  let  K  L  M  N, 

“  [Vide  hg.  32.)  be  a 
“  plane  which  pafies 
through  the  eye  pa- 
‘‘  rallelto  the  ground, 
then  will  P  P  be 
‘‘  the  horizontal  line, 
and  c  the  center  of 
“  the 


Dr.  Brook  Taylor  in  his 

Book  printed  1719,  page 

I,  fays, 

“To  have  a  com  pleat 
“  and  clear  notion  of  the 
“  principles  of  this  art,  let 
“  the  reader  confider  that 
“  a  pidture  drawn  in  the 
“  utmoft  degree  of  perfec- 
“  tion,  and  placed  in  a 
“  proper  pofitlon,  ought 
“  fo  to  appear  to  the  fpec- 
“  tator  that  he  fhall  not 
“  be  able,  to  diftyiguifl^ 
“  what  is  there  repreferited 
“  from  the  original  objedls 
“  adtually  placed  where 
“  they  .are  reprefented  to 
“  be.  In  order  to  produce 
“  this  effedi,  it  is  hecefTa- 
“  ry  that  the  rays  of  light 
“  ought  to  come  frpra  the 
“  fevdral  parts,  of  the  pic- 
“  ture  to  the  fpedlator’s 
“  eye,  with  all  the  fame 
“  circumitances  .  of  direc- 
“  tiqn,  fliength  of  light 
“  and  fhadow,  and  colour, 
“  as  they  would  do  from 
“  the  correfponding  parts 
“  of  the  real  objedls  feen 
“  in  their  proper  places. — . 
“  Wherefore  in  the  de- 
“  monftratiofis  of  the  fol- 
“  lowing  prppofitions  in 
“  this,  book,  we  muft  al- 
“  ways  have  recourfe  to 
“  this  General  Fdun^ntion^ 
“  by  fhewingthat  the  rays 
“  of  light  will  come  in 
“  the  fame  dnedlions  frt>m 
“  the 
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the  pidlure,  let  A  B 
and  ‘g  h  be  ^wo  ^ 
columns  cut  by  this 
plane,  then  let  lines 
be  drawn  from  the 
extremities  of  thefe 
circles  to  the  eye 
(I)  and  the  fedions 
a  b  and  c  d,  with 
the  pidure  P  P  are 
the  projeBions  of 
thafe  circles  upon  it ; 
and  by  meafuring 
thefe  reprefentati- 
ons  we  (hall  find 
that  c  d  is  much 
longer  than  a  b. — ■ 
from  whence  we 
fee  that  the  farther 
any  column  is  re¬ 
moved  from  the 
center  of  the  pic¬ 
ture,  the  larger  will 
be  its  reprefentati- 
on.  Now  the  quef- 
tion  is,  whether  co¬ 
lumns  fituated  in 
this 


CC 


“  the  feveral  parts  allignea 
“  in  the  pifture,  as  they 

would  do  if  thfey  came 
“  from  the^correfpoading 
“  parts  of  the  original  ob- 
“  jedls  placed  in  their 
“  proper  fituations.” 

Kow  I  fuppofe  it  will 
not  be  denied  that  the  rays 
which  proceed  from  the 
projedlions  a  b  and  c  d  are 
the  very  fame  as  proceed 
from  the  original  circles  G 
and  H  to  the  eye,  (I) 
and  therefore  they  mult 
enter  the  eye  in  all  the 
fame  circumftances  of  di- 
redlion,  as  thofe  rays  which 
come  from  the  original  cir¬ 
cles,  G  and  H  ■,  confe- 
quently  if  a  b  and  c  d  are 
not  the  true  perfpeBivs  re- 
prefentations  of  the  circles 
G  and  H,  it  follows,  that 
Dr.  Taylor’s  General 
Foundation  is  erroneous, 
and  the  whole  of  his  rea- 
foning  and  conclufions 
built  upon  It,  mull  be 
falfe. 

Wherefore  the  fum  and 
fubftance  of  what  this  gen¬ 
tleman  feems  going  about, 
is  to  prove  that  Dr-  Brook 
Taylor’s 


*  1  have  varied  my  fchemc  a  little  from  his,  having  pitt 
a  range  of  five  columns  extending  from  the  center  of  the 
pidure  one  way  only,  being  more  expreffive  of.w'hat  I 
ftiall  want  to  point  out  hereafter.  JBut  this  can  oc- 
cafion  nodilFerence,  as  the  firft  cokimn  and  that  which 
is  moft  remote  will  give  a  juft  idea  of  what  he  is  faying. 
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thi^  manner  are  to 
“  be  thus  reprefented 
“  on  the  picture  or 
“  riot.” 


“  The  definition 
“  we  have  given  of 
“  the  word  perfpec- 
“  tive  is  this,  viz.  to 
“  draw  the  reprefenta- 
“  tion  qf  ohjedts  as  they 
“  appear  to  the  eye. 

And  we  have  avoid-* 
“  ed  the  more  general 
definition,  viz.  of 
drawing  the  repre- 
“  fentation  ©f  objedfs 
by  the  Rules  of 
“  Geometry y  &c.  as 
“  the  former  appear-, 
ed  mor6  fignificant 
of 


Taylor’s  principles  of'per-* 
fpeilive,  on  whigh  he  has 
beftoweci  fuch  encomiums, 
and  whofe  truth  he  has  la¬ 
boured  to  eftablith  both  by 
his  ingenious  fchemes  and 
argumentations,  are,  ne- 
verthelefs,  void  of  truth, 
and  that  he  has  only  been 
amufiP-g  his  readers  with 
a  falfe  light  which  he  is 
now  going  to  extinguifh, 
Snd  leave  them  in  the  fame 
darknefs  in  which  he  found 
them. 

The  only  want  of  cor- 
rccfnefs  obfervable  in  Dr. 
Brook  Taylor  is  in  the 
Title  page,  and  the  firft 
definition  of  his  book  print¬ 
ed  in  1715.  His  Title 
page  is  “  Linear  Per- 
“  SPECTIVE  :  or  a  new 
“  method  of  reprefenting, 
“  juftly,  all  manner  of 
“  objedts  as  they  appear  to 
“  the  eycy  in  all  fituati  • 
“  ons.”  And  when  he 
defines  Perfpedlive,  in  his 
flrft  definition,  he  fays, 

“  Perfpedive  is  the  art  of 
“  drawing  on  a  plane  the 
“  appearance^  of  any  figures 
“  by  the  rules  of  geome- 

<i  tj-yP' 

The  Dodor’s  Title  page 
and  definition  put  together 
amount  to  this,  viz. 
Perfpedlive  is  the  art  of  re¬ 
prefenting  objedbs  as  they 
appear  to  the  eye,  by  the 
rules  of  geometry.  But 

this 
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‘‘of  what  we  intend-  to  definition, 

/-  1  far  from  a  good  one,  is  not 

**  ed  to  exprels  by  ^rjendcd  by  what  this 

‘‘  the  Term  Perfpec-  gentleman  adopts.  His  only 
>»  rthipi^-inn  lies  asainft  i/ie 


tive* 


objeftion  lies  againft  i/i# 
Titles  0^ geofnetry,  and  he  re¬ 
tains  the  impropri'ety  that 
perfpedlive  is  the  art  of 
drawing  the  reprefentati- 
Ons  of  objeds  as  they  ap¬ 
pear  to  the  eye,  which  I  ftiall 
endeavour  to  fhew  is  not 
the  bufinefs  of  perfpedivci 
It  rtiuft  be  remembered 
that  the  apparent  length  of 
a  line  does  not  depend  on  its 
real  length,  but  oh  the 
angle  which  it  fubtends  at 
the  eye  :  in  proportion  to 
which  its  appearance  [Vide 
page  78  and  79)  will  occupy 
a  greater  or  lefs  fpace  on 
the  retina.  (Thusbecaufe 
,  the  line  A  B,  fig.  30* 
tends  a  larger  angle,  AP  B, 
at  the  eye  than  the  line 
E  F  does  ;  itfe  appearance 
(a  b)  occupies  a  fpace  on 
the  retina  larger  than  e  f, 
which  is  the  appearance  of 
EF). 

Wherefore  all  lines  that 
are  feeii  under  the  famcj 
or  under  equal  angles,  ap¬ 
pear  equal  altho’  ever  fo  dif¬ 
ferent  in  length  and  pofi- 
tion.  Thus  it  is  evident 
that  cd  (fig.  3a.)  appears 
equal  to  g  h,  although  it 
is  much  larger  and  fitua- 
ted  nearer  to  the  eye,  (at 
I)  becaufe  the  angle  d  1  c, 
wkich  it  forms  at  the  eye 
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is  the  /hint  as  the  artgfe 
h  I  g,  which  ‘the  line  g  h 
forms  at  the  eye. 

It  will  be  no  di^cule 
matter  now  to  prove  that 
the  width  of  the  colamn 
G  (fig.  32.)  is  feen  under 
a  larger  angle  (AIB)  than 
the  width  of  the  column 
H,  which  is  feen  under  the 
angle  g  I  h  or  c  I  d.  FojT 
from  the  centers  m  and  n, 
of  the  circles  G  and  H 
(fig.  32.)  draw  m  A,  m 
B  5  and  n  g,  n  h ;  which  will 
be  perpendicular  to  the 
tangents  I  A,  I  B,  I  g 
and  I  h,  (by  E.  3  18.) 
alfo  I  n,  is  longer  than 
I  m,  (by  E.  I.  32,  Cor. 
3  and  E.  i.  19)  where¬ 
fore  g  I,  and  hi  are 
longer  than  I  A  and  I B. 
On  thefe  lines  lay  from  the 
points  g  and  h,  (by  E.  t 
3.)  gi  =  IA  and  h  k  = 

1  B  then  in  the  right  an¬ 
gled  triangles  I  m  A  and 
j  g  n  fince  two  fides  I  rrr 
and  m  A  and  the  included 
right  angle  in  the  one  (I 
m  A)  are  equal  to  two> 
fides  i  g  and  g  n  and  the 
included  right  angle  in  the 
other  (i  g  n)  it  follows  (by 
E.  1 .  4. )  that  the  angle  g  i  n 
A I  m ;  in  the  fame  man¬ 
ner  it  may  be  proved  that 
the  angle  h  k  n  is  r:  m  I  B. 
But  the  angle  gin,  is 
greater  than  gin  (by  E.  5 
16,)  alfo  the  angle  hkn 

is- 
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is  greater  than  hl^, 
whence  their  fum  gin-f 
hkn  (-  AIB)  is  grea¬ 
ter  than  gln  +  hln(  —  g 
Ihorcid)  „ 

Since  then  the  circle  H 
is  feen  under  a  lefs  angle 
than  the  circle  G  ;  if  ob- 
jeas  are  to  be  reprefented 
as  they  appear  to  the  eye^  the 
circle  H  ought  to  be  repre¬ 
fented  by  a  lefs  line  than 
the  circle  G  is  repre- 
fented  by  :  that  is,  c 
which  is  the  reprefentatlon 
of  H,  ought  to  be  lefs  than 
<  a  b  which  is  the  reprefenta- 
tion  of  G  ’•  but  c  d  is  much 
longer  than  ab,  yet  its 
appearance  occupies  the 
fame  fpace  on  the  retina  of 
an  eye  fixed  at  I,  as  the 
appearance  of  the  Origi¬ 
nal  circle  H  does  ;  where¬ 
fore  if  in  conformity  to 
this  rule  of  “  reprefenting 
objeas  as  they  appear  to 
the  eye’'  we  make  c  d  lefs 
than  a  b  its  appearance 
will  not  occupy  the  fame 
fpace  on  the  retina  of  the 
eye  at  I,  which  the  origi¬ 
nal  circle  H,  does ;  confe- 
quently^  vJhen  objeas  are 
reprefented  on  a  plane  (P 
P)  as  they  appear  to  the  eye^ 

.  (at  I)  fuch  a  reprefentatlon 
will  not  afford  the  fame 
appearance  as  the  original 
objeas  themfelves. 

It  is  the  bufinefs  of  per- 
fpeaive  to  deceive  the  eye  : 
^  and 
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^  and  this  can  never  be  done 

fo  well  as  when  the  pi£iure 
formed  on  the  retina  {Vide 
page  78  and  79.)  by  view- 
ing  the  reprefentation,  is 
the  fame  as  the  pidlure form¬ 
ed  on  the  retina  by  viewing 
the  original  objedis,  but  this 
•  I  have  fhewn  cannot  be  the 
cafe  if  the  reprefentation 
of  the  columns  is  drawn 
on  the  pidture  P  P  fimilar 
to  their  appearance  on  the 
retina  of  the  eye  at  I. 
Confequently  it  is  not  the 
bufinefs  of  perfpedlive  to 
draw  the  reprefentations  of 
objedls  as  t\iGy  appear  to  the 
eye  :  but  its  bufinefs  is  to 
teach  us  to  draw  fuch  a  re¬ 
prefentation  of  objedis,  on 
any  plane  (PP)  fixed  in 
any  affigned  fituation  ref- 
peaing  the'  eye  (I)  and 
the  faid  objeas,  as  fhall 
ftrike  the  eye  in  the  very 
fame  manner  as  the  real 
objeas  themfelves  do.  And 
this  Dr.  Taylor  particu¬ 
larly  enforces  as  the  foun¬ 
dation  of  the  whole  art^  in 
the  wordsi  have  before  quo¬ 
ted  from  him  (page  148). 

In  his  fecond  treatife  pub- 
lifhed  in  1 7 1 9  he  feems  well 
convinced  of  the  impro¬ 
prieties  I  have  noticed  in 
his  firft  treatife.  The  title 
being,  “  New  principles 
“  of  Linear  Perfpeaive) 
or  the  Art  of  defigning 
“  on  a-  Plane  the  Repre,- 
SENTATIONS 
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“  SENTATIONS  of  all  foitS 
,,,,  “  of  objefts'.”.  And  his 

firft  definition  is  exprefled 
-  ■  in  thefe  words,  viz.  “  Li- 

near  Perfpe£live  is  the 
^  art  of  defcribing  exadf- 

■  ■  '  '  ‘  «  ly,  on  a  plane  furfacc, 

“  the  Representation 
_  of  any  given  obje£i:.” 

’■  In  both  thefe  places  the 

former  impropriety  is  re- 
'  '  \  ’  moved  by  fublHtuting  the 

■  '  word  “  Reprefentatlon.” 

inlfead  of  “  Appearance” 
For  the  different  meanings 
of  thefe  words,  fee  page 

.  ■■  For  fince  the 

cies  of  vifion  many  and 
great  there  could  be  no 
fuch  arts  as  perfpedlive  or 
painting  whofe  only  bufi- 
nefs  is  to  deceive  the  eye  ; 
which,  were  it  infallible, 
would  never  take  a  plane 


fallacies  of  vifion 
“  are  fo  many  and 
“  great  and  lince  we 
“  form  our  common 
**  judgment  and  efli- 
mate  the  appear- 


nidLC  lilw  a.ppwM.1.  •  —  ,  ‘  , 

r  furface,  however  it  might 

ance  OI  ,  be  covered  with  lines,  and 

from  cuftom  and  colours,  for  a  variety  of 
“  experience  and  not  objeds  of  which  fome 
c  ^  feet"  near  and  others  afar 

“  from  mathematical  The  WUcyof  viSon 

**  reafoning  :  there-  feems  to  be  the  only 

“  fore  it  feems  rea-  true  affertion  in  this  pa- 

“  fonable  not  to  ragraph:  and  becaufe  it 
,  '  r  is  a  truth,  our  author 

“  comply  with  tne  ^notwithftanding  he  fup- 

“  ftridt  rules  of  ma-  ports  it  with  2  long  quo- 
thematical  per-  tations  from  Dr.  Smith, 
cc  r  x%.-  ^  I'n  Tomp  and  Mr,  Locke)  denies  it 
fpedtive  himfelf  in  the  preface  to  a 

“  particular  cafes  (as  " 

“  in 


more  magnificent  work' of 

his 


t*.-/ 


in  this,,  before  us) 
but  to  draw.,  the 
V  reprefmtations  of 
**  objeSfs  (IS  they  ap~ 
"  pear  to  the  eye" 


•  ■  'I 
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“  “  For  if  the  a- 
”  bove  columns  are 
”  reprefented  accord- 

ing  to  the  ftridt 
rules  of  this  art ; 
“  then  the  columns, 
V  as  they  recede  from 
*i  the  center  of  the 
pidure,  will  be 
“  thick  and  clumfy, 
“  their 


his,  and  fupports  this  fa¬ 
vourite  opinion  by  tellintr 
us  that  the  eye  is  the  moft 
infallible  guide. 

We  do  not  eftimatc 
the  “  appearance  of  objedls 
“  by  cuftoni.”  ap¬ 

pearance  of  objefts  Is  formed 
on  the  retina^  {Vide  page 
78  and  and  therefore 
is  not  a  fubjedt  of  eftima- 
tiori  ;  but  from  appear¬ 
ance^  of  objedts  we  judge  of 
their  diftance,  magnitude 
and  pofitions,  by  the 
help  of  cuftom  and  expe¬ 
rience. 

_  ^  Since  this  gentleman 
IS  fo  defirous  to  have  ob¬ 
jects  reprefen ted'as  they  ap¬ 
pear  to  the  eye,  let  us  en¬ 
quire  how  this  row  of  co¬ 
lumns  appears  to  the  eye  ; 
and  we  ftall  find  by  draw¬ 
ing  lines  from  the  eye,  at 

(,%•  32.)  to  touch  the 
circles  which  are  the  fec- 
tions  of  the  columns  by 
the  plane,  K  L  M  N,  that 
tw  a  intercolumnations  do 
appear \<^ts  and  lefs  j 
fp  much  fo,  that  the  co- 
lunm  marked  III,  appears 
almoft  clofe  to  that  marked 
•Iv  ,  and  a  part  of  the  co^^ 

J  umn  H  is  hid  by  the  fourth 
column  {Vide  fig.  j 
v.'here  the  perfpedlive  repre- 
fenyation  of  the  lower  part 
ot .  a  row  of  columns,  is 
drawn  by  the  Jiri£i  Ada- 
the?nacical 
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their  Intercolumn  a- 
**  tioHS  will  be  lefs 
*J  and  lefs,  ' 


•  and  the  whole 
beauty  of  the  build- 
<»  ing  will  be  entirely 
deftroyed.*’ 


thematical  Rules  explained 
in  page  132,  &c.  in  which 
thefe  particulars  refpeamg 
the  appearance,  of  the  co¬ 
lumns  are  preferved)  con- 
fequently,  if  we  would 
draw  the  reprefentation  of 
the  row  of  columns  as  they 
appear  to  an  eye  placed  op- 
pollte  to  one  end  of  the 
colonade,  at  a  Ihort  dif- 
tance  from  it,  the  interco- 
lumnations  muft  be  made 
lefs  and  lefs  till  the  co¬ 
lumns  touch  each  other; 
and  if  they  are  ftill  continu¬ 
ed,  the  reprefentation  of  that 
which  is  nearer  ftiould  hide 
a  part  of  the  next  which 
is  more  remote. 

a  If  the  eye  is  placed  at 
I,  (%•  32- )  the  fpeaator 
will  immediately  reflea 
that  he  is  not  in  a  fituation 
to  judge  of  the  equality  of 
the  intercolumnations,  nor 
of  the  beauty  of  the  build¬ 
ing  :  in  order  to  get  a  bet¬ 
ter  fight  of  thefe  he  will 
naturally  retreat  farther  off, 
and  whilft  he  is  doing  this, 
he  will  perceive  the  inter¬ 
columnations  to  open  them- 
felves,  fo  that  when  he  is 
at  the  diftance  of  ten  times 
the  length  of  the  whole 
range  of  columns,  in  the 
direaion  of  the  line  I  m, 
the  columns  will  appear 
very  nearly  of  an  equal 
width,  and  their  interco¬ 
lumnations  will  alfo  appear 

very 
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very  nearly  equal..  ^And  ff 
^  they  are  reprefented  ,or)  the- 
plane  P  P  according^  to 
what  our  author  calls  the 
JlriSi  Mathematical  Rules  of 
PerfpeSiive^  the  reprefenta- 
tions  of  their  apparent 
widths  will  have  no  difcern- 
ible  difference,  and  the  re- 
'  prefentations  of  the  inter- 
columnations  will  mcafure 
very  nearly  the  famej  all 
.  which  is  evident  from  the 
fcheme  (fig.  32,)  where  the 
dotted  lines,  which  toueh 
the  circles  (and  tend  to  a 

■  point  in  the  line  I  m  pro¬ 
duced,  equal  to  ten  times 
the  length  of  the  whole 
f^ngp  of  colqmn^,  from  the 

^  point  m^)  mark  bn  the  line 

■  P'P  the  repfcfentations  of 

the  widths  of  the  columns 
and  their  intercblumnati- 
ons.  .  ■' 

F rom  thefe  obfervations 
we  may  conclude,  that 
when  the  eye  is  fuppofed  in 
fuch  a  fituation,  with  ref- 
pe6i  to  the  original  object 
(as  in  the  point  1,  fig..  32) 

^  that  the  beauty  and  juft 
'  difpofition  of  its  parts  can- 
not  be  feen  ;  in  fuch  a  cafe 
■  the  true  PerfpeSlive  Repre- 
fentation  of  that  objedl  will 
conceal  that  beauty  and 
difpofition.  And  that  this 
fame  Mathematical  Perfpec- 
iive  (always  true  and  con- 
fiftent)  reveals  all  the  beau, 
ty,  and  ftievvs  the  difpofi. 
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tion  of  the  parts  ’of  any 
objeft,  ihthe  eye  is  fuppo^ 
fed  fituated  where  they  may 
be  feen  to  advantage. 

•  But  although  the  line 
c  d  (fig.  32.)  appears  kfs 
than  the  line  a  b  to  an  eye 
which  views  them  from  I : 
and  the  reprejentation  of  the 
column  H  (fig.  53-)  appears 
lefs  than  the  reprefentatir 
on  of  the  column  G,  when 
viewed  at  the  diftance  I  C  ; 
yet  at  any  other  diftanee 
the  faid  retrefentation  apr 
pears  clumiy  j  but  this  is 
not  owing  to  the  fault  of 
perfpedlive,  but  to  the  bad 
pofition  of  the  picture  P  P 
(fig-  3^0  which  although 
parallel  to  the  range  of  co¬ 
lumns,  is  very  oblique  to 
the  eye  ;  for  when  the 
eye  views  this  range  of  co¬ 
lumns,  the  retina  will  be 
naturally  placed  parallel  to 
the  line  p  p  [Vide  page  88) 
which  on  that  account  is 
the  proper  pofition  for  the 
pifture  :  and  if  the  piiflure 
is  fuppofed  in  this  pofition, 
and  the  reprefentation  is 
drawn  according  to  the 
Mathematical  Rules  of 
PeT'fpeSltve^  as  is  done  in 
fig-  5+-  Exam.  13. 

page  136)  no  fuch  clumh- 
nefs,  as  this  gentleman 
complains  of,  will  be  ob- 
fervable  ;  but  the  column 
G,  which  appears  largeft, 
has  the  largeft  reprefenta¬ 
tion. 

Th? 


‘‘  What  has  been 
**  /aid  upon  thi§  fub- 
relates  princi- 
pally  to  round  or 
“  ^lindrical  bodies, 
globes,  co- 
**  lumns,  or  the  like; 
^  but  as  to  angu- 
**  lar  ones  (efpeeial- 
**  ly  thofe  that  are 
“  f(^uare)  fince  .  their 
“  ^  apparent  ‘widths 
are.  perpetually  in^ 
**  creajed  the  more 
obliquely  they  are 
“  /een  by  the  eye, 
therefore,  the  re- 
prefentationsfoould 
**-  grow  longer  and 
longer  in  width  the 
more  they  are  re- 
“  moved  from  the 
“  pfolure.” 


The  frontlfplece  to  this 
gentleman’s  work  exhibits 
the  abfurdities  which  may 
be  committed  by  a  perfon 
who  makes  a  dcfign  with¬ 
out  fome  knowledge  of  per- 
fpedfive,  which  is  indeed  a 
tacit  encomium  on  the  art 
worthy  of  its  contriver  the 
ingenious  Mr.  Hogarth. 
I  mould  imagine  that  our 
author,  in  what  follows, 
means  a  fimilar  compli¬ 
ment  to  the  Science  of 
Geometry^  by  bringing  to¬ 
gether,  in  this  place,  all 
the  abfurdities  which  a  man 
may  commit  who  attempts 
to  reafon  on  a  mathemati¬ 
cal  fubjeft,  without  fome 
knowledge  of  its  elements. 

J  fuppofe  by  Square  Oh- 
je£Is  this  gentleman  means 
Prifms  {landing  on  fquare 
bafes,  the  apparent  magni¬ 
tudes  of  which  do  a  jiot 
grow  larger  and  larger  per¬ 
petually.  To  demonftrate 
which  fuppofe  fu  (fig.  32.) 
to  be  a  tangent  line,  touch¬ 
ing  in  the  point  f,  a  circle- 
whofe  center  is  I.  It  is 
then  evident  from  infpec- 
tion,  that  the  divifions  of 
this  tangent  line  increafe 
continually  from  f  towards 
u,  and  that  any  equal 
number  of  divifions  always 
fubtends  the  fame  angle  at 
I  :  thus  the  fpacc  of  the 
tangent  line  between  60 
and  65  fubtenas  an  angle 
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at  I,  of  5°‘  aS  well  as  the 
fpaco  between  f  and  5. — 
This  being  allowed,  let  uS 
fuppofe  the  fquare  (fig> 
32.)  to  be  carried  towards 
R,  between  the  two  paral¬ 
lel  lines,  r  t  and  f  u  j  then 
it  is  evident,  that  if  the 
fquare  Q^,  every 

where  to  have  ^he  fame 
apparent  magnitude,,  the 
fpace,  which  it  feems  to 
occupy  on  the  tangent  line, 
f  u,  ought  to  increafe  ex- 
adtly  as  the  tangents  in»- 
creafe,  (for  then  it  would 
always  be  feen  under  the 
fame  angle)  but  the  in¬ 
creafe  of  the  divifions  of 
the  tangent  line  is  at  firll 
very  little,  but  as  they  ad¬ 
vance  towards  u,  the  divi¬ 
fions  grow  vefy  large  i 
whereas  the  fpace  which 
the  fquare  Q,,  will  feem 
(to  the  eye,  at  I)  to  occu¬ 
py  on  the  line  -f  u,  will 
increafe  uniformlyi  beCaufe 
the  point  f  will  appear  to 
move  uniformly  fafter  thaft 
r  in  the  ratio  of  r  I  to  f  I  i 
fo  long  therefore,  as  the  in¬ 
creafe  oi  the  fpace  witkh  the 
fquare  Q,,  feems  to  occupy 
cn  the  tangent  line  f  u,  is 
greater  than  the  increafe 
of  the  tangents,  the  appa^- 
rent  width  of  the  prifm  will 
increafe;  but  as  foon  as  the 
tangents  increafe  fafter  than 
this  fpace  increafes,  then  the 
apparelit  width  will  begin 
M  to 


o 
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^  Thus  the  rcpre- 
“  lentation  of  the 
“  fquare,  Q^,  {Vide 
d*  fig.  32)  which  is 
“  feen  only  in  front, 
“  cannot  appear  fo 
“  long  as  the  repre- 
“  fentation  of  the 
“  fquare,  R,  which 
“  is  viewed  angle- 
“  wife.” 

'  “  We  fay  that  the 
“  apparent  magnitude 
“  of  ohjedts  that  are 
“  fquare  or  triangular 
“  will  begreater when 
“  viewed  anglewife 
‘‘  than  when  feen  in 
>“  Front.” 


to  decreafe ;  and  continaer 
fo  to  do  till,  when  it  has 
got  at  a  great  diftance,  it 
will  be  too  fmall  for  per¬ 
ception;  for  although  the 
fpace  it  feems  to  occupy  on 
the  tangent  Vine  may  be  very 
long ;  yet  that  fpace  may 
only  be  a  fmall  part  of 
one  divifion  on  the  tangent 
line,  in  which  cafe  the 
apparent  width  of  the  prifm 
will  be  only  a  fmall  part 
of  a  degree. 

t  In  the  fcheme  which  the 
gentleman  refers  to,  the  ap¬ 
parent  magnitude  of  the 
prifm  R  {Vide  fig.  32)  is 
in  its  increafing  fate.,  and 
therefore  lubtends  a  greater 
angle  at  the  eye  than  Qj 
in  my  fcheme  (fig.  32)  R 
is  in  its  decreafing  fate ; 
and  fubtends  a  lefs  angle  at 
the  eye,  which  makes  both 
it,  and  its  reprefentation 
(u  x)  appear  fmaller  than 
0: 

^  I  have  fhewn  that 
fquare  prifms  do  not  always 
appear  greateft  when  feen 
anglewife  ;  and  triangular 
prifms  whofe  bales  are  equi¬ 
lateral  will  ever  appear  Jmal- 
lef  w'hen  feen  anglewife  ; 
for  the  crpparent  breadth  of  a 
triangular  prifm  will  al¬ 
ways  be  bounded  by  one  of 
its  fides,  which  mull  ap¬ 
pear  largeft  when  placed 
immediately  next  the  eye. 

b  This 
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>1  “  But  the  appa- 
*•  rent  fjiagnitude  of 
columns,  or  any 
“  other  round  objects 
“  will  always  be  the 
fame  at  the  fame 
“  dijlance : 

“  Becaufe  in  the 
“  firft  cafe,  the  dia^ 
«  gonal  of  a  fquare 
'  which  in  fome 
**  views  meafures  its 
apparent  width)  is 
“  larger  than  itsiidesj 
“  But  in  the  lat- 
ter  cafe  the  dia- 
meter  of  a  circle 
“  which  conjiantly 
meafures  its  appa- 
rent  width)  is  al- 
way’s  of  the  fame 
“  length.” 


*  Andthereforeto 
reprefent  columns 
“  larger 
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.  d  This  is  verV’truej  but 
has  nothing  to  do  with  a 
i'ange  of  columns^  which 
furely  cannot  all  be  equally 
diftant  from  the  eye. 


e  Here  a  truth  is  advatl- 
ced  (tho’  by  no  means  con-^ 
clufive)  to  prove  a  falftiood, 
as  I  have  Ihewn  page  161 
and  162* 


f  Here  a  fallhood  is  ad¬ 
vanced  to  prove  a  truth, 
for  the  diameter  of  a  circle 
never  meafures  its  appa¬ 
rent  width.  The  apparent 
width  of  any  circle  (as  FI, 
fig  32)  is  meafured  by  the 
angle  g  1  h,  formed  by 
two  tangents  touching  that 
circle  and  meeting  in  the 
eye;  (I)  but  if  thofe  tan¬ 
gents  (g  I  and  hi)  touched 
the  circle  at  the  extremity 
of  a  diameter,  they  would 
be  perpendicular  to  it  (by 
E.  3.  18.)  and  therefore 
would  never  meet  in  the 
eye  (at  I  by  E.  i .  28. ) 

g  Thisconclufion  is  fome- 
what  more  dogmatical  than 
his  other  afiertions,  but  e- 
qually  void  of  truth  ;  for  I 
have  before  demon  ftratcd 
that  although  cd  (fig.  32) 
which  is  the  rcprefentation 
M2  of 
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larger  and  larger, 
when  they  are  at  a 
greater  and  greater 
diftance  is,  we  pre¬ 
fume,  falfe  in  the¬ 
ory,  (in  an  optical 
fenfe  only)  and 
cannot  he  true  in 
pradlice,” 


of  the  circle,  H,  Is  larger 
than  a  b,  which  is  the  re- 
prefentation  of  the  circle 
G  ;  yet  the  fald  c  d,  ap^ 
pears  to  the  eye,  at  (I) 
lefs  than  a  b,  and  therefore 
fuch  a  reprefentation  cannot 
be  falfe  in  an  optical  fenfe; 
and  even  if  we  would  re- 
prefent  objefts  ,a?  they  ap¬ 
pear  to  the  eye,  (\yhich  thi$ 
author  fo  warmly  recom- 
fnends)  then  it  follows 
that  if  any  objeiS;  is  fo 
pofited  as  to  hide  part  of 
another  obje£l  •,  the  repre¬ 
fentation  of  that  objetfl 
fliould  hide  a  part  of  the 
reprefentation  of  the  other  ; 
thus  becaufe  the  fourth  co¬ 
lumn  (fig.  32)  hides  a  part 
of  the  column  H,  (from 
the  eye  at  I)  its  reprefen- 
tatipn  fhould  hide  a  part  of 
the  reprefentation  of  the 
column  H :  which  is  the 
cafe  when  tKofe  repre- 
ferftations  are  by 

the  rules  of Jiri^  Mathema¬ 
tical  Perfpealrve,  aS  is  evi¬ 
dent  from  fig.  53  and  54 
before-mentioned  ;  fo  that 
we  may  infer  that  this  fame 
Mathematical  Perfpeilive  is 
neither  falfe  in  theory  nor 
in  pra£lice. 

The  gentleman  in  his 
work  now  before  me  con¬ 
tents  himfelf  with  telling 
us  that. Jlriil  Mathetnatical 
PerfpeSiive  is  falfe  in  theory 
and  prafiice,  and  dpe$  not; 
inform  us  of  any  method 
more 


165  ] 


more  certain^  or  true  ;  but 
in  bis  magnificent  work, 
publiftied  at  the  expehce 
of  royal  munificence,  he 
is  fo  obliging  as  to  let  us 
into  this'^  fecret,  which  is 
by  drawing  the  Hprefenta- 
tion  oi  the  columns  al¬ 
ways  of  the  fame  width,’ 
and  to  make  the  reprefen- 
tation  of  the  intercolum- 
nations  equal  :  but  if  the 
column  H  (fig.  $2)  is  fiid^ 
in  part  by  the  column  IV, 
it  is  evident,  that  if  the 
repTefentations  of  thefe  co¬ 
lumns  are  drawn  as  wide 
•  apart  from  each  other  as 
the  reprefentations  of  the 
columns  G  and  ll,  ithey 
will  not  be  reprefented  as 
they  appear  to  the  eye  (at  I) 
and  therefore  fuch  a  repre- 
fenfatiohis  falfe,  even' when 
meafured  by  his  own  Rule 
of  Rectitude. 

It  would  be  tedious  both 
to  myfelf  and  my  reader  to 
^  continue  the  examination 
of  this  chapter  any  further ; 
which  contains  feveral  ab- 
furdities  equal  to  any  I 
have  pointed  out.  The 
whole  is  a  Jefibn  of  the  ufe- 
fulnefs  of  thofe  few  geome¬ 
trical  elements  I  have  pre¬ 
fixed  to  this  work,  which 
will  not  only  reftrain  the 
ftudent  from  broachjng 
erroneous  notions  him- 
felf,  but  alfo  hinder  him 
from  being  impofed  on  by 
thofe  of  others. 

I  would 


I  would  not  by  any  means  have  it  under- 
Hood  that  all  this  gentleman’s  works  are  as 
exceptionable  as  thofe  parts  I  have  noticed, 
on  the  contrary  they  contain  better  pradical 
rules  than  I  have  Teen  in  any  book  publifhed 
before  his 5  nor  have  I  faid  any  thing  with  an 
intention  to  depreciate  him,  but  purely  to 
vindicate  this  art  from  falfe  afperlions.  I 
agree  with  him  that  every  little  minuti^  In 
a  pidture  need  not  be  adjuHed  by  the  Hridl 
rules  of  th;s  art,  nor  would  I  recommend  it 
to  a  portrait  painter  to  meafure  the  promi¬ 
nences  and  recelfes  of  the  face  and  then 
attempt  to  draw  its  likenefs  by  the  rules  of 
peripedlive ;  the  good  fenfe  of  the  ftudent 
will  point  out  to  him  that  when  he  has  ad- 
jufted  the  capital  parts  of  his  piece  by  thefe 
rules,  the  lefs  and  inferior  parts  may  be 
fupplied  by  the  hand  alone  ;  but  in  this  cafe 
it  is  the  bufinefs  of  the  hand  to  follow  the 
rules  of  art  and  not  to  mend  them.  He  will 
always  find  that  if  ho  has  cholen  a  proper 
pofition  for  ^  the  eye  and  the  obj^dt,  the 
more  he  varies  from  perfpedtive  precilion  the 
lefs  perfedl  hjs  piece  will  be  5  and  too  much 
licentiouinefs  will  fubjedt  him  to  the  imputa¬ 
tion  of  ignorance,  more  than  even  a  nice 
compliance  with  the  rules  of  perfpedtive  will 
lelTen  the  freedom  and  beauty  of  his  per¬ 
formances.  ^ 

The  poet  has  as  much  right  to  complain 
of  the  fetteis  of  grammar  as  the  artift  has 

of 
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of  thofe  of  perfpeftive,  when  the  former 
breaks  through  all  the  rules  of  fyntax  for  the 
fake  of  his  rhimes,  he  does  no  more  man 
he  who  rejedls  all  the  rules  of  perfpcdtive 
under  pretence  of  its  cramping  the  grace  and 
freedom  of  his  piece  j  and  as  we  admire  the 
poet  who  blends  harmony  and  correanefs 
together,  fo  the  artift  is  moft  commendable 
wL  unites  Beauty  and  Grace  with  Pro¬ 
priety',  and  whofe  works  proclaim  him,  at 
once,  a  Mailer  of  Art,  and  a  Difciple  of 

Science. 


CHAP.  VIII. 

^he  theory  of  vanijhing  lines y  with  its  applica¬ 
tion  to  the  inclined  picture  j  and  to  objedls 
'  fituated  on  planes  not  parallel  to  the  horizon » 
or  fanding  on  a  hill  afc  ending  or  defending 
from  the  picture. 

Since  every  original  plane  muft  be 
either  parallel  or  inclined  to  the  pifture,  the 
learner  has  been  fully  inflruded  to  find  the 
reprefentation  of  plane  objedls  in  all  fituati- 
ons  :  but  it  was  always  fuppofed  when  the 
original  plane  was  oblique  to  the  pidlure,  that 
Its  vanijhing  line  with  its  center  and  dijlance 
was  given  or  affumed.  It  remains  now  to 
fhew  how  the  vani/hing  liney  with  its  center 
and  difancey  of  any  fuch  plane  may  be  found, 
when  we  know  its  true  fituation  either  with 
refped  to  the  picture,  or  to  fome  other  origi¬ 
nal  plane  whofe  vanijhing  line  and  its  center 
and  diflance  is  already  determined. 

theorem  XVIII. 

LXXXVII.  Tlhe  vanijhing  points  (  D  and 
d,  fig.  4.)  of  all  original  lines  (A  B  and  B  C  X 

ftuated 
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Jtua/e^  in,  cr  parallel  to,  any  original  plane 
(WXYZ)  are  in  the  'uanijhing  hue  \  L, 
of  that  original  plane. 

V 

demonstration. 

For  the  dijlances  (ID  and  Id)  of  fuch 
original  lines  (Vide  §  9.)  are  fituated  in  the 
vanhhing  plane,  O  R  V  L  (by  §  13.)  and 
therefore  muft  cut  the  pidture  in  the  fame 
line,  V  L,  in  which  it  is  cut  by  the 
plane,,  which  is  the  vanijhing  tine  (by  §  3.) 
confequently  the  *uanijking  points,,  D  and  d, 
being  fedions  of  the  difiances  I  D  and  I  d 
(by  §  9)  muft  always  be  in  the  <vanijhtng 

line,  V  L.  D. 

COROLLARY  I. 

LXXXVIII.  Hence  the  point  D  (fig. 
4.)  where  the  reprefentation  a  b  of  any  ori¬ 
ginal  line  (  A  B  )  cuts  the  'uanijhing  line  (  V 
L)  of  the  plane  (  W  XYZ)  in  which  it 
is  fituated,  or  to  which  it  is  parallel,  is  the 
vanilhing  point  of  the  faid  original  line  (  A 
B  )  and  of  all  other  lines  parallel  to  it,  (  by 

§  17-) 

C  O  R  O  L  L  A  R  Y  IL 

LXXXIX.  A  line  (  V  L,  fig,  4-  ) 
ing  through  the  vanifhing  points  D  and  d^ 
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of  any  two  original  lines  (  A  B  and  B  C  )  is 
the  vanifhing  line  of  the  original  plane  (  W 

^  ^  Z )  in  which  thofe  lines  are  fitua- 
ted. 

definition  I. 

XC.  Let  I  R  S  L  (fig.  55.  )  be  the  va~ 
nijhing  plane  of  any  original  plane  W  X  Y  Z 
{Vide  §  3.)  interfeding  the  pidure  in  the 
vanijliing  line  V  L,  whofe  center  is  S,  and 
dijlance  SI  [Fide  ^  y.)  I,  being  the  point  of 
fight  or  place  of  the  eye  [Fide  §  i.  )  Tdhen  a 
line  (SC)  dra-uon  on  the  pidlure  through  the 
center  {^')  of  any  vanijhing  line,  perpendicu¬ 
lar  to  itf  IS  called  the  Vertical  of  that 
Vanishing  Line. 

DEFINITION  11. 

XCL  The  vertical  plane  of  a  vanifliing 
line,  is  a  plane  (  S  C  I  B  )  pajjing  by  its  dii> 
tance  (SI)  and  vertical  (SC.) 

theorem  XIX. 

XCII.  The  angle  (  C  S  I  )  formed  by  the 
dijlance  (I  S,  fig.  55.  )  and  vertical  (SC) 
oj  any  vanijhing  line,  (  V  L  )  meajures  the  in¬ 
clination  oj  the  vanijhing  plane  (  I  R  S  L)  and 
tlie  picture  (  V  L  E  N  )  to  each  other ;  which 
is  'the  Jame  as  the  inclination  (  b  A  d  )  of  the 
original  plane  [W  XY  Z)’  and  the  picture.- 

DEMONSTRA- 
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demonstration. 

For  the  dijlance  I  S,  and  the  I'ertical  S  C, 
both  cut  the  vanijhing  line  V  L,  at  right  an¬ 
gles  in  the  point  S,  and  therefore  meafure 
the  inclination  of  the  planes  VLEN  and 
I  R  S  L.  (JbyE.  1 1 .  T>ef.  6.)  Again,  through 
any  point  A,  in  the  entering  line  (  E  N  ) 
draw  A  b  in  the  original  plane^  (  W  X  Y  Z  ) 
and  A  d  on  the  pidiurey  each  perpendicular 
to  E  N,  then  does  the  angle  b  A  d  meafure 
the  inclination  of  the  original  plane  and  the 
pidure,  (byE.  ii.  Def.  6.)  but  the  angle 
b  A  d  is  equal  to  CSI  (by  E.  ii.  lo.) 
feeing  the  lines  forming  thefe  angles  are 
refpedfively  parallel  to  each  other.  O. 

definition  hi. 

XCIII.  ^he^  point  (  C,  fig.  55. )  ivliere 
the  piEiure  is  cut  by  a  perpendicular  (Cl) 
drawn  to  it  J^rorn  the  eye,  ( I )  is  called  the 
center  of  the  pidiure,  and  that  perpendicular 
(Cl)  is  called  the  dijlance  of  the  pidlure. 

theorem  XX. 

XCIV.  Any  vertical  plane  (  S  I  B  C,  fig. 
^r.)  is  perpendicular  to  the  pidture and  alfo 
tQ  its  vanijhing plane,  1  R  S  L. 


DEMON- 


[  172  ]  . 

demonstration. 

For  the  'oanijhing  line  V  L,  being  perpen¬ 
dicular  both  to  SI  and  S  C,  (by  §  7  and 
§  9Q  ji$  perpendieukr  to  the  nyer ti cal  plane y 
S  C  I  B  extended  by  thefe  lines  (by  §  91, 
and  E.  J  i .  4.  )  wherefore  all  planes  which 
pafs  by  the  vani/hlng  line  Y  L-,  mud  be  per¬ 
pendicular  to  the  vertical  plane,  S  C  I  B  (by 
E.  II.  1 8.)  burt  the  pidlure  VLEN,  and 
the  vanijYiing  plaite  I  R  S  L,  always  pafs  by 
vantjhing  line  becaufe  it  is  their  inteiC 
fe^ton  (by  §  3,  page  i.)  wherefore  each 
of  thofe  planes  is  perpendicular  to  the  ver- 
ikal  planCy  SC  IB.  Q^E.D. 

COROLLARY  1. 

XCY.  Hence  becaufe  ah  vertical  planes 
pafs  through  the  eye,  (by  §.  91.)  and  are 
perpendicular  to  the  pi^urcy  their  common 
Jeclion  mud  be  a  line  paffing  through  the 
eye  perpendicular  to  the  piarure  (by  E.  1 1 . 
19.)  confequently  the  dijiance  IC  of  the 
ftclttre  is  the  comrhon  fedtion  of  all  vertical 
planer  (  by  §  9^3 .) 

COROLLARY  II. 

^Cyi-  Hence  the  vertical,  SC,  of  any 
vanlfung  line,  is  a  perpendicular  to  it  paffing 
through  the  center  of  the  pidure  :  for 
(by  §.  9-4  it  is  a  perpendicular  paffing 

through 
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throuffh  the  center  of  the  ^anijhlng  line:  and 
it  coincides  with  the  vertical  plane  (hy 
^  01  )  but  all  vertical  planes  pals  through 
ihe  center  of  the  piUure  (by  §  95.)  where¬ 
fore  all  verticals  pafs  through  the  cenUr  oj  //« 
pi5iure. 

COROLLARY  III. 

XCVII.  Hence  a  perpendicular  (CS) 
drawn  (by  E.  i.  )  from  the  cm/er 
of  the  pmure  to  any  vanijlmg  line  (VI.; 
'interfetfts  it  in  his  center  S,  and  is  the  ver¬ 
tical  of  that  vanifiiing  line  (by  §  90.) 

COROLLARY.  IV. 

XCVIII.  difance  %•  55.)  of  any 
vanijlmg  line,  its  vertical  (SC)  and  the 
diJlance  J  lC)  of  the  piSlure,  form  04  the 
vertical  plane  (  S  C  B  I  )  a  right  angled  tri¬ 
angle  (SCI)  of  which  the  difance  of  the 
vanijhing  line,  (IS)  is  ihe  hypothenufe,  and 
vertical  (SC)  and  diftance  of  the  picture 
(  I  C  )  are  the  two  Tides :  confequently  any 
two  of  thefe  being  given  the  third  may  be 
found :  or  if  one  of  them,  with  either  of 
the  angles  are  given  the  other  tw^o  may  be 
found. 

P  R.O  B  L  E  M  X. 

XCIX.  I’he  vanifiing  line  Qd  1.  of  any  original 
plane  (  W  X  Y  Z  fig.  55*)  center  (  S  ) 
and  iiifiance  S  I,  together  with  the  angle  b  A  d 
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or  CSI  (Vide  §  92.)  i^kich  its  orinnal 
plane  (  W  X  Y  Z  )  makes  with  the  pidiure^ 
bemg  given',  to  find  the  center  (C)  and 
difiance  (  Cl  )  of  the  picture',  and  the  vanijh- 
sng  point  (P)  oj  all  original  lines,  (m  n,  m  n, 

&c.)  that  are  perpendicular  to  the  /aid  original 
plane,  (WXYZ.)  ^ 

1?  ^  pidiure  plane 

Ji  N  V  L,  the  vertical  S  C,  perpendicular 
to  the  given  yanijhing  line  V  L,  {Vide  ^  00) 

^  ^  making  with 

the  faid  vertical  S  C,  the  angle  C  S  i,  equal 

to  the  given  inclination  b  A  d  of  the  original 
plane  with,  the  picture  ;  and  make  Si,  equal 
to  the  propofed  diftance  S I  of  the  given 
yanilhing  line  V  L.  La%,  through  i,  draw 
1  C  par^lel  to  VL,  and  cutting  the  vertical 

^  j  ^  center  of  the  pidiure, 

and  1  C,  Its  difiance  fought. 

It  is  evident  that  the  operations  thus  per¬ 
formed  on  the  plane  of  the  pidure  mull 
give  the  fame  center  C,  and  diftance  C  i,  as 
Jt  they  had  been  performed  on  the  vertical 
plane  S  C  B  I,  (Vide  §  98.)  the  demon- 
fration  being  the  fame  as  ufed  in  §  27 

The  fecond  part  of  our  problem  is  no«r 
eafily  performed  ;  for  through  i  draw  i  P  on 
If  jS/rj/w  of  the  ftclure  perpendicular  to  i  S, 
and  cutting  the  ■verlwat  S  C,  produced,  in  P; 

Mnn'd  ^  potrt,  and  Pi  the 

diftance,  of  ali  lines  m  n,  which  are  per- 

pendicular 


•pendicular  to  the  given  original  plane,  W  X 
Y  Z. 

demonstration. 

/ 

To  underhand  the  reafon  of  this  proceed¬ 
ing,  let  us  fuppofe  the  •uanijhing  and  vertical 
planes  S  I  R  L  and  S  C  B  I  to  be  aduaily 
raifed  in  their  juft  fttuations  refpedling  the 
pidure  V  L  E  N  j  then  fince  the  original 
lines  m  n,  m  n,  &c.  are  perpendicular  to  the 
original  plane  W  X  Y  Z,  their  dijlance  I  P, 
(Vide  %  c))  muft  be  perpendicular  to  the 
fame  plane  (  by  E.  ii.  8.)  and  confequently 
to  the  ^anijhing plane  S  I  R  L  (  by  E.  1 1.  14.) 
wherefore  it  muft  be  perpendicular  to  S  I 
(by  E.  II.  def.  3.)  and  muft  coincide  with 
the  vertical  plane  (by  E.  ii.  18.)  and  inter¬ 
red  the  pidure  fomewhere  in  the  vertical 
S  C  produced,  (by  §91.)  as  in  P,  in 
fuch  a  manner  as  to  form  on  the  vertical 
plane  a  right  angled  triangle  SIP,  whofe 
bafe  is  the  dijlance  (S I )  ^  the  original  plane 
(  W  X  Y  Z  )  and  the  angle  ISP  equal  to 
its  inclination  (Vide  %  92  J  but  the  tri¬ 
angle  S  I  P  is  equal  in  all  refpeds  to  S  i  P 
by  conftrudion,  (andE.  i.  26.)  wherefore 
iP  will  cut  the  vertical  C  S,  in  the  fame 
vanKhing  point  P,  in  which  it  is  cut  by  I  P ; 
and  i  P,  is  equal  to  the  diftance  I  P. 

COROLLARY 


iSiP 

fim 

:a:S 

v:  d  :r!' 

it  rt 
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COROLLARY. 

C.  When  the  cM,r,  (C)  and  Jijiance 
^  ^  S  H-  55')  of  thepiaure  are  given  j  the 
vantjhmg  line  V  L  with  its  center  S  and  dif- 
tance  i  S  of  any^  original  plane  whofe  incli¬ 
nation  to  the  pidiure  is  known,  may  be 
found  by  the  converfe  of  the  firft  part  of 
the  laft  problem,  Thus  through  center 
of  the  picture ^  C,  draw  C  S  in.  any  direftion, 
and  draw  C  i  perpendicular  to  C  S,  and  equal 
to  th^  dijlance  of  the  piBure  propofed  j  daftly 
draw  i  S  making  the  angle  CiS,  equal  the 
complement  of  the  given  inclination  of  the 
piBure  and  the  original  plane,  and  cutting 
♦  through  S  draw  V  L,  paralld 

to  Cl,  tl^en^  IS  VL  the  vaniftiing  line 
fought,  S  is  Its  center,  and  ig  .i_s  its  diP 
tance,  (by  §  98.) 

■  problem  XI. 

Cl,  rhe  center  ( C )  and  dijlance  (  B. 

;  '  •]  given ;  to  find 

the  van, flung  hne  (Vihi)  of  all  fuch  original 
-planes  as  are  perpendicular  to  fuch  original  lines 
as  have  a  given  ^oani/hing  point,  (  A.  ) 

Through  the  given  vanijhing  point  A,  and 
center  of  the  piBure  C,  draw  an  indefi¬ 
nite  line  C  A  1  perpendicular  to  which  draw 
C  I,  and  make  C  I  equal  to  the  given  diftance 
B  of  the  pidure.  2d.  Draw  I  A,  and  through 
i*  draw  I  S  perpendicular  to  I  A,  and  cut¬ 
ting 
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ting  A  C  produced,,  in  S;  laftly,  Draw  M  N 
through  S,  perpendicular  to  S  A,^  then  is 
M  N  the  vanijhing  line  fought,  S  its  center 
and  S  I  its  diftance. 

demonstration. 

Let  C  i  be  a  line  railed  perpendicular  to 
the  plane  of  the  piclure^  P  (O.E  N)  from  its 
center  C,  equal  to  its  dijlance^  then  will  i,  be 
the  place  of  the  eye^  or  point  of  fght  (  by  § 
03  ).  Suppofe  a  plane  S  i  A  C  to  be  paned  ^ 
by  C  i  and  through  the  given  neanijliing  point 
A,  then  will  the  dijlance  A  I  of  that  ‘vanifi- 
in<r point  be  in  that  plane,  which  is  a  vertical 
plane  (by  §  95)  palling  through  the  eye  1 :  fup- 
pofe  a  plane  i  K  S  M,  be  palfed  through  1, 
perpendicular  to  the  dijlance  of  the  given  va- 
nijhing  point.  AI;  then  will  this  p^ne  be  the 
vanijhing  plane,  and  its  interfediion  S  M  with 
the  picture  will  be  the  vanijlnng  line,  or  all 
original  planes  which  are  perpendicular  to 
thofe  original  lines  whofe  reprefentations  tend 
to  the  given  vanillaing  point  A,  fVide^  3*  4* 
and  E.  1 1 . 14.)  Now  becaufe  the  plane  iKSM 
is  perpendicular  to  i  A,  its  fedlion  i  S  with 
the  vertical  plane  S  i  A  C,  palling  ^  by  that 
line,  will  be  perpendicular  to  A  i  (by  E. 
II.  Def.  3.  )  Alfo  the  plane  i  K  S  M  and 
the  pidure  P  QJl  N  are  each  perpendicular 
to  the  vertical  plane  S  i  A  C  (by  E.  \i.  18.) 
wherefore  their  fedion  S  M  is  perpendicular 

to  the  vertical  plane  S  i  A  C,  (by  E.  1 1 .  19*) 

N  and 
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and.  confequently  S  M  and  A  S  are  perpen¬ 
dicular  to  each  other,  and  A  S  is  the  verti¬ 
cal  of  the  vanifhing  line  S  M.  (Vide  §  96  and 

97-) 

So  that  in  the  folution  of  this  Problem, 
we  proceed  as  we  did  in  §  28  and  29,  by- 
working  on  the  plane  of  the  f  igure  inftead  of 
the  vertical  plane  A  i  S  :  alfo  that  S  is  the 
center  and  i  S  =  to  I  S,  is  the  diflance  of  the 
vanijhing  line  SM  fought,  is  evident  from 

§  7- 

PROBLEM  XII. 

CII.  T^he  cefiter  (  C  fig.  57.  )  and  dtjlance 
(Cl  or  Ci)  of  the  piSiure  being  given^  alfo 
the  vanijhing  line  (  V  L  )  of  any  original  plane ^ 
nvhofe  inclination  to  another  original  plane  is 
known t  and  whofe  interfebiion  with  it  is  parallel 
to  the  piBure  :  it  is  required  to  find  the  vanijh^ 
ing  line^  and  its  center  and  dijiance,  of  that 
other  original  plane. 

I  ft.  Through  the  center  C,  draw  CS 
perpendicular  to  the  given  vanifhing  line 
VL  (byE.  I.  12.)  and  it  will  cut  it  in 
its  center  S,  (Vide  §  97.)  alfo  draw  C  i  - 
parallel  to  V  L,  and  equal  to  the  given  dif- 
tance  of  the  piBure^  and  let  S  i  be  drawn. 

2d.  Draw  i  f  making  with  S  i  the  angle 
S  i  f  equal  to  the  given  inclination  of  the 
two  original  planes,  and  cutting  C  S,  pro¬ 
duced,  in  f. 

Laftly.  Through  f,  draw  u  1  parallel  to 
V  L,  which  will  be  the  vanijhing  line  fought, 

having 
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having  f  for  its  center  and  f  i  for  its  dif- 


tance. 

demonstration. 

Let  us  fuppofe  C  I  (  fig.  57- )  the 

Ma?2ce  of  the  pi^ure  raifed  at  right  angles  to 
it,  and  that  S  I  D  B  and  fl  D  b  are  the 
nijhing  planes  of  the  original  planes  in  queftion 
(  §  3  )  interfedting  the  pidure  in  the 

vanijhing  lines  V  D  and  u  1,  and  cutting  each 
other  in  the  line  I  D  which  muft  be  parallel 
to  the  pidlure  becaufe  the  interfedtion  of 
their  originals  was  fuppofed  parallel  to  the 
pidlure,  {Vide  E.  ii.  i6.  )  ^h^"  ^ 
plane  alDe  may  be  extended  by  ID 
parallel  to  tfie  picture  (by  §  50)  then 
(by  E.  II.  16.)  VL  IS  parallel  to  ID, 
\nd  u  1  is  alfo  parallel  to  (ID.)  conle- 
quently  the  vanhhing  lines  V  L  and  u  1 
muft;  be  parallel  to  each  other,  and  the 
perpendicular  C  f,  drawn  from  the  center  oj 
the  picture  is  the  vertical  of  thofe  vamJJmg^ 
lines  V  L,  and  u  1,  and  gives  the  points  S 
and  f  for  their  centers  (  by  §  97.  )  where¬ 
fore  the  line  1  S  and  I  f,  drawn  from  the 
point  of  fight  I,  to  thefe  centers  are  the 
diftances  of  thofe  vanijhing  lines  V  L  and  u  1, 
(hy  §  7.)  Alfo  the  vertical  plane  f  I  C  being 
perpendicular  to  the  two  vanilhing  planes 
(by  &  04^  muft  be  perpendicular  to  tneir 

imerledVion  I  D,  (by  E.  ii.  19-) 

fore  the  angle  S  1  f  is  the  inclination  of  the 

]S’  a  vaniftaing 
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vanifliing  planes  to  each  other,  (by  E.  ii. 
Dcf.  6.  )  which  is  the  fame  as  the  inclina¬ 
tion  of  their  original  planes  (by  E.  ii.  i6.) 
wherefore  in  the  folution  of  this  Problem, 
fince  C  i  is  drawn  on  the  pidture  equal  to  C  I, 
which  is  fituated  in  the  vertical  plane  C  I  f, 
and  alfo  perpendicular  to  the  vertical  C  f,  it 
is  evident  (from  the  conftrudtion,  and  from 
the  demonftration  in  §  29)  that  the  feveral 
lines  and  angles  drawn  on  the  pi5iiire  are 
equal  to  thofe  drawn  on  the  vertical  plane  : 
and  muft  therefore  cut  the  verticals  the  fame 
points  S  and  f.  Or  if  the  vertical  plane  Cf  I 
is  fuppofcd  to  be  turned  on  the  line  C  f  till 
it  coincides  with  the  plane  of  the  piSlure,  the 
feveral  lines  drawn  on  it  will  coincide  with 
thofe  drawn  on  the  pidlure. 

PROBLEM  Xni. 

CITI.  The  center  (  C  )  and  difiance  (B  fig. 
58. )  of  the  pidlure  being  given y  together  with 
the  vanijhing  line  {Y  L.)  of  any  original  plane y 
alfo  the  vanijhing  point  (A)  of  its  inter feBion 
with  any  other  original  plane y  and  the  angle 
which  meafures  the  inclination  of  the/e  two 
original  planes  to  each  other y  being  known  :  it  is 
required  to  find  the  vanijhhig  line  {\x\)  of 
that  original  plane,  and  its  cejiter  and  dij'- 
tance. 

I  ft-  By  Problem  ii.  (§  loi.)  find  the 
vaniJJnng  line  S  u  of  thofe  original  planes 

which 
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which  are  perpendicular  to  fuch  original  lines y 
as  have  A,  for  their  vanifhing  point,  cutting 
the  given  vai2ijhing  line  V  L,  in  m. 

2d.  On  the  line  S  A  (  which  is  the  vertical 
of  the  vanijhing  line  S  u  )  lay  S  i,  from  the 
center  S,  equal  to  its  diftance  S  I,  and  draw 
the  line  i  m, 

3d.  Draw  i  u  making  with  i  m,  the  angle 
m  i  u  equal  to  the  given  inclination  which 
the  original  plane  whofe  vanifliing  line  V  L 
is  given,  and  that  whofe  vanijliing  line  is 
fought,  have  to  each  other,  and  cutting  S  u 

in  u. 

Laftly,  draw  u  A  which  will  be  the  va- 

niJJiing  fought,  of  which  the  and 

dijlance  may  be  found  by  §  100. 

demonstration. 

In  order  to  underftand  the  reafon  of  this 
proceeding,  let  P  Qj:  N  (fig.  59)  be  the 
plane  of  the  pieiure;  C,  hs  center,  and  O  1 
Its  diftance  raifed  perpendicular  to  that  plane  ; 
let  AILD  and  A I  Id,  be  two  vanijhing 
planes  interfering  each  other  in  the  line  I  A, 
and  the  picture,  in  the  vanijhing  lines  V  L 
andul:  now  fince  thefe  vanifiiing  planes  are 
parallel  to  their  refipedlive  originals,  their 
interfedion  1  A  will  be  parallel  to  the  inter- 
fedions  of  thofe  originals,  (  by  E.  ii.  16.  ) 
confequently  A  is  the  vanijhing  point,  and 
I  A  is  its  diftance  of  fuch  original  lines  as 

N  3 
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are  the  interleiliori  of  thofe  orighial  plams^ 
whofe  vanifning  lines  are  V  L  and  u  1.  Again 
let  S  I  K  M  be  a  plane  paffing  through  the 
eye  I,  perpendicular  to  1  A,  then  will  eac:h 
of  the  vaniflaing  planes  A  I  L  D  and  AI  1  d 
be  perpendicular  to  this  plane  S  1  K  M  (by 
E.  II.  1 8.)  and  their  interfedtions  I  m  and 
I  u  with  it,  will  be  perpendicular  to  I  A, 
(by  E.  II.  Def.  3  )  and  the  angle  in  I  u  will 
therefore  ineafure  the  inclination  of  the 
vanilhing  planes  A  I  L  D  and  A  I  1  d  to  each 
other,  (by  E.  ii.  Def.  6.)  but  the  lines 
I  m  and  I  u  being  fituated  in  the  plane 
SI  KM,  will  cut  the  piBiire  fomewhere  (as 
at  m  and  u)  in  the  vanifliing  line  S  M  of 
that  plane  j  alio  becaufe  the  laid  lines  I  m 
and  I  u  are  in  the  vanijhing  planes  A  I  L  D 
and  A  1 1  d,  they  mud  cut  the  pi5lure  fome¬ 
where  in  the  vaniJJiing  lines  V  L  and  u  1, 
confequently  the  lines  1  m  and  I  u  pafs  thro’ 
the  points  where  S  M  cuts  the  ’vaniJhing  lines 
V  L  and  u  1. 

Let  I  S  be  drawn  along  the  plane  S  I  KM 
perpendicular  to  the  vanifhing  line  S  M  then 
will  S  be  its  center  and  S  I  its  diftance  (by 
§  7.  )  and  we  may  now  obferve  that  if  on 
any  plane  that  palTes  along  the  vanifliing  line 
S  M  (among  which  the  plane  of  the  pidture 
,  mufl;  be  reckoned)  a  perpendicular  S  i  (fig. 
58,  and  59.)  be  drawn  through  S,  equal  to 
S  I  the  dijlance  of  the  faid  vanijliing  line^  and 
if  from  this  point  i,  lines  are  drawn  to  the 

points 
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points  m  and  u  where  the  vanifhing  line  S  M 
futs  the  two  others  V  L  and  n  I,  the  angle 
i  u  will  meafure  the  inclination  of  the 
vanifhing  planes  AILD,  Aild  to  each 
otlier,  (  Vide  the  demonjiration  oj  ^ 

If  then  we  have  one  vanilhing  line  as 
VL  (fig.  58.  and  59.)  given,  and  know 
the  inclination  m  i  u  =  m  1  u  which  the  two 
vanijhing  planes  have  to  each  other,  (that 
being  the  fame  as  the  inclination  of  their 
refpeftive  originals )  we  inay  find  the  point 
u.  through  which  the  other  vamjhtng  line 
mud  pals  as  the  problem  direds  ;  and  as  the 
point  A  in  which  the  two  yanifliing  lines 
Lt  each  other  is  given,  a  line  u  1  pafling 
through  thofe  points  A  and  u  muft  be  the 

vanifliing  line  fought. 

In  the  moft  extenfive  pradtice  and  moft 

intricate  fubjeds  that  can  be 
exercife  the  art  of  perfpeaive,  I  believe 
there  are  none  that  will  embarrafs  my  reader 
if  he  has  made  himfelf  mafter  of  thefe  13 
problems;  which  indeed  “mpriae  he 

whole  art,  with  the  ^'n'anv  of 

abbreviations  that  are  to  be  found  any  of 
the  voluminous  books  on  this  l^abjeft  .  and 
is  on  account  of  their  great  utihy  that  I  have 
been  fo  prolix  in  their  proof  and  explication. 
1  (hall  add  a  few  examples 
4  latter  problems  contained  in  this  chap 
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LEMMA. 


CIV.  I?i  an  upright  piBure  the  'vaniJJniig 
lines  of  all  planes  perpendicular  to  the  horrizony 
^bill  be  perpendicular  to  the  horizontal  line. 

demonstration. 

For  the  vanifhing  plane  of  fuch  original 
planes  as  are  perpendicular  to  the  horizon 
will  be  perpendicular  to  the  vanijliing  plane  of' 
the  horizon  ;  alfo  the  pidure  when  upright  is 
perpendicular  to  the  'uanifhing  plane  of  the  • 
horizon,  wherefore  the  lemma  is  manifeft  by 
(E.  II.  19.)  / 

example  XIV. 

0/  a  Down- hill  View. 

Figure  60  is  the  reprefentation  of  two  rows 
of  houfes  Handing  on  a  hill  which  defcend^ 
from  the  pidure.  In  reprefentations  of  this 
kind  we  muft  fuppofe  the  plane  of  the  hill  to 
be  cut  by  a  plane  parallel  to  the  horizon,  and 
that  the  fituation  of  this  fedtion  with  relpedt 
to  the  pidture,  is  given  or  alTumed.  If  this 
fedion  is  fuppofed  parallel  to  the  pidure  (as 
in  the  prefent  cafe)  and  if  we  know  the 
angle^  C  i  S  of  the  hills  declivity,  its  vanifh- 
ing  line  u  1,  which  will  be  parallel  to  the 
horizontal  line  H  L  may  be  found  by  pro¬ 
blem  12,  asj  lhall  fhew. 
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The  pidure  is  fuppofed  perpendicular  to 
the  horizon,  wherefore  its  center  C  and  dif- 
tance  C  I  is  alfo  the  center  and  diftance  ot 
the  horizontal  line,  H  L  We  muft  next  re- 
member  that  although  the  bottoms  of  the 
houfes  cannot  be  parallel  to  the  horizon,  yet 
the  tops  of  the  windows,  and  of  the  houfes. 
if  we  fuppofe  them  flat  roofed,  will  be  paral¬ 
lel  to  the  horizon,  and  therefore  will  tend 
to  fopie  point  in  the  horizontal  line,  H  1.. 
Let  L  be  affumed  for  the  vanijhmg  point  oi 
all  lines  which  are  parallel  to  the  horizon  and 
fituated  in  the  right-hand  front:  then  will 
H  he  the  vanijhing  point  of  all  lines  that  are 
parallel  to  the  horizon  and  fituated  in  the 
left-hand  front  (Vide  page  104.)  Lay  the  dif¬ 
tance  of  the  pidlure,  C  I.  on  the  horizontal 
line  from  C  to  i ;  draw  C  S  perpendicular  to 
the  horizontal  line,  and  S  1  making  with  it  the 
angle  C  i  S  equal  to  the  declivity  of  the  hill, 
and  cutting  C  S  in  S.  Through  S  draw^ul 
parallel  to  H  L,  which  lhall  be  the  vanijhing 
L  of  the  hill.  (Vide  prob.  ^778;) 
Through  H  and  L  draw  L  u  and  H  1  per¬ 
pendicular  to  H  L,  and  cutting  u  1  in  the 
points  u  and  1,  which  are  the  noamflung  points 
of  all  lines  fituated  m  the  fronts  of  the 
buildings  and  parallel  to  the  ground ;  for  the 
^anijhhig  //«./of  the  fronts  muft  pafs  through 
HandL;  wherefore  by  §  104,  Lu  and  HI 
are  thefe  noanifiing  lines.  But  the  vanijhing 
poinU  of  all  lines  fituated  in  thefe  fronts  muft 
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be  in  thefe  vanijhing  lines,  (by  §  13.)  and  if 
they  are  parallel  to  the  ground  they  muft  alfo 
tend  to  Ibine  point  in  its  vanijliing  line,  u  1  j 
wherefore  11  and  1  are  the  ‘vasiijlnng  points  of 
all  lines  that  are  fituated  in  the  fronts  and 
parallel  to  the  ground.  All  the  other  opera¬ 
tions  will  appear  from  infpedting  the  fcheme 
and  reflecting  on  what  has  been  already  taught. 
But  it  may  be  proper  to  obferve  that  D  is  the 
diflance  of  the  vanijhing  point  H ;  and  d  that 
of  L  laid  on  the  horizontal  line. 

EXAMPLE  XV. 

Of  a  Dawn-hill  and  an  Up-hill  l^tew. 

50.  H  L  is  the  horizontal  line,  C  its 
ccntei,  and  C  I  its  diflance,  which  are  alfo 
the  center  and  diflance  of  the  piflure.  The 
fecflion  of  the  plane  of  the  hill  by  a  plane 
parallel  to  the  horizon  is  luppoied  perpendi¬ 
cular  to  the  pidlure,  and  therefore  C,  (the 
center  of  the  picture)  is  its  vanilhing  point. 
According  to  this  fuppofltion  the  vanijhing 
plane  of  the  hill  and  the  vanijhing  plane  of  the 
horizon  being  each  perpendicular  to  the  pic¬ 
ture,  the  interfedlion  of  the  pidlure  with  thefe 
planes  will  meafure  their  inclination  to  each 
other  (by  E.  ii.  Def.  6.)  that  is  the  angle 
H  C  u  formed  by  the  vaniflflng  line  of  the 
hill,  u  1,  and  the  horizontal  line,  HL,  is 
equal  to  the  declivity  of  the  ground.  Where¬ 
fore  through  C,  draw  u  1,  makings  with  the 
horizontal  line  H  L,  the  angle  H  C  u,.  equal 
to  the  propofed  fleepnefs  of  the  hill.  The 

point 
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roint  L  is  affumed  fnr  the  vaniniing  point  of 
?uTh  lines  as  are  parallel  to  the  honzon  and 
frtuated  in,  or  parallel  to,  the  r.ght-hand 
fronts  of  the  buildings.  By  this  the  " 

ing  point,  H,  of  lines  parallel  to  the  horizon 
andfituated  in,  or  parallel  to, 
fronts  are  found.  Alio  the  points  u  and  1  are 

found  by  Lcninna,  §  104, 
the  fame  as  in  the  laft  example.  Alfo  d  is 
the  diftance  of  the  vanilhmg  point  L,  and  u 
is  that  of  H,  laid  on  the  horizontal  line. 
The  fuppofed  unevennefs  of  the  ground 
make  the  feveral  horizontal  platforms,  fteps, 
&c.  which  are  reprefented  m  the  fcheme, 
neceffary;  whofe  conftruaion,  it  is  prefu- 

Ld  will  appear  by  infpedtion. 

N.  B.  If  the  fedion  of  the  hill,  by  an  lo- 
rizontal  plane  had  not  been  fuppofed  parallel 
to  the  iddure,  as  in  the  laft  example,  nor 
perpendkular  to  it,  as  in  this,  we  muft  have 
Ld^ recourfe  to  problem  13.  §  103, 
to  find  u  1  the  vanhhing  line  of  the  hill. 

example  XVI. 

Of  the  tnclmed  piSiure. 

In  fio’.  62.  we  have  the  reprefentation  of 
the  infide  of  a  room.  The  pidure  is  fup¬ 
pofed  to  be  inclined  to  the  ground,  for  which 
reafon  the  horizontal  line  will  not  pals 
through  its  center,  but  will  be  at  agreat^  01 
lefs  diftance  from  it,  according  as  the  picture 
is  more  or  lefs  inclined  to  the  ground,  and  it 

will  pafs  above  or  below  the  laid  center, 
^  according 
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according  as  the  pidlure  inclines  from,  or 
towards  the  eye,  as  will  be  evident  from  the 
lead:  refledtion.  To  draw  the  reprefen tations 
of  objedts  upon  fuch  a  plain  we  proceed  as 
follows.  The  point  C  is  affumed  for  the 
center  of  the  pidiure  in  any  convenient  part  of 
It,  Ci  is  made  equal  to  the  intended  dif- 
tance  of  it  from  the  eye,  {Vide  §  9:5.)  or 
for  want  of  room  C  i  may  be  made  equal  to 
T  &c.  of  that  didance.  Next  (by  §  100.) 
we  find  the  vanijhing  line  H  L,,  and  its  center 
and  didance  of  a  plane  inclined  to  the  pidture 
fo  much  as  we  have  determined  the  pidture 
/hall  be  inclined  to  the  ground,  (Vide  §  92.) 
then  will  this  line  H  L  be  the  horizontal  line. 
The  vanifhing  point  of  fuch  original  lines  as 
are  perpendicular  to  the  horizontal  plane  mud 
next  be  found  (by  §  99*)  then  we  are 
fudiciently  prepared  to  draw  the  perfpedive 
reprefentation  of  any  budding,  &c.  on  our 
inclined  pidture,  the  appearance  of  which, 
though  uncouth  and  didorted  if  the  pidture 
is  viewed  in  an  eredt  podtion,  will  be  jud 
and  natural  when  inclined  to  the  horizon  fo 
much  as  was  intended,  and  the  eye  of  the 
fpedtator  is  placed  exadtly  in  the  podtion  and 
at  the  didance  pitched  upon  when  the  repre¬ 
fentation  was  drawn.  But  to  be  more  parti¬ 
cular,  C  is  the  center  of  the  pidture,  and  Ci 
is  half  its  didance,  becaufe  we  have  not 
room  on  the  plate  to  lay  down  the  whole 
didance ;  the  angle  C  f  i  is  made  equal  to 

the 
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the  inclination  which  the  plane  of  the  pic¬ 
ture  is  fuppofed  to  have  to  the  ground; 
/'Vide  ^  Q2.)  wherefore  f  would  be  the  cen- 
ieV  of  the  horizontal  line.  If  Ci  was  the 
whole  diftance  of  the  pidure,  but  bt^aufe 
it  is  only  half  the  diftance,  C  muft  be 
made  equal  to  twice  ^ 
center  of  the  horizontal  line, 

In  like  manner  if  C  i  were  the  whole  diftance 
of  the  piaure,  V  would  be  the  vamfung 
i)Oint  of  all  lines  which  are  perpendicular  to 
ihe  ground;  (by  §  99-)  but  the  true 
nijhing  point  of  fuch  perpendicular  lines,  wdi 
be  twice  the  diftance  of  the  point  V  from  C, 
which  would  exceed  the  bounds  of  our  plate; 
wherefore  we  proceed  as  taught  in  §  Si,  ai- 
vidinff  V  B  each  way  from  V  into  equal  parts 
two  of  which  are  equal  to  one  of  the  parts 
which  Ci,  produced  both  ways,  is  divided 

On  the  horizontal  line,  I  lay  /tutn  its 
center  (  S  )  S  d,  equal  to  f  i  which  is  half  its 
diftance,  alfo  we  make  Vm  equal  to  Vi, 
and  CD  equal  to  twice  Cm;  then  is  D  the 
true  dividing  center  of  all  lines  perpendicular 

to  the  horizon,  {Vide  page  119.) 
f  cr  of  the  ceiling  is  in  this  example  fuppoled 
parallel  to  the  picture,  on  this  fide  we  fix  the 
fituation  of  the  windows  and  draw  their  per¬ 
pendicular  fides,  alfo  the  up  and  down  tides 
of  the  frames  by  means  of  the  divifions  on  the 
lines  C  i  and  V  A,  {Vide  §  82)  the  horizontal 

1 T 
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frames  are  formed  by  means  of  the  line  o  n, 
and  the  dividing  center  D  j  o  n,  being  made  of 
any  length  in  proportion  to  the  width  of  the 
window  which  was  before  fixed.  Thofe  fides 
of  the  cieling  and  floor  which  are  not  parallel 
to  the  pifture  are  perpendicular  to  thofe 
which  are,  and  therefore  mufl:  tend  to  tho 
center  of  the  horizontal  line.  The  doors 
are  ftationed  and  made  of  any  determinate 
width  in  proportion  to  the  width  of  the 
windows,  by  means  of  the  half  diftance 
point  d  {Vide  prob.  5.  page  1 10.)  The  doors 
being  open  are  fuppofed  to  have  L,  or  any 
point  at  pleafure  for  their  vaniflaing  point, 
the  diilance  L  a  of  which  is  found  by  means 
of  the  diftance  S  I  of  the  horizontal  line, 
S  I  being  made  equal  to  twice  f  i,  and  L  a  is 
made  equal  to  L  I  j  from  whence  we  obtain 
the  reprefentation  of  the  doors :  a  view  of 
the  figure,  and  the  ikill  which  we  hope  the 
reader  has  by  this  time  obtained,  render  it 
needlefs  to  expatiate  farther. 

EXAMPLE  XVII. 

On  an  inclined  PiSture. 

Fig.  62  is  the  reprefentation  of  a  double 
crofs  on  a  pidlure  inclined  to  the  horizon  : 
the  double  crofs  is  a  figure  compofed  of  6 
equal  cubes  placed  upon  each  of  the  faces, 
of  a  7th  cube,  which  may  therefore  be  ac¬ 
counted  as  the  center  of  the  whole  figure. 
From  this  account  of  the  double  crofs. 
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of  which  to  render  it  more  intelligible  wc 
have  given  a  view  in  fig.  63.  as  it  won 
appear  on  an  upright  pidure)  it  is  plain  that 
tL  center  cube  will  always  be  entirely  hid 
becaufe  furrounded  with  ail  the  others  ;  lup- 
nofing  that  the  reader  underftands  the  nature 
of  the  objcd  to  be  reprefented,  let  us  return 
to  fig.  62,  C  is  the  center  of  the  pidurc, 
and  C  I  its  diftance  :  The  horizontal  line 
HLis  drawn  by  §  100.  of  which  S  is  the 
center.  S  1  its  diftance,  and  S  V  its  verttcah 

then  by  ^  99-  II 

of  fuch  lines  as  are  perpendjcular  to  the 
Itorizon.  Lay  the  diftance  S  I  of  the  lion- 
zontal  line,  on  its  vertical  from  S  to  i,  and 
affunae  any  point  H  in  the  honzonta  line  tor 
the  vaniiii.ng  point  of  two  f.dcs  of  tire  hon- 
zontal  faces  of  the  cubes  winch  com  pole  the 
double  crofs  intended  to  be  reprefented  ;  them 
will  IL  drawn  perpendicular  to  Hi  give  on  the 
horizontal  line  the  point  L,  for  the  vanilhmg 
point  of  the  other  two  hdes  of  the  horizontal 
faces  of  the  faid  cubes.  Let  us  now  aflame 
any  point  a,  for  the  neareft  upper  corner  oi 
the  neareft  cube,  from  this  point  draw  a  b 
parallel  to  the  horizontal  Ime  H  L  e-nd  a  c^ 
parallel  to  its  vertical  V  S,  .and  let  each  o. 
them  beaflumed,  or  made  (by  §165.)  equa 
to  the  iniended  length  of  a  fide  of  the  cube. 
Next  at  the  point  a,  put  the  reprclen- 
tation  of  an  horizontal  fquare,  whofe  flues 
tend  to  H  and  L  Examp.  2.  page 
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98.)  and  are  equal  to  a  b,  d  being  the  dis¬ 
tance  of  the  vanifhing  point  H,  and  D  the 
vaniihing  point  of  the  diagonal  of  all  fuch 
horizontal  Squares  vvhofe  Sides  tend  to  L  H 
and  L  ;  next  by  the  fame  method,  put  at  the 
point  a,  the  representation  of  a  vertical  Square 
whofe  lides  tend  to  L  and  V,  and  are  equal 
to  a  c  or  a  b,  Thefe  two  Squares  being 
found,  it  is  needlefs  to  fay  how  the  represen¬ 
tation  of  the  cube  marked  i  may  be  com- 
pleated:  the  representation  of  one  cube  being 
thus  found  it  is  ealy  to  perceive  how  the 
others  may  be  obtained,  if  we  reflea:  that 
flnce  the  fides  of  one  of  the  vertical  faces 
of  the  cubes  tend  to  L  and  to  V,  therefore 
the  line  L  V,  is  the  vajiijhtng  line  of  that 
vertical  face,  and  for  the  like  reaSon  H  V,  is 
the  vaniSliing  line  of  the  other  vertical  face 
of  the  cube  :  (  Vide  §13)  alSo  if  through 
a,  and  the  oppofite  angles  of  theSe  vertical 
Squares,  the  lines  a  T)  and  a  d  are  drawn, 
cutting  the  aforeSaid  vanifliing  lines  in  the 
points  Z)  and  d  then  will  theSe  points  be  the 
vanifliing  points  of  the  diagonals  of  the  Said 
vertical  Squares.  How  the  representations 
of  the  other  cubes  marked  2,  3, 14,  5,  6, 
are  found  by  means  of  thefe  vanifliing  points 
of  the  diagonals  will  appear  from  inspec¬ 
tion. 


C  HAP. 


A  farther  application  of  the  foregoing  theory  y  to 
the  folution  of  geometrical  problems  on  planes 
ftuated  in  every  variety  of  pofition  refpeB^ 
ing  the  piBure :  containing  a  fummary  of 
the  praBice  of  perfpeciive. 


N  the  folution  of  every  geometrical  pro¬ 
blem  in  the  introdudion,  a  plane  was 
fuppofed  on  which  the  feveral  lines 
given,  as  well  as  thofe  which  were  required 
to  folve  the  problem,  might  be  drawn.  Thus 
when  in  E  I .  I .  It  is  propofed  to  conflrud 
an  equilateral  triangle  on  a  given  line,  the 
praditioner  is  fuppofed  to  be  allowed  a  plane 
furface  as  a  date,  paper,  board,  the  ground, 
6lC.  on  which  the  given  line  is  drawn,  and  the 
other  two  lides  of  the  triangle  are  to  be  traced ; 
and  fuch  a  plane,  which  anfwers  to  the  paper 
on  which  the  fchemes  of  the  introdudion  are 
drawn,  may  be  termed  the  working-plane. 

But  in  the  following  folution  of  geometrical 
problems,  I  do  not  fuppofe  any  working  plane 
really  to  be  given,  but  only  the  perfpeBive 
reprefentation  of  fuch  a  plane. 

As  for  example,  in  fig.  64,  is  exhibited 
the  perfpcdive  reprefentation  of  an  objed, 
whole  vilible  parts  are  fimilar  to  the  fides  and 
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xoof  of  a  houfe,  as  alfo  the  plane  of  the 
ground  it  hands  on,  which  are  all  fuppofed 
oblique  to  the  pidure.  There  is  alfo  exhi¬ 
bited  thQ  re prefent  at  ion  (R)  of  a  plane  hand¬ 
ing  upright  on  the  ground  and  parallel  to  the 
pidure. 

Now  any  of  thefe  planes  may  be  eonfidered 
as  a  working  plane^  on  which  it  may  be  re¬ 
quired  to  perform  any  geometrical  problem 
contained  in  the  introdudion  :  but  on  all  this 
variety  of  planes  there  are  only  two  different 
ways  of  working  j  for  every  plane  whofe  re- 
prejentation  is  given,  muh  be  either  parallel 
to  the  pidure,  as  the  plane  R ;  or  it  muh  be 
oblique  to  it,  as  are  all  the  others. 

When  the  working  plane,  whofe  reprefen- 
tation  is  given,  is  parallel  to  the  p'tdure,  every 
problem  is  folved  exadly  in  the  fame  manner 
as  taught  in  the  introdudion  ^  becaufe  the  re- 
prefentations  of  'a\\  figures  on  fuch  planes  are 
fimilar  to  their  originals,  (by  §  70)  But  if 
Xho  working,  plane  h  oblique  to  the  pidurc, 
its  vanijhing  hne^  and  its  center  and  dijiance, 
muh  be  given,  or  found  by  §.  100  from  the 
known  ^i?;z/frand  dijiance  of  the  picture,  and  the 
inclination  of  the  faid  working  plane  thereto. 

In  the  prefent  fig.  64.  H  L.  is  the  horizontal 
line-,  v/hofo  center  is  S,  2Ln(\  difance'ol;  w'hich, 
becaufe  the  pidure  is  fuppofed  ered,  is  alfo 
the  center  and  difance  of  the  pidlure.  L  is  the 
vanifiing point  of  fuch  lines  as  are  parallel  to 
the  left  hand  front  of  the  objed  and  to  the 

ground  : 


[  195  ]  * 

ground :  wherefore  the  line  V  L  drawn 
through  L  perpendicular  to  H  L,  is  the  va^ 
nijhingline  of  the  faid  front  by  §  104  ;  alfo  bL 

is  its  -  vertical  (by  §  97) 
and  L  I  its  diflance  (by  §  98  ).  Let  this  dif- 
tance  I  L  be  kid  from  L  to  J  on  the  vertical 
H  L,  continued  j  then  may  J  be  efteemed  as 

the  place  of  the  eye  (Vide  page  24) 
all  reprefentations  that  are  to  be  exhibited  on 
the  plane  of  the  faid  left  hand  front  In  like 
manner  V  H  is  the  vanijhtng  line  of  the  right- 
hand  front,  H  S  is  its  verticah  H,  center, 
and  H  I  its  diftance :  which  diflance  being  laid 
from  H  on  the  kid  vertical  produced,  gives 
the  point  i  for  the  place  oj  the  eye  to  be  uled 
in  finding  perfpediive  reprefentations  on  the 
faid  right-hand  front.  Let  us  now  fearch  for 
ih^vmijhinglineoi  the  roof.  We  have  given 
t\\Q  reprefentations  ab  and  be  of  the  edges 
Qf  the  roof,  but  thefe  lines  ab  and  b  c  are 
alfo  fituated  in  tXiQjronts  of  the  objeaias  vvell 
as  in  the  roof ;  wherefore  the  vanijhmg  points 
of  thefe  lines  muft  be  fomewhere  in  the  va- 
nijhing  lines  V  H  and  TL  of  the  faid  front^ 
(bv  ^  87)  now  ab  being  produced  cuts  \  H 
in'V  ;  and  be  being  produced  cuts  ^L  in  k: 
wherefore  V  and  L,  are  the  vanijhmg  points 
of  ab  and  be,  confequently  fince  we  have  got 
the  vanifiing  points  of  two  lines  i^t^ated  in 
the  roof ;  a  lifie  V  L  drawn  through  thefe 
points,  will  be,the  vanifvng  line  the  root. 
Vide  §  89)  a  perpendicular  to  which  drawn 
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from  the  center  of  the  piBiire  (S)  cuts  it  in  hy- 
ce7ijer  f,  and  gives  8  f  for  its  vertical,  on 
wnich  its  diftance  1  j  (being  to  be  found  by 
(§  joo)  may  be  laid  from  f  to  j,  then  will  j  be' 
the  place  oj  the  eye  for  finding  reprefentations 
on  the  plane  of  the  roof,  ij^tde  page  2-^.) 

We  arenowfurnhhed  with  all  the  requi- 
fites  for  performing  any  geometrical  problem: 
on  any  of  thele  planes  •,  neither  of  which  is- 
more  difficult  than  another,  and  all  are  fubjedl 
to  the  fame  rules  :  fo  that  any  problem  which 
1  peiform  on  the  plane  of  the  ground,  may* 
with  the  fame  facility  be  performed  on  either 
of  the  fronts,  or  on  the  roof,  and  although 
(becaufe  it  might  be  difficult  for  the  learner 
to  diveft  himfelf  of  all  local  ideas  at  once)  I 
have  luppofed  the  picture  eredf ;  whereby  the 
reprefentations  of  the  corners  of  the  objed:  are 
perpendicular  to  the  hori'Zontal  line,  which 
makes  the  fituation  of  its  parts  more  intelli¬ 
gible  at  firffc  fight :  yet  this  is  only  to  be  con- 
lidered  as  accidental ;  for  in  the  next  plate,, 
by  making  the  pidiiire  inclined  to  the  horizon, 
every  thing  will  be  in  the  moff  oblique  ffate 
poflible  ;  but  the  trouble  of  folving  any  pro¬ 
blem  will  not  be  at  all  enhanced  thereby 
for  every  thing  will  be  performed  with  the 
ihme  eafe  as  we  find  the  reprefentation  of  a..' 
line  OU'  the  ground  in  an  eredi  pidlure. 


PRO- 
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E  M  I. 


I'he  reprefentatlon  vf  a  line  being  ghm  to 
(divide  it  in  parts  whofe  originals  are  equal,  or 
bear  my  aligned  proportion ,  to  each  other, 

{Vide'E.  6.  9  and  lo.) 

Let  us  coniider  the  roof  of  the  objedt, 
hg.  64.  as  the  working  plane,  whereof  VL 
*is  the  vanifliing  line,  whofe  center  is  f,  and 
diftance  f  j,  and  let  its  edge  a  b  be  the  giv’^en. 
line,  which  we  will  fuppofe  requires  to  be 
•divided  into  4  parts  equal  in  reprefentation. 
Through  one  end  b  of  the  given  line  a  b^ 
draw  b  d,  parallel  to  the  vanifhing  line  V  L, 
and  on  it  lay  4  equal  divifions  as  exprelTed 
by  the  dots,  lay  a  ruler  by  d  and  a,  cutting 
the  vanilhing  line  V  L  in  e,  then  the  ruler 
laid  by  e  and  the  divifions  on  hd  will 
divide  a  b  into  4  parts  equal  in  reprefen- 
tation. 

Vide  this  problem  vcith  its  demonjlration 
page  123  §  S4. 

N.  B  If  the  given  line  had  been  parallel 
to  the  vanijlung  line,  the  problem  would  hav-e 
been  folved  exadlly  the  fame  as  E.  6.  9* 
ij'ide  §  70.) 

PROBLEM  11. 

1 

T’he  reprefentation  of  a  right  line  being  given, 

m  it  to  conjirudl  the  reprefentation  oj  an  eqm- 

dateral  triangle,  {VideE\.i.)  a  c  i? 

O  3  •  L  A  b  L 
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CASE 


I. 


When  the  working  plane  is  parallel  to  the 
picture y  as  R,  fig.  64. 

The  problem  is  then  folved  in  all  refpecas 
like  E.  I.  I.  (which  fee)  for  the  repre- 
fentation  of  an  equilateral  triangle,  is  an 
equilateral  triangle  (by  §  70  ) 

And  becaufe  when  the  working  plane  is 
parallel  to  the  pidlure,  the  folution  of  any 
problem  is  the  fame  as  taught  in  the  ele¬ 
ments,  we  fliall  for  the  future  omit  this 
cafe. 

C  A  S  E  II, 

When  the  given  line  is  parallel  to  the  picture y 
and  the  working  plojte  is  obliqiCe. 

Let  the  working  plane  on  which  the  pro¬ 
blem  is  to  be  folved  be  the  ground  (fig.  64.) 
(whereof  the  vaniihing  line  is  H  L,  whofe 
center  is  S  and  diftance  S  I)  on  which  let 
m  n  be  the  given  line  parallel  to  the  pi^urcy 
and  to  the  horizontal  line.  {Vide  §  44.) 
Through  I,  the  place  of  the  eyCy  draw  a  line 
parallel  to  H  L,  and  on  it  ereft  an  equilateral 
triangle,  (by  E.  i.  i.)  parallel  to  whofe 
fides  draw  through  the  point  I,  the  dijiance 
lines  {Vide  §  9.)  I  d  and  I  cutting  the  hori¬ 
zontal  line  in  d  and  d,  then  through  the  ex¬ 
tremities  m  and  n  of  the  given  line  draw 

lines* 
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lines  to  tho  vcinijhing  pmnts  d  and  d,  cutting 
each  other  in  o,  then  is  the  figure  m^n  o  the 
reprefmtatien  of  an  equilateral  triang'.e  as  re- 

^^The  reafon  of  this  and  mofi;  of  the  pro¬ 
ceedings  in  this  chapter  may  be  gathered  from 
R  -54,  page  25.  where  it  is  fitewn  that  when 

any  original  Jigare^  and  the  plo^e 
are  kid  down  on  the  plane  of  tl^e  pidure  as 
taught  in  page  23.  the  <oaniJliing  points  oi  the 
fides  and  diagonals  of  the  laid  original ^gure^ 
are  found  by  drawing  parallels  to  thole  fides 
and  diagonals  through  the  place ^  of  the  eye. 
Jf  then  inftead  of  having  the  original  figure 
A  BCD  (fig‘  8.  page  25.)  in  its 

proper  place,  below  the 
page  2  3  5  we  draw  a  figure  I  b  c  d  at  I,  fimilar 
m  it,  and  alfo  fituated  fo  that  its  fides  may  be 
parallel  to  the  fides  of  the  original  fgure 
A  B  C  D,  whofe  reprefentation  is  wanted.  It 
is  evident  that  the  fame  vanifldng  points  will 
be  obtained  by  producing  the  fides  o.  this 
figure  I  b  c  d,  or  drawing  parallels  to  them 
through  the  place  of  the  eye  (I)  f 
made  ufe  of  the  original  figure  A  B  C  D, 
and  that  if  we  have  the  reprefentation  a  b, 
of  one  fide  of  the  original  figure  gwQn  or 
afiumed,  the  reft  of  the  reprejentation  may  be 
determined  without  having  any  recourle  to 
the  laid  original  figure  A  B  C  D. 

O4  OBSERVA- 
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OBSERVATION 

It  will  be  proper  to  remember  that  when  the 
place  of  the  eye  %•  8.)  as  taught  in  page 

§  33*  one  angle  of  the  fmilar 

figure  1  b  c  d  is  placed  at  the  eye  (I)  and  the 
reprefentatwn  abed  is  determined  thereby, 
The  right  and  left  hand  parts  of  it,  will  cor- 
refpond  with  .the  right  and  left  hand  parts  of  the 
reprefentation.  Alfo  thofe  parts  of  it  which  are 
neareft  the  vanijhmg  line  V  L,  will  correfbond 
with  thofe  parts  of  the  reprefentation  which 
are  neareft  the  vanijhing  line.  Thus  b,  (fig. 
8.)  which  is  the  right  hand  angle  of  the 
limilar  figure  I  bed  correfponds  with  b, 
which  is  the  right  hand  corner  of  the  repre¬ 
fentation  abed;  alfo  c,  which  is  that  cor¬ 
ner  of  the  fimilar  figure  I  b  c  d,  neareft  to 
the  vamfhing  line,  (V  L)  correfponds  with 
c,  which  is  that  corner  of  the  reprefentation 
neareft  to  the  vanilliing  line. 

CASE  III. 

When  the  given  line  and  the  working  plane 
are  both  oblique  to  the  piSture. 

Let  the  given  line  m  n  (fig.  64.)  be  fitua- 
ted  in  the  left  front  of  the  building,  whofe 
vamnimg  line  is  TL,  having  L  for  its  center, 
and  L  J  for  its  diftance,  already  determin¬ 
ed. 


Produce 


Produce  m  n  till  it  cuts  the  vanlflilng  line 
V  in  V,  and  draw  V  J  which  is  the 
dijiance  of  the  given  line  m  n.  (Vide  §  33*) 
On  this  diftance  line  V]  condrua  an  equila¬ 
teral  triangle  Jbc  (by  E.  i.  i.)  Through 
J  draw  lines  d  J  and  d  J  parallel  to  the  lides 
b  c  and  J  c  of  this  equilateral  triangle,  and 
where  they  cut  the  vanifliing  line  Vh  of  the 
working  plane  in  d  and  d,  will  be  the  vanhh- 
ing  points  of  the  two  iides  m  o  and  n  o  whofe 
reprefenation  is  fought,  which  may  be  drawn 
as  in  the  lad  cafe. 

N.  B.  When  the  given  fide  m  n  of  any 
triangle  is  oblique  to  the  pidure,  it  will  ge¬ 
nerally  happen  that  one  of  the  fides  whofe 
reprefentation  is  fought’  will  be  fo  nearly 
parallel  to  the  pidure  that  its  vajiijhing  point 
will  not  fall  within  the  compafs  of  the  paper, 
as  in  the  prefent  cafe  the  vanijhing  point  of 
n  o,  whofe  didance  is  J  a,  falls  much  beyond 
the  bounds  of  the  plate.  To  remedy  inconve¬ 
niences  of  this  kind,  divide  the  given  repre¬ 
fentation  m  n  into  two  or  three  equal  parts 
(by  prob.  i.  of  this  chap.)  alfo  divide  that 
fide  J  b  of  the  triangle  Jbc,  which  is  the  dif¬ 
tance  of  the  faid  given  line  m  n  into  the  fame 
number  of  equal  parts  (by  E.  6.  9*) 
let  thefe  divifions  on  m  n  and  on  J  b  be 
numbered  the  fame  way,  (in  general  it  will 
be  fufficient  to  divide  them  each  into  two 
equal  parts,  as  in  this  example,  and  then 
there  is  no  occafion  for  numbering.)  Draw  a 
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line  c  1  through  the  firft  divilion  oft  J  b  and 
the  oppofite  angle  of  the  triangle  I  c  b,  and 
thfough  J  draw  a  line  pafallel  to  it,  and  cut¬ 
ting  the  vanithing  line  in  e,  then  through 
the  firft  divifion  on  tn  draw  the  vt'/m/  i  e, 
cutting  the  vifiial  m  d  in  o.  Laftly,  draw  n  o, 
which  compleats  the  feprefentation  of  the 
triangle  foughtj  and  if  produced  would  cut 
the  vanifhing  line  Vh  in  the  fame  point  as 
J  d  would  cut  it  if  produced. 

The  truth  of  this  pradtice  will  be  evident 
from  the  obfervation  page  200.  from  whence 
it  appears  that  the  figure  m  o  1  and  n  0  i 
reptefent  triangles  fimilat  and  correfpondent 
to  J  c  I  and  be  I,  in  all  their  parts. 

0  B  S  E  R  V  A  T  I.  O  N. 

^  When  the  reprelentation  of  any  line  k 
given  as  a  bafe  for  drawing  the  reprefen tation 
of  any  propofed  figure,  it  ought  to  be  menti¬ 
oned  or  determined  whether  the  given  line  is 
to  be  efieemed  as  the  nearefl  or  mofi  remote 
boundary  thereof.  Thus  if  the  line  mn 
fituated  on  the  ground  plane  (fig.  64.)  and 
parallel  to  the  vanilhing  line  H  L  is  to  be  con- 
lidered  as  the  nearefl  fide  of  the  equilateral 
triangle  which  is  to  be  repreEnted,  the  other 
iides  m  o  and  n  o  Vv'^ill  fall  nearer  to  the  va- 
jidhing  line,  wherefore  the  fimiiar  triangle 
J  n  o  at  the  place  of  the  eye  mull  be  formed 
Vv'ith  the  correlponding  fides  1 0  and  n  o  to¬ 
wards 
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waras  the  v.nilhing  line-  but  if  the  faid  gWen 
line  mn  is  to  be  confidered  as  the  molt 
remote  fide  of  the  equilateral 
is  to  be  reprefented,  it  is  evident  that  the 
Other  Tides  m  p  and  n  p  muft  not  be  drawn 
towards,  the  vanidiing  line ;  and  the  limilai 

equilateral  triangle  Ipn  “ 

with  the  fides  Ip  and  p  n,  which  corre  1- 
pond  to  thofe  fides  whole  foprefentation  is 
fouvht,  receding  from  the  vanilhing 

d  and  d  are  found  by  either  of  the  eq“>'«=- 
ral  triangles  I  n  o  or  I  n  p,  yet  m  drawing 
of  more  complex  figures,  much  P«P>«‘'y 
will  enfue  if  this  confideration  is  "Oo'eae  . 
for  it  is  the  triangle  I  n  o  which  oorrefponds 
with  the  reprefentation  m  n  o  ;  and  thoUj, 
Tn  p  will  give  the  fame  vanilhing  points, 
it  does  not  correfpond  with  the  triang  e  re¬ 
prefented  by  m  n  o,  to  which  it  is  in  a  luua- 

tion  entirely  reverfed. 

In  the  fame  manner  although  the  equila¬ 
teral  triangle  J  b  r  will  give  the  vanilhing  points 
for  deterinining  the  reprefentation  mn  o  on  the 
left  hand  front  of  the  objeft  (fig. 
it  is  not  that  triangle,  but  J  b  c  whofe  fi  u  - 
tion  agrees  with  the  equilateral 
prefmted  by  the  faid  m  n  o  as  found  by  caie 

3.  page  200. 

PROBLEM 


'[  204  j 

problem  III. 

At  a7iy  point  in  the  reprefentation  of  a  -bhne 
to  put  the  reprefentation  of  a  line  eqml  to 
<7ne  whofe  reprefentation  is  given,  (Vide  E 
I.  2.) 

Let  the  right  hand  front  of  the  objed  (Bp;. 
64  J  be  the  working  plane,  whofe  vanifliing 
hne  ]s  VH,  whereof  the  center  is  H,  and 
the  diftance  is  H  i  (Vide  page  195.)  alfo  let 
be  a  point,  at  which  it  is  required  to  put 
^rae  reprefentation  of  a  line  equal  to  that  re¬ 
prefen  ted  by  B  C. 

Produce  B  C,  till  it  cuts  the  vanijhing  line 

H  in  d,  alio  draw  A  d.  Through  one  ex¬ 
tremity  (B;  of  the  given  line  fB  C)  and  the 
given  point  A,  draw  the  vifual  B  A  cutting 
the  vanijhing  hne  in  b,  lalBy  draw  C  b  cutting 
A  d  D.  Then  is  A  D  the  reprefentation 
hne  equal  to  that  reprefented  by 

for  B  C  and  A  D  reprefent  parallel  lines 
becaufe  theydend  to  the  fame  vanijhing  point 
h,  fide  %  17.)  as  do  the  lines  A  B  and  C  D 
wherefore  the  figure  A  B  C  D  is  the  reprefenl 
tation  of  parallelogram,  and  AD  and  B  C 

irmfi;  reprefent  lines  equal  to  each  other,  by 
E.  I.  34.  ’  / 

problem  IV. 

'The  ;  eprefentations  of  two  lines  being  given  : 
to  cut  ojj  J'rom  the  greater  a  part  equal  to  the 
leffVdeE.i.f)  ^ 


CASE 
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C  A  S  E  I. 

Wlmi  one  of  the  given  reprefentations  is  pa¬ 
rallel  to  the  vanijhing  line  of  the  working  plane ^ 
and  the  other  is  not. 

Let  the  working  plane  be  the  roof  of  the 
objedl,  in  fig.  64.  whofe  vanhhing  line  is  V  L, 
whereof  f  is  the  center  and  f  j  is  its  diflancej 
w  X  is  the  reprefentation  of  the  fliorter  line 
which  is  parallel  to  the  vanijhing  line  V  L,' 
and  X  y  is  the  reprefenation  of  the  longeft 
line,  which  if  pro^L^d  cuts  V  L  in  p, 
(which  is  its-Jv»fptTmn^point  by  §  88.)  Draw 
pj,  alfo  draw  D  j  parallel  to  the  vanifliing 
line  V  L,  and  on  thefe  lines  take  D  j  and 
F  j  equal  to  each  other,  and  draw  D  F  ;  alfo 
through  the  eye  j  drav/  j  q  parallel  to  D  F  : 
Laftly,  Join  w  and  q,  cutting  x  y  in  o,  then 
does  the  part  xo,  reprefent  a  line  equal  to 
that  reprefented  by  wx.  For  a  little  reflec¬ 
tion  on  the  obfervation,  page  200.  will  fhew, 
that  the  triangle  reprefented  by  w  x  o  is  fimilar 
and  correfpondent  to  the  triangle  DjF, 
which  is  an  ijbceles  triangky  by  conflruc- 
tion. 

CASE  II. 

When  neither  of  the  given  lines,  are  paral¬ 
lel  to  the  vanijhing  line  of  the  working  plan. 

This  cafe  is  performed  on  the  right-hand 
front  in  (fig.  64.)  of  which  V  H  is  its 
vanijhing  line,  H  its  center,  and  i  H  its  dif- 

,  iarice 
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tance,  {Vide  page  195.)  The  given  lines  are 
B  C  and  A  B,  whereof  AB  is  the  repre- 
fentation  of  the  leaft  line,  and  it  is  requir¬ 
ed  to  cut  olF  from  B  C,  a  part  that  £hall 
reprefen  t  a  line  equal  to  that  reprefen  ted  by  A  B. 

Produce  the  given  lines  to  their  vanifh- 
ing  points  b  and  d,  and  draw  their  dis¬ 
tance  lines  i  b  and  i  d,  on  thefe  lines  take 
i  M  and  i  N  equal  to  each  other,  and  draw 
M  N,  which  becaufe  it  is  almoft  paral¬ 
lel  to  the  vanifhing  line  V  H,  its  vaniJJi^ 
mg  point  v^ill  fall  too  remote  for  our  pur- 
pofe;  wherefore  I  compleat  the  rhombus 
i  M  O  N,  {Vide  E  i.  def.  32)  by  draw¬ 
ing  M  O  and  N  O  parallel  to  die  dif-^ 
tance  lines  i  N  and  i  M ;  and  I  draw  the 
diagonal  i  O,  which  I  produce  till  it  cuts 
the  vanhhing  line  V  H,  in  e.  The  pro¬ 
blem  is  now  eafily  folved,  for  I  draw  a  line 
A  D,  through  A  to  the  'uanijhing  point  d, 
and  cut  it  in  o  by  a  line  drawn  through  B  and 
e  ;  laftly  a  line  drawn  through  b  and  o,  cuts 
B  C  in  P,  then  does  B  P  reprefent  a  line 
equal  to  that  reprefented  by  A  B.  Q_E  I. 

For  its  evident  that  the  figure  A  B  P  o 
is  the  reprefentation  of  a  rhombus,  fimilar 
and  correfponding  to  i  MON,  whereof 
all  the  fides  are  equal. 

PROBLEM  V- 

The  reprefentation  of  a  right-lined  angle 
being  given y  to  draw  the  reprefentation  f  a 

line. 
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line,  Jhiclms  it  into  tim  equal  farts. 

(Vide  E  I.  9-) 

CASE  I. 

When  one  of  the  Jides  formin’  the  given 
angle,  is  parallel  to  the  vanijhmg  hne  oj  the 
‘Uforkhig 

Let  the  roof  of  the  objed  (fig-  64)  be 
the  'loorking  plane,  whole  vanijhing  Ime 
V  L  whereof  f  is  the  center,  and  1  j  is  its 
diftance,  and  let  the  given  lines  forming  the 
angle  be  w  x  and  x  y,  whereof  w  x  is  paral¬ 
lel  to  the  vaniQiing  line  V  L.  _ 

Produce  x  y  to  its  vanilliing  point  p.  and 
draw  the  dijiance  line  ]  p.  Alfo  through  j  draw 
i  D  parallel  to  the  vanifhing  hne  V  L.  LaltJy, 
draf  jr  (by  E  ..  9-)  angle 

D  i  p,  and  cutting  the  vanilhing  line  m  r. 
Then  a  line  from  x  to  r,  will  be  the  reprefen- 
ration  of  a  line  bifeding  the  angle  whofe  re- 
prefentation  (wxy)  was  given.  Vide  ^  19. 
28.  32.  and  33. 

C  A  s'  E  II. 

When  neither  of  the  fide s  forming  the  given 
angle  is  parallel  to  the  vanijhlng  line  of  the 
‘Kporklng  plane. 

Let  the  right-hand  front  of  the  objeT 
Cfo-  64..)  be  the  ^working  plane,  whofe  va- 
^  nifilng 
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nijlimg  hne  is  V  H ;  H  its  center ;  and 
i  H  its  diflancc  {Vide  page  195.)  Alfo  let 
A  B  and  B  C  be  the  reprefentations  of 
iides  of  the  given  angle. 

Produce  A  B  and  B  C  to  their  vanish¬ 
ing  points,  b  and  d ;  alfo  draw  the  dtjiance 
lines,  i  b  and  i  dj  draw  (by  E.  i.  9.)  the  line 
1  e  bifedtingthe  angle  bid,  and  cutting  the 
vanijiimg  hne  in  e  ;  laftly  draw  the  line  B  e, 
vyhich  will  be  reprefen tation  of  the  line 
fought.  (Vide  §  19.  28.  32.  and  33.) 


^  Preparation  of  the  working  planes  exhibited 
tn  Fig.  66. 

Seeing  fig.  64.  is  become  full  of  lines, 
in  fig.  65.  there  is  the  fame  kind  of 
objedt  as  in  34,  but  the  pidiure  which  was 
before  fuppofed  perpendicular  to  the  ground, 
is^  now  inclined  to  it ;  whereby  every  part 
of  the  faia  objedf  is  oblie]ue  to  the  pidture. 

C  is  alfumed  for  the  center  of  the  pidlure, 
and  C  S  is  drawn  at  pleafure  for  the  ver¬ 
tical  of  the  horizontal  line:  {Vide  %  100.) 
peipendicuiar  to  this,  C  I  is  drawn  and 
made  equal  to  tlie  propofed  difiance  of  the 
pidiiire.  Then  I  S  is  drawn,  ntakino- 
with  C  I  the  angle  C  I  S,  equal  to  th? 
complement  of  the  angle,,  which  the 
pidluie  is  to  make  vvith  the  ground 

the 
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the  point  (  S  )  where  this  line  cuts  C  S,  is 
the  center  of  the  horizontal  line  H  L  5 
which  muft  be  drawn  through  S,  and  paral¬ 
lel  to  C  I,  or  perpendicular  to  its  vertical  S  C. 
On  S  C  produced,  lay  S  i,  equal  to  S  I,  the 
diftance  of  the  horizontal  line  H  L  ;  then 
will  i,  be  the  place  of  the  eye  for  folving  all 
problems,  when  the  working  plane  is  fup- 
pofed  parrallel  to  the  ground  (Vlde%'2.^> 
Next  (by  prob.  10.  page  173)  find 
'uanijhtng  point  P,  of  fuch  lines  as  are  per¬ 
pendicular  to  the  plane  of  the  ground,  (where¬ 
of  the  vanithing  line  is  H  L,)  let  L  (or 
any  point  in  the  horizontal  Ime,)  be  aflumed 
for  i\\QvaniJhing  point  of  fuch  lines  as  are  paral¬ 
lel  to  the  ground  and  to  the  left-hand 
front  oJL  the  obje6l ;  (whofe  faces  are  to  be 
the  worlLing  planes  in  the  enfuing  problems,) 
then  H  i  drawn  perpendicular  to  L  i  gives  H 
for  the  vanifhing  point  of  the  lines  that 
are  parallel  to  the  ground,  and  to  the 
right  hand  front.  Alfo  thofe  boundaries  or 
corners  of  the  faid  figure  that  are  perpendicular 
to  the  ground  muft  tend  to  P.  Since  then 
all  lines  drawn  in  the  left-hand  front  and 
parallel  to  the  ground,  have  L  for  their 
vanifhlng  point,  and  fince  all  lines  drawn 
on  the  faid  front  perpendicular  to  the 
ground  have  P  for  their  vanilhing  point  j 
it  follov/s  (by  §  89,  page  169)  that  P  L 
is  the  vanijhing  line  of  the  faid^  left-hand 

front.  In  like  manner  it  is  evident  H  P 

p  is 
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is  the  vanijhing  line  of  the  right-hand  ffonf. 
Having  thus  found  the  vanifliing  lines  of  the 
fronts,  their  centers  and  diftances  are  ea- 
fily  determined  by  §  loo.  page  176.  Thus  C  f, 
drawn  through  C  the  center  of  the  pidture, 
perpendicular  to  H  P,  gives  f  for  its  cen¬ 
ter.  Alfo  from  f  lay  S  k  on  H  P  equal  to 
C  I  the  diftance  of  the  pidlure  :  then  is  C  k 
the  diftance  of  the  vanifhing  line  H  P,  which 
being  laid  from  f  to  j,  gives  the  place  of  the 
eye  for  folving  problems  when  the  right-hand 
front  of  the  objedl  (or  any  other  plane  pa¬ 
rallel  to  it)  is  conlidered  as  a  working  plans 
(Vide  §  28.)  In  like  manner  c  is  the  center 
of  L  P  and  J  is  the  place  of  the  eye  for  folving 
problems  when  the  left-hand  front  or  any  of 
its  parallels  are  confidered  as  a  working  plane. 
The  right-hand  boundary  a  b  of  the  roof  of 
the  objedt,  being  alfo  lituated  in  the  right- 
hand  front,  its  vanijhing  point  muft  be  fome- 
where  in  the  vanilhing  line  H  P  (by  §  87, 
page  168)  wherefore  producing  a  b,  it  cuts 
H  P  in  V,  which  is  its  vanilhing  point : 
feeing  then  that  V  is  the  vanifning  point  of 
a  b,  and  that  L  is  the  vanilhing  point  of  b  d 
(which  is  the  left-hand  boundary  of  the  roof, 
and  is  parallel  to  the  ground)  it  follows  by 
(§  ^9  ^^9)  that  V  L  is  the  vanijhing  line 

of  the  faid  roof.  A  perpendicular  (C  Z)  to 
which,  drawn  through  C,  (the  center  of  the 
pidture)  gives  Z  for  the  center  of  V  L.  Alfo 
if  on  y  L,  I  lay  from  Z,  Z  m  equal  to  C  I, 
the  dijiance  of  the  pidlure  -j  m  C  would  be  the 

diflance 
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diaance  of  V  L  ;  which  if  laid  from  2  on 
the  vertical  C  Z  continued,  would  give  the 
place  of  the  eye  for  folving  problems  on  the 
plane  of  the  roof  or  any  of  its  parallels. 
fVide  ^28.)  But  becaufe  I  have  not  room  on 
fhe  plate  to  do  this,  I  lay  on  C  Z  continued, 
Z  E,  equal  to  half  m  C,  the  true  diftance 
of  V  L  Then  I  may  efteem  E  as  the  place 
of  the  eye,  if  I  remember  that  every  vani^- 
inu  point  I  obtained  by  fo  doing,  will  be  but 
half  as  far  from  the  center  Z  as  it  ought  to 
be.  Alfo  every  di^oiding  center  I  lay  on  the 
faid  vanijliing  line  mull  be  made  twice  as  Ur 
from  Z,  as  it  falls  when  I  confider  E  as  the 
true  place  of  the  eye  (Vide  E.  6,  4.) 


PROBLEM 


VI. 


^he  reprefentation  of  a  line  being  given, 
through  any  point  to  draw  the^  reprefentation  of 
a  line  perpendicular  to  it.  (Vide  E  i .  1 1  •  and 

I  2  ) 

Let  the  working  plane  be  the  ground 
(fig.  6  c.)  whereof  H  L  is  the  vanijhing  line 
Ld  i,  the  place  of  the  eye  (vide  §  28.)  alfo  let 
o  p  be  the  given  line  and  q  the  given  point. 

Produce  o  p  to  its  vanifhing  point  L ;  draw 
the  difance  line  i  L,  and  draw  i  H  perpen¬ 
dicular  to  it:  (by  E.  I.  II)  then  through 
H,  and  the  given  point  (q)  draw  q  H.  which 
will  be  the  reprefentation  of  a  line  perpendi¬ 
cular  to  that  reprefented  by  o  p. 

P  2 
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It  were  needlefs  to  fpeak  of  the  reafon  of 
this  operation  which  has  fo  often  been  ex¬ 
plained  before,  or  to  obferve  that  if  the  given 
line  o  p  had  been  parallel  to  the  vanifhing 
line  H  £/,  the  reprefentation  of  a  line  perpen¬ 
dicular  to  it  would  have  had  S,  the  center  of 
the  vaniJJiing  line,  for  its  yanitliing  point. 
(Vide  §  1 1,  page  12.) 

PROBLEM  Vir. 

Through  any^  given  point  to  draw  the  repre- 
Jentation  of  a  Ime  that  ts  inclined  to  a  line  whofe 
reprefentation  is  given,  in  a  given  angle. 
(Vide  E  I,  23.) 

The  folution  of  this  problem  differs  nothing 
from  that  of  the  laft,  for  if  the  line  o  q,  was 
not  to  reprefent  a  lineperpendicular  to  that  re- 
prefented  by  o  p,  inftead  of  drawing  i  H  per¬ 
pendicular  to  i  L,  we  mufthave  drawn  it  (by 
E  I.  23.)  fo  that  the  angle  H  i  L  might  have 
been  equal  to  the  angle  which  the  line  whofe 
reprefentation  is  given,  makes  with  that 
whofe  reprefentation  is  taught.  Vide  §  ip 
and  30. 

PROBLEM  VIIL 

The  reprefentation  of  a  line  being  given, 
through  any  point  to  draw  the  reprefentation 
of  a  line  parallel  to  it. 

Let  the  plane  of  the  ground  fig,  63.  be  the 
working  plane,  and  through  the  point  q,  let 

it 
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it  be  propofed  to  draw  the  reprefentation  of  a 
line  parallel  to  that  reprefented  by  o  p. 

Produce  o  p,  to  its  vanilhmg  point  1^, 
then  through  the  given  point  q  draw  q  L 
which  will  reprefent  a  line  parallel  to  that  re¬ 
prefented  by  o  p.  (Vide  §  17.) 

If  o  p  had  been  parallel  to  the  vanijning 
ike,  q  r  muft  have  been  drawn  through  q 
parallel  to  o  p  (Vide  §  54  and  §  6.) 

problem  IX. 

^he  reprefentation  of  a  line  being  given  on 
it,  to  draw  the  reprefentation  oj  a  triangle, 
fmilar  to  a  given  triangle. 

C  A  S.  E  I. 

When  the  given  line  is  parallel  to  the  vanijh" 

ins:  line  of  'the  working  plane.  • 

Let  the  left  hand  front  of  the  figure.,  ng. 

6  c  be  the  working  plane,  whereof  L  P  is  t  e 
'uanijhing  line,  c  its  center,  and  J  the  place  oj 
the.  eye.  Vide  %  28.  alfo  let  a  b  (m  the  left- 
hand  front)  be  the  given  line.  Through  J 
draw  J  1,  at  pleafure,  parallel  to  the  vaniOiing 
line  L  P,  and  on  it  (by  E  6  18.)  conftrudt  a 
triangle  J  1  n  fimilar  to  that  required  to  be 
reprefented,  taking  care  to  place  its  ang  es 
(by  the  obfervation  page  200)  in  the  lame 
fituation  refpeaing  J  1  as  you  would  h^ave 
them  in  refpedt  of  the  given  line  a  b.  1  bus, 

becaufe  I  would  have  the  large  ft  angle  at  b 

p  2  which 
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(which  is  the  right-hand  end  of  ab)  I  make  the 
iargeft  angle  at  1 :  (which  is  the  right-hand 
end  of  J  Ij  alfo  becaufe  I  would  have  the 
vertical  angle  (e)  fall  towards  the  'uanijhing 
Itne  hYy  I  make  the  vertical  angle  n  to¬ 
wards  the  vanijhing  line  L  P. 

.  Produce  J  n  till  it  cuts  the  'vaniJhing  Ime 
in  U :  alfo  through  J,  draw  J  u  parallel  to 
n  h  and  cutting  the  vanhhing  line  L  P  in 
u.  Ladly,  through  the  extremities  of  the 
given  line  a  b  draw  vifuals  tending  to  u  and 
U,  and  croffing  each  other  in  e.  Then  is 
a  b  e  the  reprefentation  of  a  triangle  fimilar 
to  the  triangle  J  1  n.  Vide  §  28,  32  and  34. 

CASE  II. 

When  the  given  line  is  not  parallel  to  the  va¬ 
nijhing  Ime  of  the  working-plane. 

Let  the  right-hand  front  of  the  objedt, 
fg.  65  be  ^  working  plane ‘y  whereof  the 
vanijhing  line  is  V  P,  whole  center  is  f,  and 
the  place  of  the  eye  is  j  {Vide  §  28)  and  let  the 
given  line  be  f  g ;  produce  f  g  to  its  vanilliing 
point  o,  draw  its  dijlance  ]  o,  and  on  itcon- 
Urudl  a  triangle  j  n  1  fimilar  to  that  whofe 
reprefentation  is  required  (by  E  6.'  18.)  pro¬ 
duce  j  1  to  its  vanidiing  point  V,  alfo  through 
j  draw  j  P  parallel  to  1  n.  and  cutting  the  va- 
nilliing  line  V  P  in  P.  Ladly  through  f  and 
g  draw  the  vifials  g  V  and  f  P  cutting  each 
other  in  h.  then  is  1  g  h  the  reprefentation 
of  a  triangle  limilar  to  j  1  n,  whereof  j  cor- 

refpond? 
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r^fponds  with  g,  n  with  f,  and  1  with  h. 
Vide  obfervat.  page  200) 

problem  X. 

upon  the  reprefentation  of  a  line  gheut  ta 
draw  t  hi  reprefentation  of  a fquare. 

C  A  S  E  I. 

When  the  given  line  is  parallel  to  the  vanijh- 

ing  line  of  the  working  plane.  .  r 

Let  the  working  plane  be  the  roof  of  the 
objca:  fig.  65,  whereof  th&vamfitng  line  is 

V  L  whofe  center  is  Z  but  if  the  reader 
turns  back  to  page  2U  he  will  find  there 
was  not  room  on  the  plate  to  lay  down  the 
true  place  of  the  eye.  but  that  E  Z  was  made 
equal  to  half  the  dijiance  of  the  vamfimg  line 

V  L.  Alfo  let  t  u,  the  given  reprefentation  ot  a 
line,’  be  parallel  to  the  vanifiing  lineV  h. 

Through  the  points  t  and  v  draw 
the  center  Z  of  the  vanifliing  line. .  Alfo  lay 
from  Z  the  diftance  Z  2  equal  to  tvvice  Z  L. 
Laftly,  draw  u  2  cutting  t  z  in  x;  and  througli 
X  draw  X  y  parallel  to  tu  and  cuttmguz  m 
y,  then  is  the  figure  t  u  x  y  ihet  reprefentation 
of  a  fquare  {Vide^  21,  54  and 78.) 

C  A  S  E  11. 

When  the  given  line  is  not  parallel  to  iheva- 

nilhing  line  of  the  working  plane. 

Let  the  working  plane  be  the  ground-plane 

fa.  6  c.  whereof  H  L,  is  the  vaniJhtngMne.f 
^  p  ^  its 
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>/s  center,  and  i,  the  place  of  the  epe.  Vide 
^  2b.  And  let  o  p  be  the  repreJentatio7i  of  a 
line,  upon  which  it  is  required  to  draw  the 
reprefentation  of  a  fquare. 

Produce  o  p  to  its  'vanijhing  point  L,  and 
draw  lis  di/iance  hue  i  L  ;  on  this  line  at  i, 
make  a  fmall  fquare  (by  E  i.  q6.)  obfervin^ 
the  obfervation,  page  200.  produce  its  fide 

i-  m,  to  H,  and  draw  the  diagonal  till  it  cuts 

the  vanifhing  line  H  L  in  n.  Then  through 
extremeties  o  and  p  of  the  given  line, 
diaw  hnes  oq  and  p  r  tending  to  H,  alfo 
draw  o  n,  cutting  p  r  in  r.  Lahly  draw  r  L, 
cutting  o  q,  in  q  r  then  is  the  figure  o  p  q  r 
me  reprefentation  of  a  fquare.  For  it  is  evi¬ 
dent  the  two  triangl-es  o  q  r  and  o  p  r  are  the 
reprefentations  of  triangles  fimilar  to  the 
triangles  1  m  k  and  i  I  k.  Vide  §  and 
page  200.  ^ 

P  R  O  B  L  E  M  XI. 

Tfhe  reprefentation  of  a  line  being  given.,  on  it 
to  confruci  the  reprefentation  of  a  right-lined 
fgure,  Jimilar  to  one  given. 

CASE  I. 

IVhen  the  reprefen  tation  of  the  line  given  is 
parallel  to  the  vanijhing  line. 

Let  V  L  fig.  66,  be  the  vanifhing  line  of 
the  working  plane  (which  may  either  be  pa¬ 
raded  or  ever  fo  oblique  to  the  ground  or  ho¬ 
rizontal 
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rizontal  plane)  and  let  S  be  its  center  and 
S  I  its  diftance.  Alfo  let  a  b  be  the  repre- 
fentation  of  a  line  parallel  to  the  van  idling 
lineVL,  on  which  it  is  required  to  draw 
the  reprefentation  of  a  figure  fimilar  to 
IBCDEF. 

Through  I  let  I  B.  be  drawn  parallel  to  the 
vanifhing  line,  on  which  by  E6.  i8.  let  the 
figure  IBCDEF  be  drawn  fimilax'  and  in 
a  like  pofition  with  regard  to  I  B,  as  the  figure 
required  to  be  reprefented  is  in  regard  to  the 
line  reprefented  by  a  b.  Refolve  thir  figure 
into  triangles  and  find  their  reprefentation  by 
problem  9  of  this  chapter. 

Another  Method. 

When  the  figure  to  be  reprefented  is  com¬ 
plex  and  confifts  of  many  fides,  the  lafl:  me¬ 
thod  will  be  very  puzzling  and  troublefome. 
But  the  following,  which  is  a  little  improve¬ 
ment  of  De  Sargue’s  method  of  reticula¬ 
tion,  will  render  the  moft  irregular  mult¬ 
angular  figures  almoft  as  eafy  to  be  reprefent¬ 
ed  as  the  more  fimple  and  regular. 

The  fimilar  figure  IBCDEF  is  con- 
flrufted  as  before.  I  divide  the  fide  1  B 
which  corrcfponds  with  the  given  line  a  b 
into  any  number  of  equal  parts,  and  con¬ 
tinue  the  divifions  and  number  them  each 
way  from  I  as  far  as  necefiary.  I  alfo  divide 
the  given  line  ab  into  the  fame  number  of’ 
equal  parts  and  continue  the  divifions  and 

number 
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number  them  in  like  manner.  Then 
through  the  point  a,  I  draw  a  line  (S  a) 
to  the  center  of  the  vanishing  line. — Next  I 
lay  on  the  perpendicular  I  S,  the  fame  divifions 
as  are  on  I  B,  and  continue  them  till  they 
exceed  the  greateft  length  of  the  fimilar 
figure  I  B  C  D  E  F,  and  number  them  as  the 
figure  fhews.  Alfo  laying  the  diftance  S  I 
on  the  vanijhing  line  from  S  to  i,  I  lay  a  ruler 
by  i  and  the  Several  divifions  on  a  b  and  by 
this  means  obtain  the  divifions  on  S  a  which 
are  to  be  numbered  fo  as  to  correfpond  with 
the  divifions  on  I  S  [Vide  page  200.)  we  are 
now  furnilhed  with  all  the  necefi'aries  to  de^- 
termine  the  reprefentation  required. 

Thus  if  I  want  to  find  the  reprefentation 
of  the  point  which  correfponds  to  C  in  the 
fimilar  figure  I  B  C  D  E  F,  through  C,  I 
draw  a  line  parallel  to  I  S,  and  I  obferve  it 
cuts  I  B  at  about  5 wherefore  through  5|. 
on  the  line  a  b,  I  draw  a  line  tending  to  S. 
Again  through  C,  draw  a  line  parallel  to 
I  B,  and  I  obferve  it  cuts  I S  at  about  3  4 
wherefore  through  3  f  on  the  line  S  a,  I  draw 
a  line  parallel  to  a  b  and  it  cuts  the  line  before 
drawn,  in  c,  which  therefore  is  the  reprefen¬ 
tation  of  that  point  which  anfwers  to  C  in  the 
fimilar  figure  I  B  C  D  E  F.  In  the  fam.e  man¬ 
ner  may  the  reprefentation  of  any  other  point 
be  found,  and  the  lines  joining  fuch  points, 
will  be  the  reprefentations  of  the  correfpond- 
ing  fides  of  the  faid  fimilar  figure. 


The 
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.  The  reafon  of  this  proceeding  is  too  ob¬ 
vious  to  need  pointing  out,  and  the  learner 
will  find  by  praftice,  that  fometimes  the  re- 
prefentation  of  a  fide  will  be  beft  determined 
by  the  former,  and  fometimes  by  the  latter 
method,  fo  that  by  blending  them  properly 
together,  he  will  (horten  his  labour  and  pre¬ 
vent  embarraflrnent. 

CASE  II. 

When  the  given  line  is  not  parallel  to  the  va^ 
nijhing  line. 

Let  V  L  (fig.  67.)  be  the  vanlfhlng  line  of 
any  working  plane  of  which  S  is  the  center 
and  S  I  the  diftance ;  alfo  let  i  e  be  the  re- 
prefentation  of  a  line,  on  which  it  is  required 
to  draw  the  reprefentation  of  -a  regular  pen¬ 
tagon  (or  any  other  figure.)  I  produce  i  e 
to  its  vanifhing  point  p.  and  draw  I  p.  on 
which  line  I  confirudl  a  fmall  regular  penta¬ 
gon  I  B  C  D  E  (having  regard  to  the  obfer- 
vation  page  200.)  This  being  done  I  refolve 
it  into  triangles  whofe  reprefentations  may  be 
found  by  problem  9  of  this  chapter. 

Another  Method. 

The  regular  pentagon  I  B  C  D  E,  being 
confirrudted  on  the  dijlance  line  I  p,  as  before, 
through  I,  I  draw  a  line  I  N,  parallel  to  the 
vanifiiing  line  V  L,  and  on  it,  and  alfo  on  I  S 
(which  is  perpendicular  to  it)  I  lay  any  num¬ 
ber  of  fmall  equal  divifions,  and  number 

them 
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them  each  way,  from  I,  as  the  figure  fhcws : 
through  E  (which  correfponds  to  the  other 
exiremity  [e]  of  the  given  line)  and  any  di- 
vificn  on  the  line  I  N  (as  the  fourth)  I  draw 
E  4,  and  through  I,  draw  I  o  parallel  to  E  4, 
and  cutting  the  vaniihing  line  in  o,  then 
draw  n  i  through  i,  parallel  to  V  L,  and  cut  it 
in  the  point  n,  by  a  line  paffing  through  e 
and  o ;  lo  fliall  i  n  e  be  the  reprefen tation  of 
a  triangle  fimilar  to  I  4  E  ;  and  becaufe  I  4 
confifts  of  4  parts,  I  divide  n  i  into  4  equal 
parts,  and  continue  the  divifions  each  way 
ircm  i,  and  number  them  in  a  manner  corref- 
ponding  to  the  numbers  on  IN:  next  I  lay  the 
didance  I  S  on  the  vanilhing  line  from  S  to 
J,  and  drawing  i  S,  a  ruler  laid  by  /,  and  the 
feveral  divifions  on  n  i  give  me  the  divifions 
on  i  S,  which  I  number  fo  as  to  correfpond 
with  thofe  on  S  1. 

The  reprefentatlon  of  any  angular  point  of 
the  fimilar  figure  I  B  C  D  E,  may  now  be 
found  by  the  fame  means  as  in  the  lafi:  cafe, 
(page  218)  Thus  to  find  the  reprefentation 
of  the  point  B;  through  the  point  B,  I  draw 
aline  parallel  to  I  S,  and  it  cuts  I  N  at  about 
4  j,  wherefore,  through  4  ^  on  the  line  n  i, 

I  draw  b  S:  alfo  through  B,  a  line  drawn 
parrallei  to  I  N,  cuts  I  S  at  about  I  of  a 
divifion  on  I  S,  above  the  point  I,  where¬ 
fore  throught  ther  point  r,  which  is  about 
f  of  a  divifion,  on  i  S,  below  the  point 
i  (f'/4’.;page  200)  1  draw  rb,  parallel  toVL 

cutting 
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cutting  b  S  In  b,  which  is  the  reprefentation  of 
the  point  which  correfponds  to  B,  in  the  hmi- 
lar  figure,!  B  C  D  E.  In  like  manner  may  . 
the  reprefentations  of  the  other  angular 
points  befound. 

PROBLEM  XII. 

T^he  reprefentation  of  a  line  being  gineen  as  a 
radius,  to  draw  the  reprejentation  of  a  circle. 

CASE  I. 

When  the  given  line  ts  parallel  to  the  vanif:^^ 
ing  line. 

To  explain  the  folution  of  this  cafe,  would 
only  be  to  repeat  what  was  taught  in  problem 
9,  page  127. 

C  A'  S  E  II. 

When  the  given  line  is  ?iot  parallel  to  the  va~ 
nif^ing  line  oj  the  working  plane. 

Let  V  L,  fig.  68,  be  the  vanllhing  line  of 
any  working  plane,  S  its  center,  and  S  I  its^ 
diftance  3  alfo  let  c  i  be  the  reprefentation  ot 
the  radius,  of  a  circle  of  which,  c  is  the  re-* 
prefentation  of  the  center. 


Produce 
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Produce  c  I  to  its  ^aniJJnng  point  V ^  and 
draw  its  dillance  I  V  :  on  any  point  of  which 
(as  C)  as  a  center  with  the  radius,  C  I  de- 
fcribe  a  circle  (N.  B.  Had  the  neareji  end  (i) 
of  the  given  line  i  c,  been  confidered  as  the  center ^ 
the  point  I  mtifi  have  been  made  the  center  of  this 
circle.  Vide  page  200.)  through  C,  draw  the 
diameter  D  B  parallel  to  the  vanijhing  line 

V  L;  and  alfo  through  c  draw  d  b  parallel  to 

V  L.  Draw  I  B,  and  produce  it  till  it  cuts 

V  L  in  e,  and  draw  i  e  cutting  d  b  in  b.  Lah- 
ly,  at  c  with  the  radius  c  b,  defcribe  a  femi- 
circle,  and  confidering  c  b  as  a  radius  parallel 
to  the  vanifhing  line,  find  the  reprefentation 
of  the  circle  by  problem  9  of  chapter  7, 
page  127. 

For  it  is  evident,  that  c  b  i,  is  the  repre¬ 
fentation  of  a  triangle,  fimilar  and  corref- 
ponding  to  C  B  I  (Vide  page  200)  wherefore 
c  b  is  the  reprefentation  of  a  line  equal  to  the 
given  radius  c  i. 

It  is  eafy  to  perceive,  that  if  in  the  cir¬ 
cle  I  B  D  any  right  line  figure  is  deferibed, 
and  if,  by  the  laft  problem  the  reprefentations 
'of  the  angles  of  that  figure  are  found,  they 
will  form  fo  many  points  through  which  the 
ellipjis^  reprefen  ting  the  propofed  circle,  muft 
pafs. 


PRO- 
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problem  XIII. 

‘The  reprefentation  of  a  circle  being  given  to 
fnd  the  reprefentation  of  its  cente? . 

Let  n  d  m  b  (fig.  68)  be  the  reprefentation 
of  a  circle,  fituated  in  a  plane,  whofe  vanilh- 
ing  line  is  V  L,  whereof  S  is  the  center,  and 
the  difance.  Through  any  point  i, 
given  curve,  draw  a  line  parallel  to  the  vanilh- 
fno-  line,  and  cutting  it  again  in  the  point  1. 
Bifea  this  line  i  1  in  the  point  o  (by  E  i.  lo.) 
and  through  o  draw  o  S  cutting  the  given 
curve  in  the  points  ni  and  n.  Laftly,  by  pro* 
blem  I.  of  this  chapter,  divide  mn  into  two 
parts  n  c  and  m  c  eq^ual  in  reprefentation,  and 
the  point  c  is  the  reprefentation  of  the  center 
of  the  circle  reprefented  by  the  ellipfs  n  d 

mb.  ,1111 

For  i  I  reprefents  a  chord  parallel  to  the 

vanilhing  line  by  §  54*  m  n  is  a  peipen- 

dicular  pafling  through  the  middle  (e)  of  it  (by 

§  21.)  and  therefore  is  a  diameter  by  E  3.  3, 

the  middle  of  which  (c)  muft  be  the  center. 

problem  XlVr. 

Through  any  three  points  f  ?iot  fituated  in  a 
right -line }  in  any  working  plane,  to  draw  the 
reprefentation  of  a  circle. 


Let 
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Let  V  L  (fig.  69)  be  the  vanithing  line  of 
the  working  plane,  S  its  center  and  S  I  its  dif- 
tance,  and  let  A,  B  and  C  be  any  three  points 
through  which  it  is  required  to  draw  the  re- 
prefentation  of  a  circle. 

Draw  lines  joining  the  given  points  and 
forming  the  triangle  ABC  and  produce  the 
lides  to  their  vanifhing  points  V,  v  and  L, 
alfo  draw  their  dijiance  lines  I  V,  1  v  and  I  L. 
Then  conlidering  I  as  the  point  correfponding 
to  the  neareft  angle  C  of  the  triangle  ABC; 
at  any  diftance  from  it,  draw  a  b  parallel  I L, 
the  dijiance  line  of  the  moll  remote  fide  A  B 
of  the  triangle  ABC.  Then  will  the  tri- 
'  angle  lab,  be  fimilar  and  correfponding  to 
the  triangle  reprefen  ted  by  A  B  C  {Vide  page 
200.) 

Through  the  three  points  I,  a,  b,  def- 
cribeacircle  (byE.3.  25.)  and  from  its  center 
o  draw  lines  to  the  extremeties  of  either  fide 
of  the  triangle  (as  to  I  and  b.)  produce  I  o 
to  its  vanilbing  point  m,  and  through  C  (which 
correfponds  with  I)  draw  C  m,  alfo  through 
I  draw  I  n  parallel  to  b  o,  and  through  B 
(which  correfponds  with  b)  draw  n  B  cutting 
C  m  in  O.  Then  is  O  the  reprefentation  of 
the  center  of  the  propofed  circle.  Through 
o  draw  the  radius  o.r  parallel  to  the  vanifhing 
line  V  L,  and  draw  I  r  cutting  V  L  in  p.  alfo 
through  O  draw  O  R  parallel  to  V  L,  and 
from  C  draw  C  p,  cutting  O  R  in  R  :  then  is 
O  R  the  reprefentation  of  a  radius  of  the 

propofed 
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propofed  circle  parallel  to  the  vanllhing  line* 
from  whence  the  reprefentatlon  required  may 
be  determined  with  as  much  exadnefs  as  we 
pleafe,  by  problem  9.  page  127. 

There  are  many  other  ways  of  folving 
this  problem,  but  the  above  is  the  moft 
exa(ft  and  not  very  tedious.  As  three  points 
are  given,  if  no  great  exaftnefs  is  required,  a 
fourth  may  ealily  be  found,  by  drawing 
lines  from  the  extremetles  of  either  fide  of 
the  triangle  lab,  to  intertedt  each  other  in. 
the  circumference  of  the  circle  I  r  b^  and 
then  finding  the  reprefentations  of  thofe  lines, 
which,  interfeding  each  other,  will  give  a 
fourth  point,  through  which,  the  ellipfis  re- 
prefenting  the  propofed  circle,  muft  pafs. 
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CHAP.  X. 


Of  the  reprefentation  of fado^vs  caiifed  by 
the  Jim. 

CV.  I  F  a  ray,  proceeding  from  the  fun  to 
any  enlightened  objedt,  be  intercepted  by  an 
opaque  point,  there  will  be  an  exclufion  of 
light  on  that  objedl  in  the  point  where  it 
would  have  been  cut  by  the  ray  had  it  been 
fuffered  to  pafs.  This  diminution  of  light  is 
called  the  fliadow  of  the  faid  opaque  point  on 
the  faid  objed;.  Thus  a  ray,  from  the  fun 
at  S  (fig.  70)  being  intercepted  by  the  top  of 
the  lamp,  its  flaadov/  is  formed  on  the  front  of 
the  houfe  in  the  point  t,  where  the  ray  would, 
if  produced,  cut  the  faid  front. 

CVI.  The  fun  being  at  an  immenfe  diflance, 
the  rays  which  come  from  it  to  any  enlighten¬ 
ed  objedl,  may  be  efleemed  parallel.  The 
fun’s  rays'muft,  therefore,  be  either  parallel 
to  the  pidure,  or  equally  inclined  to  it. 

evil.  If  we  fuppofe  the  rays  coming  from 
the  fun  are  parallel  to  the  pidure,  their 
fentation  will  be  parallel  lines  (by  §  53)  where¬ 
fore,  if  R  S,  fig.  70,.  be  affumed  for  the  rc-^ 
prefentation  of  a  ray  illuing  from  the  fun,  pa¬ 
rallel 


..An 
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rallel  to  the  p'.aure,  the  reprefenUtkm  of  all 
other  rays  coming  from  the  fun,  muft  be 
drawn  parallel  toRS;  fo  that,  it  we  would 
draw  the  reprefentation  of  a  ray,  p ailing  by 
the  top  of  the  ladder,  or  the  bottom  corner 
of  the  fign,  &c.  we  muft  draw  lines  thiough 

thofe  points  parallel  to  R  S. 

CVIII.  But  if  the  rays  which  come  trom  tne 
fun  are  not  parallel,  their  reprefentation  will  • 
tend  to  their  vaniftiing  point  S,  ng.  71-  by  ^ 

17.  which  muft  therefore  be  given  or  aiiumed. 
The  reprefentation  of  a  ray  paffing  by  any  ^ 
point  in  the  pidure,  as  the  top  of  the  lamp, 

{he  bottom  of  the  f.gn,  &c.  is  a  line  drawn 
from  the  defired  point  to  (S)  the  vamjlnng 

point  of  the  folar  rays.  ,  , 

CIX.  The  vanifnmg  point  of  the  folar  rays  is 

that  point  on  the  picture  (P, 

it  is  cut  by  a  ray  paffing  from  the  fun  (  ) 

through  the  eye  (I.) 

This  point  will  be  below  the  horizontal  line 
if  the  eye  is  between  the  fun  and  the  pidure, 
but  above  it  if  the  pidure  is  between  the  fun 

and  the  eye.  _  r-  j  i.  . 

CX.  If  any  opaque  line  be  mterpofed  between 

the  fun  and  an  enlightened  plane,  a  plane  ol 
rays  paffing  from  the  fun  to  the  faid  line  will 
be  excluded  from  falling  on  the  enlightened 
plane,  and  will  caufe  a  right-lined  ffiadow  on 
that  part  of  it  which  would  have  been  cut  by 
the  faid  plane  of  rays,  had  it  not  been  inter¬ 
cepted,  Thus  the  rays  paffing  by  the  lun 
^  0^2 
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(S,  fig  70)  and  the  lamp  iron,  fign  iron,’  See. 
form  planes,  whofe  interfedions  with  the 
planes  of  the  ground,  the  cellar  and  the 
front  of  the  houfe,  mark  on  thofe  planes  the 
fhadows  of  the  faid  opaque  lines. 

THEOREM  XXr. 

CXI.  T/ie  JJ:ado'WS  of  all  lines  which  are  pa¬ 
rallel  to  each  other,  upon  the  jame  plane ^  or  up¬ 
on  parallel  planes,  will  be  parallel. 

DEMONSTRATION. 

For  the  fun’s  rays  are  parallel  (by  §  106.) 
alfo  the  opake  lines  are  parallel  by  fuppofition ; 
wherefore  the  planes  of  rays  muft  be  paral¬ 
lel  (by  E.  II.  15.)  and  their  fections  by  the 
fame  plane,  or  by  parallel  planes,  muft  be 
parallel  (by  E.  ii.  16.)  that  is  (by  §  110.) 
their  fiadows,  upon  the  fame,  or  parallel 
planes,  are  parallel. 

T  FI  E  O  R  E  M  XXII. 

CXII.  The  f:adow  a  b,  (fig.  72.)  which  any 
right  Ime  (A  B)  cajis  upon  a  plane  (W)  to- 
winch  it  is  parallel,  will  be  parallel  to  the  faid 
line  (A  B). 


DEMON- 
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demonstration. 

For  fince  the  line  A  B  is  parallel  to  the 
plane  W,  (which  may  reprefent  a  waU)  ^ 
plane  P  mav  be  paffcd  by  it,  which  mall  be 
parallel  to  W,  {Fide  §  50.;  then  the  line 
A  B,  and  its  iThadow  a  b,  (being  the  fedlions 
of  thefe  two  planes,  by  a  plane  of  rays  a  A 
B  b,  pairing  through  the  fun,  S,)  mull  be  pa¬ 
rallel  (by  E.  II.  16.) 

COROLLARY  I. 

rYllT  Hence,  if  the  ^iven  plane  and  line  are 
p^allel  to  each  other,  and  to  the  pidlure  alfo 
the  reprefentation  of  the  Jhadow  ‘Will  be  parallel 
to  the  reprefentation  of  the  line  'which  caufes 
it :  for  in  this  cale,  both  the  opaque  line  and 
its  lliadow,  being  parallel  to  each  other  and 
to  the  pidluie,  mull  be  reprefented  by  lines 
parallel  to  them  and  to  each  other  (by  §  53.) 

COROLLARY  II. 

CXIV.  But  if  the  ghen  plane  and  line  are 
parallel  to  each  other,  but  not  parallel  to  the 
pidlure,  the  reprefentations  both  of  the  given 
line  and  its-  Jhadow  will  tend  to  the  fame  van- 

ijhing  point  (by  §  17.) 

* 

Q3 
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THEOREM  XXIIL 

CXV.  If  the  rays  proceedmgfrom  the  fun  (S. 
fig.  73.)  are  parallel  to  the  pi£lure  (P)  the  fia- 
dows  (b  C,  b  C,  &;c.)  of  all  lines  (B  C,  B  C,) 
that  are  parallel  to  the  pi^ure,  on  any  oblique 
plane  {G,)  u'lll  he  parallel  to  the  entering  line 
(E  N)  of  that  plane  (G.) 

DEMONSTRATION. 

For  the  rays  B  b,  Bb,  &c.  which  come 
from  the  um  S,  as  well  as  the  opaque  lines 
B  C,  B  C,  &c.  being  parallel  to  the  plane 
of  the  pidure,  by  fuppofition,  the  planes 
of  rays  B  C  b,  B  C  b,  &c.  mufi:  be  parallel 
to  the  pidure  P.  (by  E.  ii.  13.)  but  be- 
caufe  thefe  parallel  planes  B  C  b  and  P  are 
cut  by  the  plane  G,  the  fedions  b  C  and  E  N 
are  parallel  (by  E.  11.  16.)  Q^E.  D. 

COROLLARY  I. 

CXVI.  Hence  the  fiadows  b  C,  b  C,  &c.  of 
lines  B  C,  B  C,  &c.  which  are  parallel  to  the 
pidiurey  caufed  by  rays  which  are  parallel  to  the 
pidlure  upon  any  plane  (G)  which  is  oblique^ 
7nufi  he  reprefented  by  lines  parallel  to  the  van- 
ijhing  line  (V  L)  of  that  oblique  plane  G,  for 
we  have  proved  that  the  fiiadow  b  C,  is  paral¬ 
lel  to  the  entering  line  E  N,  wherefore  it 

mull 
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muft  be  reprefented  by  a  line  paralkl  to  the 
faid  entering  line  (by  §  54.)  or  to  the  ’vanish¬ 
ing  line  (by  §  6.) 

theorem  XXIV. 

CXVII.  If  the  fun  s  rays  are  oblique  to  the 
piSiure,  thofe  rays  which  pafs  by  any 

BC,  fig.  72.)  that  is  parallel  to  the  ptlliire 

(P)  will  form  an  oblique  plane  (B  b  C)  whofe 
Jnipnngline  (fU)  will pfs  through  the  van^ 
iflnn^r  point  ff)  of  the  funs  rays,  and  will  be 
parallel  to  the  reprefentation  (be)  of  that  opaque 

line  (B  C). 

demonstration. 

Let  I  be  the  place  of  the  eye,  or  point  cf 
r,„bt,  and  1  r  a  folar  ray  pafling  through  it, 
and  cutting  the  pidure  (F)  m  f;  then  is 
the  vanifliing  point  of  the  fun  s  rays  (  y 
&  100.)  Alfo  through  f.  let  fU  be  drawn 
In  the  piaure  P.  parallel  to  b  c  (wh'ch  is  the 

reprefentation  o(  h  C)  then  will  1  U  be  pa¬ 
rallel  to  B  C  (by  §  52  and  E  1 1  .  9.)  then 
becaufe  fl  is  parallel  to  B  b  (by  §  106.  J 
and  fU  to  BC  (by  conftruaion)  a  plane 
paffine:  by  U I  f  is  parallel  to  the  plane  of  rays, 
BCk  (E.  II.  15O  And  becaufe  ‘t 
through  the  eye,  it  is  the  vamjlmg  plane  oi 
the  plane  B  C  b  ;  and  its  interfeawn,  f  U, 
with  the  piaure  P,  will  be  the  vamlhmg  line 
of  the  faid  plane  of  rays,  B  C  b.  (by_§  l) 

0^4  14.  1  H  E- 


theorem  XXV. 

rays  (B  b,  A  a,  &c.  fig'.  72  and 
73*)  "which  pafs  by  any  opaque  line  (A  B,  A  B, 
&c.)  that  is  inclined  to  the  picture,  (Pj  ’loill  form 
an  oblique^  plane,  (A  B  b  a)  whof/e  ‘vanifiing  line 
(S  V)  will  be  the  reprefentation  of  a  ray  of 
the  fun,  drawn  through  the  vanijhing  point  (V) 
of  the  given  line.  (Vide  §  107  and  108.) 

demonstraton. 

Suppofe  the  fun’s  rays  to  be  parallel  to 
the  pidure,  (P,  fig.  7^.)  Through  I,  the 
place  oj  the  eye,  fuppofe  I  V  drawn  parallel 
to  the  opaque  line  (A  B)  in  queftion,  and  cut¬ 
ting  the  pidure  in  V,  then  is  V  the  vanifi- 
tag  point  of  the  faid  opaque  line,  (by  §  q.j  On 
the  pidure,  through  V,  fuppofe  V  f  to  be 
drawn  parallel  to  the  fun’s  rays  B  b,  a  A, 
&:c.  Then  fince  VI  and  V  f  are  refpedively 
parallel  to  A  b  and  B  b,  a  plane,  V  I  M  f, 
paffing  by  the  former,  will  be  parallel  to 
the  plane  of  rays,  A  a  B  b,  paffing  by  the 
latter ;  and  becaufe  it  paffes  through  the  eye, 
(I)  will  be  its  vanifiing  plane,  (by  §  3)  j  and 
V  f  will  be  its  vanifiing  line ;  but  the  fame 
line,  V  f,  is  the  reprefentation  of  a  ray  drawn 
through  (V)  the  vanilhing  point  of  the  opaque 
Iine^  A  B.  (by  §  107.)  C^E  D. 


CASE 
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CASE  II. 


If  the  fun’s  rays  are  oblique  to^  the  pidure 
(P.  fig.  72.)  the  demonftration  will  be  nearly 
the  fame.  For  if  I  f  is  a  folar  ray  pafling 
through  the  eye,  and  cutting  the  pidture  in. 
{;  alfo  if  I  V  is  parallel  to  the  opaque  line, 
A  B,  then  is  V  the  vanhhing  point  of  A  B, 
(by  §  3.)  and  f  the  vanilhing  point  of  the  fo¬ 
lar  rays,  (by  §  108.)  Again,  becaufe  I  V  and 
I  f  are  refpeftively  parallel  to  A  B  and  B  b, 
the  plane,  V  I  f  is  the  vanifhing  plane  of 
A  B  a  b  (by  E.  1 1 .  9.  and  §  3.)  and  S  V  is 
its  vanifliing  line  ;  but  S  V  is  the  reprefenta- 
tion  of  a  folar  ray  drawn  through  the  point 
V.  (by  §  108.)  Q^E.  D. 

THEOREM  XXVI. 


CXIX.  If  the  plane  of  rays,  (A  B  a  b,  fig.  72 
and  73.)  which  pafs  by  any  opaque  line,  (AB)  is 
oblique  to  the  piBure,  (P)  the  point  (f)  where 
its  vanijhing  line  a'V)  cuts  the  vanijhing  line 
(V  L)  of  any  oblique  plane,  (G)  will  be  the 
vanifhtng  point  of  the  Jhadow  (a  b)  oj  the  faid 
opaque  line  (A  B)  and  all  its  parallels,  upon  the 
[aid  oblique  plane,  (G)  or  any  other  plane  pa¬ 
rallel  to  it, 

DEMON- 
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DEMONSTRATION, 

For  the  fliadow,  a  b,  (iig.72  and  73.)  of  any 
line,  A  B,  upon  any  plane,  G,  is  the  inter- 
fedion  of  the  plane  of  rays,  A  B  a  b,  paf- 
fing  by  the  faid  line,  A  B,  with  the  faid 
plane  G,  (by  §  iio)  confequently  the 
flaadow,  a  b,  being  in  the  plane  of  rays,  A  B 
a  b,  its  vanishing  point  mail;  be  fomewhere 
in  the  vanidiing  line  (f  V)  of  the  plane  of 
rays,  (by  §87.)  Alfo  the  faid  fhadow  (a  b) 
being  in  the  oblique  plane,  G,  its  vanifhing 
point  muft  be  fomewhere  in  the  vaniilaing 
line,  V  L  of  the  plane  G  :  wherefore  fee¬ 
ing  it  is  in  both  thefe  vanifhing  lines  V  L 
and  V  f,  it  naufl  be  in  their  interfedion  (V.) 
The  reft  of  the  proportion  is  manifefl  from 
§  1 1 1  and  17. 

LEMMA. 

CXX.  If  a  plane  of  rays  (A  B  a  b,  fig. 
faffing  by  an  opaque  line  ( A  B)  cuts  a  plane  (Bcb) 
that  is  parallel  to  the  funs  rays,  the  feci  ion 
(b  B)  will  be  a  ray  tendmg  to  the fun. 

In  this  cafe,  fince  both  the  planes,  A  B 
ab,  and  B  C  b  pafs  through  the  fun,  (§  106) 
their  interfedion,  B  b,  muft  pafs  through, 
the  fun. 


CORO  L- 
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COROLLARY. 

Cy.%\.Bence  the  Jhadow  (B  b  fig.  73. )  of  any 
right  line  whatfoever  (as'  A  B)  upon  a  plane 
(BCb)  parallel  to  the  funs  rays,  njoill  be  a  ray 
pqjjing  through  the  fun  (Vide  §110)  anditsfec- 
tion  (B)  with  the  gw en  pla?^e  :  (B  C  b)  alfofuch 
Jhadow  (B  b)  mull  be  of  infinite  extent,  be- 
caufe  the  ray  (A  a)  pafiing  through  the  other 
e7id  (A)  ^  the  opaque  line,  %vill  never  cut  the 
given  plane  (B  C  d.) 

PP.  B.  Properly  fpeaking,  a  plane  that  is 
parallel  to  the  fun’s  rays,  cannot  receive  a 
fiiadow  j  becaufe  the  fun’s  rays  do  not  cut 
it,  but  pafs  by  it,  {Vide  §  105.)  nor  can  fuch 
a  plane  be  faid  to  be  enlightened  by  the  fun, 
becaufe  none  of  its  rays  fall  on  it;  I  conceive 
therefore,  that  what  Ozanam  and  fome  other 
writers  fay  of  an  infinite  fhadow  is  rather 
abfurd.  It  muft  be  owned,  however,  that 
if  the  plane  is  very  near  parallel  to^  the  fun’s 
rays,  a  fliadow  may  be  formed  on  it,  which 
will  very  nearly  tend  to  the  fun  and  be  of 
great  extent. 

The  foregoing  theorems  and  obfervations 
will  enable  us  to  find  the  repiefentatlon  of  the 
fhadow  of  a  right  line  upon  any  plane  what- 
foever ;  but  to  render  every  thing  perfectly 
intelligible,  I  fhaU  give  a  praxis  of  all  that 
has  been  faid  on  this  fubjeit. 


EXAM- 
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example. 

When  the  funs  rays  are  parallel  to  the  piBure. 

In  fig.  70.  we  fiuppofe  the  fun’s  rays  pa¬ 
rallel  to  the  picture  ;  wherefore  their  repre- 
fentations,  which  are  parallel  to  each  other, 
may  alfo  be  parallel  to  any  afiumed  line,  as 
R  S.  {Vide  §  10-’). 

H  L  is  the  horizontal  line, 

C  is  the  center  of  the  pidlure, 

V  1  is  the  vaniihing  line  of  the  front  of 
the  cellar, 

U  m  is  that  of  the  cellar  door  which  is 
open, 

C  L  is  the  vanlfhing  line  of  the  oblique 
front  of  the  houfe. 

Thefe  we  fuppofe  were  determined  when 
the  reprefen  rations  of  thefe  objedls  were 
drawn  on  the  picture. 

The  lamp- poll  is  parallel  to  the  picture, 
wherefore  its  fhadow  upon  the  ground  is  pa¬ 
rallel*  to  H  L ;  (by  §  1 16  . )  upon  the  cellar  door, 
its  lliadow  is  parallel  to  U  m,  and  upon  the 
oblique  front  of  the  houfe  its  fiiadow  is  pa¬ 
rallel  to  C  XJ ,  where  it  is  finally  determined 
by  a  ray  drawn  through  the  top  of  the  lamn. 
{Vide  §  107). 

The  ladder  is  oblique  to  the  pidbure  j  its 
vanifliing  point  is  A.  A  L  is  the  reprefenta- 
tion  of  a  ray  drawn  through  A,  (Vide  §  107.) 

cut- 


♦ 


cutting  H  L  in  L, 


and  U  in  c.  Then  this  line,  A  L,  is  the 
vanifliingline  of  the  plane  of  rays  pafling 
by  the  ladder:  fVide  Art.  ii8.  Cafe  i.) 
Wherefore,  by  §  119,  the  fhadow  of  the 
ladder  on  the  ground  tends  to  L  ;  on  the 
front  of  the  houfe  it  tends  to  c.  On  the 
parallel  front,  M,  of  the  cellar,  it  is  paral¬ 
lel  to  R  S.  Art.  107  and  1 2 1.)  On  the 

llant  front  of  the  cellar  it  tends  to  a.  On 
the  cellar  door  it  tends  to  b.  On  the  oblique 
front  of  the  houfe  it  again  tends  to  c  ;  and 
is  finally  terminated  by  a  ray  drawn  from  the 
top  of  the  ladder,  parallel  to  R  S.  (Vide 
§  107.)  I  have  here  traced  the  fliadow  of 
Sie  ladder,  progreflively  from  its  bottom  to 
its  top.  But  it  muft  be  remembered,  that 
the  fhadow  on  the  lower  part  of  the  front  of 
the  houfe  and  on  the  parallel  front  (M)  of 
the  cellar,  will  be  hid  by  the  (hadow  of  the 
cellar  door;  which  therefore  fiiould  have 
been  found  firft :  And  when  we  had  traced 
the  fiiadow  of  the  ladder  along  the  ground 
to  (d)  the  bottom  of  the  houfe,  we  might 
have  drawn  d  c  to  the  vanifhing  point  (c)  of 
the  front,  and  cutting  it  by  a  ray,  parallel  to 
R  S  ;  (Vide  §  107.)  the  fiiadow  of  the  top 
would  be  obtained  the  fame  as  before ;  from 
whence  the  fhadow  on  the  top  of  the  cellar 
and  the  top  of  the  cellar  door  might  have 
been  drawn  backwards.  This  is  only  men¬ 
tioned  as  a  hint  that  the  learner,  by  ufing 

his 


Jiis  fagacity,  will  fomelimes  fave  trouble.— 
Let  us  now  trace  the  fliadow  of  the  cellar 
door — Its  edges  are  parallel  to  the  pidure, 
and  its  ends  tend  to  p  (which  is  the  center 
of  its  vanifhing  line,  U  m.)  Through  p, 
draw  p  n,  parallel  to  R  S,  and  it  is  the 
vanilhing  line  of  the  plane  of  rays  paffing  by 
the  ends  of  the  door,  and  cuts  If  C  in  o  and 
HLin  n.  (Vtde^iiZ  and  1 1 9 . )  Wherefore 
from  the  lower  corner  of  the  cellar,  r,  draw 
a  line  tending  to  n,  and  cut  it  in  q,  by  a 
line  drawn  through  the  neareft  lower  corner 
of  the  cellar  door,  parallel  to  R  S,  (Vide  § 
107.)  And  by  this  means  I  get  the  fliadow, 
q  r,  of  the  lower  edge,  which  falls  wholly 
on  the  ground.  The  fhadow  of  the  neareft 
parallel  edge,  on  the  ground  muft  pafs  thro’ 
q,  parallel  to  H  L,  (by  §  116.)  and  on 
the  door  of  the  houfe  it  is  parallel  to  17  C ; 
where  it  is  terminated  by  a  line  drawn  thro’ 
the  upper  corner  of  the  cellar  door,  parallel 
to  R  S.  (Vide  §  107.)  From  this  termina¬ 
tion  we  trace  the  fhadow  of  the  upper  end  of 
the  cellar  door,  which  on  the  door  of  the 
houfe  tends  too,  (by  §  119.)  and  on  the 
recefs,  from  the  front  of  the  houfe  to  the 
door,  (which  recefs  is  parallel  to  the  pidlure, 
and  confequently  to  the  fun’s  rays)  the  flia- 
dow  (if  any)  will  be  parallel  to  R  S.  (by  ^ 
121.)  The  fhadow  of  the  cellar  door  is  novv 
finhlied,  for  the  reft  becomes  hid  by  the  door 
itfelf.  I  flrall  next  trace  out  the  fhadow  of 

the 
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the  pent-houfe  over  the  door ;  the  {hadow  ot 
its  parallel  edges,  on  the  front  of  the  houfe, 
are  parallel  to  U  C  (by  §  115,)  and  are 

terminated  by  lines  drawn  tbroiigh  the  cor¬ 
ners  of  the  pent-houfe,  parallel  to  R  S  fVtdc 
K  107.)  Alfo  the  fliadow  of  the  oblique 
edge  of  the  pent-houfe,  on  the  front  of  the 
houfe,  and  the  door  will  tend  to  C  (by  § 
114-.)  Alfo  its  fliadowonthe  recefs  of  the 
door  ('if  any)  will  be  parallel  to  R  S  fJ^ide 
&  107.  and  1 2 1.)  Thefign,  with  the  iron  on 
which  it  hangs,  and  the  upper  iron  which  fup- 
ports  it,  are  all  parallel  to  the  pifture,  and  con- 
fequently  in  the  fame  plane  with  the  fun, 
wherefore,  it  is  eafy  to  conceive,  the  diadow 
of  all  thefe  will  be  one  right  line,  paral¬ 
lel  to  UC,  (by§  1 15.)  and  pais  through  the 
point  where  the  fign  iron  cuts  ^  the  front  ot 
the  houfe  j  and  the  point  q  in  this  line,  where 
it  is  cut  by  a  line  parallel  to  R  S,  and  palling 
through  the  corner  of  the  fign  Q^will  be  the 
iliadow  of  that  corner  (by  §  107O  ^ 

parallel  to  R  S,  through  the  point  D  (where 
the  three  irons  which  fupport  the  fign,  meet) 
gives  the  d  for  the  diadow  of  that  point ; 
wherefore,  F  d  is  the  ihadow  of  the  oblique 
iron  (F  D)  on  the  front  of  the  houfe  ;  but 
this  ihadow  croifes  the  middle  wdndow,  and 
therefore  the  learner  muft  recolledl  that  ou 
the  farther  recefs  of  the  window,  the  Iha¬ 
dow  will  be  parallel  to  RS  (by  §  107.  and 
1 2 1.)  and  on  the  plane  of  the  window  it  wtil 
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tend  to  the  fame  vanilhing  point  as  F  D  does 
(by  §  III.  and  §  17). 

We  have  now  done  with  the  oblique  front, 
and  muft  proceed  to  the  parallel  front,  on 
which,  properly  fpeaking,  no  fhadows  can 
fall,  {Vide  noit,  page  235.)  becaufe  this  front 
is  in  the  plane  of  the  fun’s  rays ;  therefore, 
to  be  confident  we  mud  fuppofe  the  fun  not 
to  be  quite  parallel  to  the  pidture  but  to  be 
fo  pofited  as  to  cad  on  the  parallel  front  fuch 
fliadows  as  we  obferve  the  fun  cad  on  a  level 
plane,  when  it  has  been  rifen  about  five  or 
ten  minutes,  which  are  all  parallel  to  each 
other  and  of  a  very  great  length.  We  have, 
therefore,  only  to  obferve  concerning  the 
fhadows  reprefented  on  this  plane,  that  they 
are  all  parallel  to  each  other  and  to  R  S. 
Vide  \  ^2.,  107,  and  121. 

example  ir. 

Whe7i  the  fmis  rays  are  oblique  to  the  picture » 

In  fig.  71,  the  fun  is  fuppofed  behind  the 
fpedator,  (as  in  fig.  72.)  and  S  is  alTumed 
any  where  below  the  horizontal  line,  H  L,  for 
the  vanifhing  point  of  the  fun’s  rays.  Vide 
§  108  and  109.) 

The  fame  objedls  are  drawn  in  this  fcheme 
as  in  the  lad,  and  I  fhall  invedigate  their 
fhadows  in  the  fame  order, 

H  L 
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HL  is  the  horizontal  line, 

V  1  is  the  vaniihing  line  of  the  cellar, 
u  H  is  the  vanifhing  line  of  the  cellar 
door,  which  is  now  opened  on  the 
farthest  fide  of  the  cellar.  And 
U  C  is  the  vanifhing  line  of  the  oblique 
fide  of  the  houfe. 

The  lamp-poft  is  parallel  to  the  picture, 
wherefore  S  L,  drawn  through  S,  parallel  to 
it,  is  the  vanifhing  line  of  the  plane  of  rays 
palling  by  it:  {Vide  ^  H/O  t^^is  cuts  HL 
in  L,  VI  in  V,  and  u  H  in  u  :  wherefore,  on 
the  ground,  the  fhadow  tends  toL;  and  it 
fliould  be  continued  by  an  occult  line  till  it 
cuts  that  part  of  the  bottom  of  the  houfe 
which  is  hid  by  the  cellar,  through  which 
point  a  line  drawn  parallel  to  the  lamp-poft 
will  reprefent  the  fhadow  on  the  front  of  the 
houfe,  (by  §  1 1 3)  where  it  maybe  terminated  by 
drawing  a  line  through  the  top  of  the  lamp  and 
the  points.  {Vide  §  108.)  To  determine  its 
fhadow*  on  the  cellar  door,  we  muft  take 
notice  that  the  corner  (a)  of  the  cellar  door 
touches  the  front  of  the  houfe,  and  tliat 
u  H  cuts  U  C  in  b,  wherefore  a  b  is  the  line 
in  which  the  cellar  door  would  cut  the  front 
of  the  houfe  if  it  was  continued  to  it.  But 
a  b  cuts  the  fhadow  of  the  lamp-iron  in  c, 
then  a  line  drawn  through  c  and  u  {Vide 
§  119.)  will  be  the  fhadow  of  the  lamp- 
iron  on  the  cellar  door. 

R 
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The  ladder  is  oblique  to  the^  pidlure, 
%nd  A,  is  its  vanifliing  point ;  wherefere 
A  S  is  the  vanifliing  hne  of  the  planes  of 
rays  paffing  by  its  Tides.  {Vide  §  ii8.)  But 
this  line  (A  S)  cuts  u  H  in  d*  V  1  in  e, 
H  L  in  f,  and  U  C  in  g  j  wherefore,  (by 
§  119.)  the  fhadow  of  the  ladder  on  the 
ground  tends  to  f  (and  let  it  be  continued  by, 
occult  lines  till  it  cuts  the  bottom  of  the 
front  of  the  houfe)  on  the  front  of  thehoufe, 
it  tends  to  g,  on  the  parallel  front  of  the 
cellar  the  iliadow  is  parallel  to  AS  {Vide 
§  54  and  6.)  on  the  cellar  door  which  is  iliut, 
the  fhadow  of  the  ladder  tends  to  e,  and  on 
that  which  is  open,  it  tends  to  d. 

The  fhadows  of  the  fign  and  its  irons  fall 
wholly  on  the  oblique  front  of  the  houfe  and 
the  recefTes  of  the  windows.  The  horizon¬ 
tal  iron  k  1  is  parallel  to  the  pidture,  where¬ 
fore,  S  G  drawn  parallel  to  the  faid  iron,  is 
the  vanifliing  line  of  the  plane  of  rays  pair¬ 
ing  by  it.  {Vide  §  117.)  But  SG  cuts  U  C 
in  h,  which  is  the  vanifhing  point  of  the 
fhadow  of  the  horizontal  iron  (kl)  and  the 
top  and  botom  of  the  fign  on  the  front  of 
’  the  houfe  ;  wherefore  1  draw  kh,  and  cut  it 
in  o  by  a  line  drawn  thro’  1  to  S.  Through 
q,  I  draw  a  fhort  line  perpendicular  to  the 
horizontal  line,  and  cut  it  by  a  line  drawn  to 
S  from  the  point  where  the  other  two  irons 
(m  1  and  n  1)  unite,  and  fo  obtain  the  Iha- 

do'.v 
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dow  of  that  point,  to  which  I  draw  lines 
from  m  and  n,  and  they  will  be  the  fhadows 
of  the  faid  irons  on  the  front  of  the  houfe. 
To  obtain  the  fhadow  of  the  fign,  I  produce 
its  lides,  till  they  cut  the  iron  k  1  in  q  and  r  : 
through  thefe  points  lines  drawn  to  S  give 
the  fliadow  of  thofe  points  by  cutting  k  h  : 
lines  drawn  through  thefe  points  of  (hadow, 
parallel  to  the  perpendicular  edges  of  the  fign, 
will  be  their  diadow  {Vide  §  113.)  whofe 
limits  will  be  determined  by  drawing  hnes  to 
S  from  the  lower  corners  of  the  fign.  The 
lhadows  of  the  fign-irons  are  broke  ^7 
receffes  of  the  windows,  concerning  which 
we  may  obferve,  that  becaufe  k  1  and  n  I  arc 
parallel  to  the  pidure,  their  lhadows  on  the 
parallel  rccefs  of  the  fartheft  window  will  be 
reprefented  by  lines  parallel  to  them  :  p^tde 
^113.)  alfo.  on  the  oblique  plane  of  the 
window  they  will  be  parallel  to  their  diadow 
on  the  front  of  the  houfe  already  found,  and 
confequently  will  tend  to  the  fame  vanifliing 
points,  which  are  found  by  producing  the 
faid  fhadows  till  they  cut  the  vaniOiing  line 
U  C.  The  iron  m  1  is  parallel  to  the  hori¬ 
zon  and  oblique  to  the  pidlure,  fo  that  if  pro¬ 
duced  till  it  cut  the  horizontal  line,  wc 
fliould  obtain  its  vanifliing  point  (by  §  88.) 
to  which  a  line  drawn  from  S  would  he  the 
vanifliing  line  of  the  plane  of  rays  palling 
by  m  1 J  (by  §  1 18.)  then  the  fliadow  on  the 
^  ^  ^  2  parallel 
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parallel  recefs  of  the  windows  would  be  pa- 
-  rallel  to  this  vanhhing  line  (which  it  is  caly 
to  perceive  would  be  nearly  parallel  to  the 
horizontal  line,  and  may  be  drawn  by  guefs, 
as  the  faid  lhadow  is  of  lliort  extent).  Alfo 
the  Ihadow  of  m  1  on  the  plane  of  the  window, 
being  parallel  to  its  lhadow,  m  o,  on  the  front 
of  the  houfe,  will  tend  to  the  fame  vanilliing 
poirit,  which  may  be  found  by  producing 
m  o  till  it  cuts  the  vanilhing  line  U  C. 

It  will  be  needlefs  to  defcribe  how  the 
other  lhadows  on  the  oblique  front  of  the 
houfe  are  found.  But  I  {hall  defcribe  the 
method  of  obtaining  the  Ihadows  of  the  lamp 
and  its  irons  on  the  parallel  front. 

It  will  be  evident  on  the  leafl;  refledllon, 
that  every  {hadow  of  a  line,  on  a  plane  pa¬ 
rallel  to  the  pidure,  is  parallel  to  the  pidure, 
and  therefore  mud:  be  reprefented  by  a  line 
parallel  to  the  vanilhing  line  of  the  plane  of 
rays  which  caufes  it.  (by  §  44,)  The 
iron  B  D  has  C  for  its  vanifhing  point,  con- 
fequently  (by  §  118.)  SC  is  the  vanifhing 
line  of  the  plane  of  rays  pading  by  the 
faid  iron  B  D;  wherefore  its  diadow  mud  be 
a  line  drawn  through  D  parallel  to  C  S,  and 
if  it  is  cut  by  lines  tending  to  S,  from  the 
end  of  the  iron  B  D,  and  alfo  from  the 
points  where  the  other  irons  join  it,  the  dia- 
dows  of  thofe  irons  will  be  obtained.  The 
(hadows  being  thus  found  on  the  parallel 

front 
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front  of  the  houfe,  they  may  eafily  he  broke 
into  the  recefs  of  the  window,  remembering 
that  on  the  oblique  recefs  the  Ihadow  of  the 
iron  BD  tends  to  C  (by  Art.  114.).  becaufe 
that  recefs  is  parallel  to  the  iron  B  D.  Alfo 
the  (hadows  of  the  other  irons  on  the  plane 
of  the  window  will  be  parallel  to  thbfe  parts 
of  their  fhadow  which  fall  on  the  front  of 
the  houfe.  Every  thing  elfe  is  too  obvious 
to  need  farther  explanation. 

In  fig.  72.  is  the  reprefentation  of  two 
rows  of  houfes,  one  Handing  on  level  ground 
and  the  other  on  a  hill  defcending  from  the 
pidlure.  H  L  is  the  horizontal  line,  C  its  center, 
andHC  is  its  diftance  :  VI  parallel  toH  L  is  the 
vanifiiing  line  of  the  hill,  f  is  its  center,  H  f 
'  its  diftance,  and  the  angle  C  H  f  meafures  its 
declivity,  page  1 78,  §  102.)  Alfo  S  is 

the  vanifhing  point  of  the  fun  s  rays :  from, 
whence,  how  the  reprefentations  of  the  fe- 
veral  objefts,  with  their  ftiadows,  are  deter¬ 
mined,  is  propofed  as  an  exercife  for  the  learn¬ 
er’s  ftcill.  But  it  may  be  proper  to  fay  a. few 
words  concerning  the  lhadow  of  the  poll  on 
the  calk,  and  of  the  calk  on  the  ground. 
L  M  is  the  vaniftiing  line  of  the  ends  of  the 
calk,  and  H  is  the  vanifhing  point  of  its  axis 
(A  X).  From  A  the  center  of  the  neareft 
end  of  the  cafk,  I  draw  a  perpendicular,  cut¬ 
ting  the  ground  in  g,  (which  muft  be  a  little 
below  the  circular  chime  1354,  becaufe  the 

R  2  calk 
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cafk  rcfts  on  its  bilge)  through  g  draw  g  L, 
which  is  the  fedion  of  the  head  of  the  cafk 
with  the  ground.  Alfo  through  B  (the  bot¬ 
tom  of  the  poll)  draw  B  N,  which  repre- 
fents  the  fliadow  of  the  poll  on  the  ground  : 
through  any  point  (^)  in  the  circumference 
of  the  head  of  the  callc,  draw  3  i  parallel  to 
A  g,  and  cutting  g  L  in  i  j  through  r,  draw 
i  H  cutting  BN  in  k:  through  k,  draw  k  m 
parallel  to  3  i.  Alfo  through  3,  draw  a  line 
tending  to  H,  or  a  little  above  or  below  it, 
according  as  is  thought  neceffary  on  account 
of  the  bilge  of  the  calk  j  and  the  point  m, 
where  this  line  cuts  k  m,  will  be  one  point 
through  which  the  fliadow  of  the  poll  muft 
pafs.  For  it  is  evident  that  i  k  m  3  is  the 
reprefentation  of  a  plane  perpendicular  to  the 
ground,  and  whole  upper  fide  3  m  very  nearly 
agrees  with  the  furface  of  the  calk,  and  that 
k  m  is  the  lliadow  of  the  poll  on  that  plane: 
fo  that  m  is  fituated  in  the  lhadow  of  the 
poll,  and  alfo  on  the  furface  of  the  calk. 
More  points  may  be  found  by  repeating  the 
operation  but  when  two  or  three  points  arc 
found,  the  curve,  reprefenting  the  lhadow, 
may  be  drawn  by  hand,  as  great  exadnefs. 
would  be  needlefs.  To  find  the  lhadow  of 
any  point  in  the  head  of  the  calk  on  the 
ground,  as  the  point  i,  through  its  feat  g, 
draw  g  N,  and  draw  i  S  cutting  it  in  o.  In 
like  manner  may  thclliadows  of  other  points 
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be  found,  and  a  curve  drawn  through  them 
marks  the  boundary  of  the  (hadow  :  but  to 
be  very  exadt  in  thefe  kind  of  ihadows 
would  be  as  ufelefs  as  tedious :  for  when 
the  mind  is  informed  by  fcience,  the  hand 
may  often  be  permitted  to  fuperfede  the  ruler 
and  eompaffes. 
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chap.  XI. 

Of  fadows  caufed  by  a  candle  or  lamp, 

A 

S  the  reprefen tati on  oF  a  room  by  can¬ 
dle  light  is  not  often  wanted,  and  as  it 
would  be  needlefs  to  determine  the  fhadow 
of  every  fmall  article  of  the  furniture,  with 
fliicffc  geometrical  rigour,  the  importance  of 
the  fubjed;  of  this  chapter,  will  not  intitle 
me  to  treat  it  with  prolixity :  at  the  fame 
time  the  invelb'gation  of  right-lined  fhadows 
being  not  very  difficult,  and  as  it  may  exer- 
cife  and  entertain  the  mind,  and  enlarge  the 
readers  conceptions  of  the  art  ;  on  this  ac¬ 
count  (more  than  for  its  real  lervice  in  the 
pradice  of  the  arts)  a  total  omiffion  of  this 
iubjed  would  be  faulty  in  a  work  of  this  kind. 

CXXII.  If  we  confider  the  ffiadow  of  any 
objed  upon  a  plane  when  caufed  by  a  candle, 
It  will  be  evident  that  fuch  ffiadow  is  the 
perfpeblive  reprefentation  of  that  objed  on  the 
laid  plane.  For  the  rays  paffiing  from  the 
candle  to  the  objed  are  the  fame  as  would 
pafs  from  the  objed  to  an  eye  fixed  in  the 
place  of  the  candle  ^  and  the  fedion  of  thefc 

rays, 
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rays  with  any  plane,  mark  on  that  plane, 
the  former  cafe,  the  lhadow  of  that  objedt, 
and  in  the  latter,  its  perfpeBhe  reprefent<ition, 

(Fide  page  2.)  . 

CXXIII.  In  fig.  73  is  the  reprcfentation  ot 

the  infide  of  a  room,  of  which  the  floor,  F, 
the  ceiling,  Z,  and  the  fides,  T  and  Y,  are 
perpendicular  to  the  pidure  ;  the  fide,  W,  is 
parallel  to  it,  and  the  fide,  X,  is  oblique  to 
the  pidure.  Alfo  let  I,  be  the  reprcfentation 
of  the  flame  of  a  candle :  but  before  we  can 
form  any  idea  of  the  fituation  of  the  point  I, 
we  muft  know  in  what  point  fbme  line  drawn 
through  it  in  a  given  pofition,  will  cut  either 
the  floor,  ceiling,^  or  one  of  the  fides  of 
the  room.  Xhus  if  we  know  that  I  a  is  pa¬ 
rallel  to  the  pidure,  and  cuts  the  fide  T  in 
the  point  a,  then  the  pofition  of  the  faid 
point  I,  to  any  of  the  other  planes,  may 
eafily  be  determined  by  the  following  pro¬ 
blem. 

•  PROBLEM  I. 

CXXIV.  The  reprefenfation  of  a  line  (la) 
parallel  to  the  pi dl lire  and  pajjing  through  the 
light y  (1)  being  givon,  and  alfo  its  interfedlion, 
a,  with  fame  plane  (T)  whofe  vanijhing  line 
(u  C)  is  given  j  to  find  the  interfedlion  (b  S)  ofi 
a  plane  paJJing  through  the  light  (I)  parallel  to 
the  piSlurey  with  any  other  plane  (as  F,  Y,  or  X) 
whofe  vani filing  line  (HL,  uC,  (?rUH)  is gt a en. 

Througlv 
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Through  a,  I  draw  a  line  (ab)  parallel 
to  the  yanilhing-  line  of  the  given  plane, 
T,  and  it  cuts  the  ground  in  b.  Through 
b,  b  S,  drawn  parallel  to  the  vaniilaing  line 
of  the  ground,  cuts  the  plane,  Y,  in  c^  and 
the  plane,  X,  continued,  in  d  :  through  c  and 
d,  lines  (ceanddf)  drawn  parallel  to  the 
vanifliing  lines  of  the  planes  X  and  Y  will  be 
the  fedions  of  a  plane  paffing  thro’  the  can¬ 
dle,  and  parallel  to  the  pidure,  with  the  fides 
of  the  room  X  and  Y,  and  be  is  its  fedion 
with  the  ground  plane  F,  all  which  is  evi¬ 
dent  from  §  54,  and  E.  1 1.  1 5. 

PROBLEM  IL 

eXXV.  Having  the  reprefenfation  (MN,  hg* 
Ji,)  of  aline  given-,  and  the  points  (PandQ) 
nvhere  two  lines  (N  a7id  M  P)  drawn  fro7n 
it,  parallel  to  each  other  and  to  the  pidlure^ 
cut  a  plane,  F,  whofe  vanijling  line  (H  L)  is 
given  ;  /y  /W  the  va7iijhi7ig  pomt  (V)  of  that 
line,  and  its  intcrfcdiion  with  any  other  plane  (X) 
whofe  vanijhhig'line  (U  H)  is  given. 

I'hrough  P  and  Qjlraw  a  line,  and  pro¬ 
duce  it  till  it  cuts  the  vanilhing  line  H  L  in 
I. :  through  L  draw  L  V  parallel  to  N  or 
M  P  ;  a!fo  produce  N  M  till  it  cuts  V  L  in 
V  j  then  is  V  the  vanifliing  point  of  N  M. 
For  the  vanilhing  line  of  a  plane  paffing  by 
Q^P,  muft  pals  through  L  (by  §  87.)  alfo 
the  vanirtiinp:  line  of  a  plane  paffing  by  N 

mud: 
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muft  be  parallel  to  it  (by  §  54O  wherefore 
V  L  is  the  vanifhing  line  of  the  plane  which 
p.ffes  by  N  a. and  QJ.  ;  but  P  N  and  M  N 
are  alfo  in  the  fame  plane  (by  E.  ii.  7.) 
wherefore  the  point  V,  where  M  N  produced 
cuts  V  L,  is  its  njanijhing  point  (by  §  88.) 
The  former  part  of  our  problems  being  folved, 
the  latter  is  eafily  effedted.  Q.L  cuts  the 
plane  X  in  g  :  now  in  this  example  the  van- 
Hhing  line  V  L  is  parallel  to  the  vanidiing 
line  of  the  plane  X  •,  wherefore  the  planes 
reprefented  by  X  and  \  N  QJ-*  intcrfedt  each 
other  in  a  line  parallel  to  the  pidure  [Vtde  § 
102)  and  therefore  the  reprefentation  of  fuch 
interfedlon  muft  be  parallel  to  (V  L,  or,  to 
U  H)  the  vanifhing  line  of  the  plane  X  (by 
^  54.)  wherefore  gh  drawn  parallel  to  V  L,^ 
is  the  fedion  of  the  plane  V  L  N  Q^with.’ 
the  plane  X  j  and  the  point  h,  in  which  it 
cuts  N  M  produced,  muft  be  the  point  in 
which  the  faid  M  N  cuts  the  plane  X  :  in 
like  manner  we  find  that  M  N,  if  produced, 
would  cut  the  plane  Y,  produced  behind  X, 
in  i :  alfo  it  would  cut  the  plane  W  produced 
behind  X  in  the  point  k,  and  it  would  cut 
the  plane  F  in  the  point  1,  and  the  ceiling  .Zi^ 
produced  behind  Y,  in  m. 

COROLLARY. 

CXXVL  It  isfelf-evi  dent  that  the JJuidow  of  any 
line  (M  N)  a  plane  (X)  rnuflpaf  through  that 
^  point 


f  2^2  1 

foint  (Ii)  'Where  the  /aid  line,  (M  N)  when 
p7  oducedy  cuts  the  fciid  plane. 

For  this  reafon,  the  lliadow  of  the  line, 
M  N,  on  the  plane  Y,  palTes  through  and 
on  the  plane  F,  it  paFes  through  1. 

problem  III. 


CXXyil.  rhereprefentation  (M  N,  %.  70  ) 
oj  a  line  being  given,  thro'  the  jlame  of  the  candle 
{i)  todraw  thereprcjintation  (VI)  of  a  line  pa¬ 
rallel  to  it,  2d.  To  find  the  interfediion  (p)  of 
this  ^  line  (V  I)  r^mth  any  plane,  X,  (whofe 
vamjhing  line  (H  U)  pofition  is  known). 

the  Jhadow  of  any 
line  (MN)  and  of  all  lines  parallel  to  it  on 
any  plane  (X)  tends  to  that  point  (p;  where  it 
IS  cut  by  a  parallel  (V  I)  drawn  through  the 
fame  oj  the  candle  or  lamp. 

vanifliing  point  V  of  the  given  line 
M  N  IS  known,  the  firft  part  of  our  pro^ 
blem  IS  folved  by  problem  8.  of  chapter  0. 
B  this  vani/hing  point  is  not  known,  it 
niult  be  found  by  fuch  data  as  were  given  in 
uie  lad;  problem.  For  the  fecond  part,  I 
draw  the  reprefentation  of  a  plane'  ace  (by 
§  124)  parallel  to  the  pidure  and  paffin^ 
through  the  light;  and  on  this  plane  dravv 
1  S  parallel  to  U  H,  cutting  the  floor  F, 

through  V,  V  L  is  drawn  parallel 
to  U  H  and  cutting  H  L  in  L.  Laflly,  I 
draw  SL,  and  it  cuts  the  plane  X  in  o,  and 

drawing 
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drawing  o  p  parallel  to  U  H  or  to  V  L,^  it 
cuts  IV  in  p,  which,  therefore,  is  the  point 
where  IV  cuts  the  plane  X,  as  is  evident 
from  the  laft  problem.  In  like  manner  I  find 
I V,  if  produced,  cuts  the  ground  in  R  :  al- 
fo  it  cuts  the  plane  Y,  produced  behind  X  in 
t ;  and  the  plane  W,  produced  behind  _X,  is 
cut  by  the  faid  I  V  in  f.  I  am  now,  in  the 
the  third  place,  to  prove  that  the  fliadow  of 
M  N  (or  any  line  parallel  to  it)  upon  any 
plane  (as  X)  will  pafs  through  the  point  (p) 
where  the  faid  plane  is  cut  by  a  line (VI)  drawn 
through  I,  parallel  to  M  N  ;  and  this  is  evi¬ 
dent  if  we  refledl  on  what  was  faid  in  §  122, 
for  if  we  confider  the  plane,  (X)  on  which 
the  fliadow  falls,  as  the  picture  plane,^  and 
the  eye  to  be  placed  at  I  (inftead  of  the  light) 
then  the  line  V  I  will  be  the  diftance  of  the 
given  line  M  N,  and  the  point  (p)_  where  it 
cuts  the  plane  X,  will  be  its  vanifhing  poin^ 
(by  §  9.)  but  the  reprefentations  (or,  which 
is  the  fame  thing,  the  fhadows)  of  all  lines 
parallel  to  M  N,  tend  to  the  fame  vanifhing 
point  (by  §  17.)  wherefore  the  fhadow  of 
M  N,  and  of  all  its  parallels,  on  the  plane  X, 
tends  to  the  point  p.  E.  D.« 

PROBLEM  IV. 

CXXVIII.  Having  given  thereprefinfation  of 
(ilinet  alfo  itsinterfedlion  with  a  plane,  whofeyan- 
ijhing  line  is  given-,  to  find  the  vanijhing  line  of 

the  plane  of  Jhadow  which  paJJ'es  by  that  hne. 

CASE 


CASE  J, 

WJwi  the  gken  line  is  parallel  to  the  picture. 

Let  A  B  (fig.  72*)  be  the  renrefentation  of 
a  line  pasallel  to  the  pidure,  cutting  the  plane 
T,  (whofe  vaniihing  line  is  u  C)  in  the  point 
A.  Through  I,  draw  (by  prob  i.  §  I2.j)  the 
reprelentation  of  a  plane  parallel  to  the  pic¬ 
ture,  and  find  the  line  a  b,  in  which  it  cuts 
the  given  plane  T ;  alfo  through  I,  draw  I  b 
parallel  to  A  B,  and  cutting  a  ^  in  b\  draw 
b  A,  and  produce  it  till  it  cuts  u  C  in  y. 
Laftly,  draw  y  z  parallel  to  A  B,  and  it  is  the 
vanifl:iing  line  of  the  plane  of  fnadow  pafiing 
by  A  B.  For  it  is  evident,  from  the  latter  part 
of  the  lafi;  problem,  that  the  plane  of  flaadow 
pairing  by  A  B,  cuts  the  planeT  in  theline^  A, 
of  which  y  is  the  vaniihing  point,  (by  §  88) 
alfo  the  vanilliing  line  of  any  plane  palling  by 
A  B,  mull  be  parallel  to  it  (by  ^  54)  where¬ 
fore  y  z  is  the  vani.fiiing  line  fought  (by  §  87.) 

CASE  II. 

When  the  given  line  is  not  parallel  to  the  piBure. 

Let  IM  (%. -3)  be  the  given  line,  whofe 
vaniihing  point  is  V;  and  let  it  cut  the  plane 
F  f  wnole  vanilliing  line  is  H  [,)  in  the  point  1. 
Thro’  F,  draw  VL  (in  anydiredlion  at  pleafure) 
cutting  H  L  (in  any  point,  as)  in  L;  and  draw 

ILi 
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1  L ;  conceive  V  1  L  to  be  the  reprefentatlon 
of  a  plane,  whofe  vanifhing  line  is  V  L,  and 
(by  prob.  I,  §  124)  find  its  fedion  q  r,  svith  a 
plane  pafling  through  the  light  I,  and  paral¬ 
lel  to  the  pidure.  Laftly  draw  I  q,  and  V  x 
parallel  to  it,  which  will  be  the  vaniihing  line 
fought.  For  if  I  V  is  drawn,  it  is  plain 
I V  q  is  the  reprefentation  of  an  infinite  paral¬ 
lelogram  pafling  through  I,  and  the  given 
line  1  M,  and  cutting  the  parallel  plane  I  S 
r  q,  in  the  line  I  q,  which  therefore  is  parallel 
to  the  pidure;  confequently  the  vanifliing 
line  of  the  plane  I  V  q,  muft  pafs  through  V 
(by  §  8/)  and  muftbe  parallel  to  I  q  (by  §  54) 

COROLLARY. 

CXXIX.  T^he  JJiadow  \\n  of  a  line  (MN)  on  a 
plane  (X) pajjes  through  that  point  (x)  where  the 
'oanijhing  Line  (V  x)  of  its  plane  of  fiadow 
(I  q  V.)  cuts  the  vanifhing  line  (U  U)  of  the 
faid plane  (X)  Vide  §  ^31’ 

COROLLARY  11. 

CXXX.  fhe  Jhadowof  any  line  on  a  plane  pa¬ 
rallel  tothe  picture,  is  parallel  to  the  vanifhing 
line  of  its  plane  of fliadow  (Vide  ^  54.) 

Thus  23  (fig-  73)  is  a  line  parallel  to  the 
ground  or  ceiling,  and  H  Mis  the  vanitliing 
line  of  the  plane  of  fliadow  pafling  by  it  and 
the  candle  I,  wherefore  its  fliadow  24,  on  the 
plane  W,  is  parallel  to  Fi  M. 


A.  THE- 
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A  THEOREM. 

CXXXI.  The  Shadow  of  any  line  (caufed 
either  by  the  fun  or  a  ca?idle )  on  aplaiie  to  which 
%t  is  parallel,  will  be  parallel  to  that  line. 

This  demonftration  is  tlie  fame  as  in  §  1 12; 
and  the  fame  condufions  may  be  drawn  as  are 
mentioned  in  §  1 13  and  114. 

An  AXIOM. 

CXXXII.  The  Shadow  of  any  point  (M  hg, 
73)  /r fituated  in  a  line  (I  M)  paSfmg  through  the 
light  (I.)  and  the  f aid  point. 

The  learner  is  now  furnifhed  with  every 
thing  that  can  conduce  to  the  finding  of  right 
lined  lhadows ;  and  his  own  fagacity  will  point 
out  how  he  may  obtain  points  for  the  forma¬ 
tion  of  thofe  curves  which  are  generated  by 
the  fhadows  of  curves  on  planes,  or  lines  on 
curved  furfaces  (Vide  page  245.)  As  a  fum- 
mary  of  the  whole,  I  have  added,  in  fig."  74, 
the  reprefentation  of  a  room,  with  the  lhadows 
of  the  feveral  objeds  therein  ;  and  it  may  af¬ 
ford  the  mind  an  agreeable  amufement  to  ob- 
ferve  how  the  various  methods,  which  will 
fpontaneoufly  refult  from  contemplating  the 
foregoing  problems,  concur  in  producing  the 
fame  effedts. 


CHAP, 


[  257  ] 


CHAP,  XII. 

Of  the  refe^ion  of  objedls  by  plane  mirroiirs  j  as 
looking  glafSi  or  the  furface  of  water. 

T  HIS  fubjedl  (as  well  as  the  laft)  is 
more  fit  to  be  ranked  among  mathematical 
recreations,  than  to  be  placed  among  the  ufe- 
ful  parts  of  fcience.  The  only  cafe  in  which 
it  can  be  ferviceable  is  when  we  want  to  re- 
prefent  the  refledion  of  objeds  on  the  furface 
of  water  5  which  being  always  parallel  to  the 
horizon,  the  method  of  proceeding  is  fo  void 
of  intricacy  that  a  formal  difcuflion  would 
be  unneceflary.  However,  fince  the  refled- 
ing  plane  in  oblique  lituations  has  been  con- 
fidered  by  Dr.  Brook  Taylor,  and  fome  o- 
thers,  as  appertaining  to  the  fubjed  of  per- 
fpedive,  I  fliall  briefly  explain  the  manner  of 
reprefenting  objeds  that  are  caufed  by  fuch 
reflcdion.  > 

GENERAL  PRINCIPLE. 

CXXXIII.  Itisunivcrfallyknown,thatifany 
obied  is  placed  before  a  plain  mirrour  (or  look- 

S  glafs) 


*  j'  ■  .  '  . 

V- 
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ing  glafs)  an  image,  exacflly  fimilar  to  thatob- 
jed:,  will  be  formed  by  refledionj  every  point  of 
which  image  will  be  juft  fo  far  behind  the 
glafs  as  its  ccrrefponding  point  in  the  real 
original  object  is  before  the  glafs.  Thus  let 
a  (fig- 75  and  76^^.)  be  the  corner  of  a  prifm 
ftanding  on  a  plane,  G,  from  which  let  a  o 
be  drawn  perpendicular  to  the  plane  of  the 
glafs,  M,  and  cutting  it  in  o,  then  if  a  o  is 
continued,  and  o^  is  made  equal  to  ao,  the 
point  a  will  be  the  point  where  the  image  of 
a  is  formed. 

From  hence  we  may  conclude,  that  when 
the  real  objed  and  the  mirrour  are  fixed,  the 
image  formed  by  refiedion  will  appear  as  if 
adually  exifling  in  a  fixed  pofition  ;  and  that 
if  we  would  draw  perfpeblhe  reprefejitation 
of  the  image  thus  formed,  we  have  nothing 
more  to  do  than  to  confidcr  this  refedled.  image 
as  a  real  objed,  of  the  fame  dimenfions  and 
ftiape  with  the  original  objed  which  caufes 
it,  and  placed  in  the  fituation  which  the  a- 
bovementioned  property  of  a  plane-mirrour 
will  throw  it  in. 

THEOREM  XXVII. 

CXXXIV.  The rejkdiion  (ab,  fig.  75  andj6) 
of  any  line  (a  b)  fituated  in  a  plane  {za  b  h)paf~ 
Jing  by  that  line  perpendicular  to  the  mirrour  {M.) 

For  the  refiedion  of  any  point,  a,  in  the 
line  a  b,  is  in  a  line  a  a,  perpendicular 

to 
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the  mirrour,  M,  (by  |  133.)  wherefore 
the  plane  is  perpendicular  to  the  niir- 

rour)  M,  (by  E.  ii.  i8.) 

THEOREM  XXVIII. 

CXXXV.  ^he  angle  (b  co,  fig.  76)  ivhich  any 
real  line  (yih)  makes  with  the  face  oj  the  mirrour 
(M)  is  equal  to  the  angle  (o  c  b)  which  its  re- 
fehiion  (ab)  makes  with  the  back  oJ  the  mir¬ 
rour  (M). 

Let  a  b  be  produced  till  it  cuts  the  mir¬ 
rour  M  in  the  point  c  j  and  from  the  extre¬ 
mity  b,  draw  b  o  perpendicular  to  the  mir¬ 
rour,  and  cutting  it  in  0;  then  if  o  c  is  drawn, 
the  angle  b  c  o  meafures  the  inclination  of  the 
line  b  c  to  'the  mfrour  M.  (by  E.  ii.  def. 
f.)  Let  b  o  be  produced,  and  make  ^o  = 
b  o,  then  is  b  the  refledion  of  .b,  and  b  c  will 
be  the  refledion  of  b  c  (by  §  t33")  becaufe 
in  the  two  triangles  cob  and  coby  the  two 
fides  co  and  bo  and  the  included  right  angle 
cob,  are  refpedively  equal  to  the  two  fides 
co  and  bo,  and  the  included  right  angle 
cob  -,  therefore  the  angle  ^  c  o  is  equal  to 
the  angle  b  c  o.  (by  E.  1.  4O  Q^E.  D. 

T  H  E  O  Pv  E  M  XXTX. 

I 

CXXXVL  The  angle  (d  e  o,  fig.  76-)  which 
any  real  plane  ( VV  X  Y  Z)  makes  with  the  face 
!  of  the  mirrour  (M)  is  equal  to  tne  angle  (o  e  ci) 

S  2  which 
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which  Its  refiedllon  (Y  Z  w  x)  makes  with 
the  back  of  the  mirrour. 

For  from  any  point  (e)  in  the  interfedion 
(Y  Z)  of  the  real  plane  with  the  mirrour, 
draw  d  e  on  the  real  plane,  and  e  o  on  the 
mirrour,  each  perpendicular  to  Y  Z ;  then 
the  angle  d  e  o  is  the  inclination  of  the  plane 
W  X  Y  Z  to  the  face  of  the  mirrour  M  (by 
E.  II.  def.  6.)  and  the  plane  (de^/paffing 
by  thefe  lines  (d  e  and  e  o)  will  be  perpen¬ 
dicular  to  Y  Z,  (by  E.  II.  4.)  and,  eonfe- 
quently,  to  the  mirrour  M,  and  to  the  plane 
WXYZ.  (by  E.  ii.  19.)  Wherefore,  on 
this  perpendicular  plane  (dcdj  draw  d  o  per¬ 
pendicular  to  eo,  and  make  od  ~  do;  then 
will  eJ  be  the  refledtion  of  d^e.  And  fince 
the  real  plane  (WXYZ)  pafles  by  d  e  and 
Y  Z,  its  refledtion  (Y  Z  w  x)  muft  pafs  by 
c  d  and  Y  Z,  and,  confequently,  is  meafured 
by  the  angle  otd  which  is  equal  d  e  o. 

COROLLA  PvY  I. 

CXXXVII.  Hence  the  triangle  bco  is  In  all 
refpedls  equal  and  fimilar  to  its  refledlion  ^  c  o  t 
and  and  the  trapezium  b  o  o  a  is  equal  and  fi¬ 
milar  to  its  refledlion  boon.  ‘  And  the  reflec-> 
tion  of  any  plane  figure  is  equal  and  fimilar 
to  the  real  plane  figure  which  caufes  it,  and 
pofited  in  the  fame  fituation  with  refpedt  to 
the  back  of  the  glafs,  as  the  faid  real  figure 
is  to  the  face  of  the  glafs. 

C  O  R  O 
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O 'ROLLARY 


11. 


r'YYYVTII  The  refleftion  {a  h  and  c  fig. 

(ab  and  cd)  that  are  parallel  to 

Li  other,  will  be  parallel. 

theorem  XXX. 
CXXXIX.  If  any 

rallel  to  the  mirrour  M,  its  refiedtion  fa  )  is 

parallel  to  the  faid  line  (a  b). 

^  For  let  a o  and  bo  be  drawn  perpendicu- 
lar  to  the  mirror  (M)  and  cutting  it  in  o  and 
o-  then  becaufe  ab  is  parallel  to  the  mir¬ 
rour  (M)  a  o  =  b  o  ;  let  them  be  continued, 
and  let  o«  and  oii  be  made  equal  to  ao  or 

bo,  then  are  and  hi  ^5“^*  ' 

ax.  I.)  and  parallel  to  each  o*er  (by  E- 1 1- 

6.)  wherefore  a i  is  equal  and  parallel  to  a b 

^''Thke'prop«“^°^  objefts  caufed  by  the 
refledion  of  polilhed  planes,  confidered  in 
conjundion  with  the  general  laws  of  per- 
fpedtive,  which  have  been  already  explained 
will  enable  the  ftudent  to  amufe  himfelf  with 
reprefenting  fuch  refleded  ob^ds  with  eafe, 
certainty  and  difpatch  :  as  I  ihall  proceed  to 
exemplify. 


S3 
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EXAMPLE. 


When  the  mlrrour  is  perpendicular  to  the  ho^ 

rizon. 

In  fig.  77,  H  L  is  the  horizontal  line;  S 
is  its  center,  and  S  I  its  diftance,  which  are 
alfo  the  center  and  difiance  of  the  pidture.  E 
reprefents  the  fide  of  a  room  perpendicular  to 
the  pidture  ;  C  is  another  fide  parallel  to  the 
pidlure ;  alfo  M  is  a  third  fide  oblique  to  the 
pidture,  and  to  the  other  two  fides,  C  and  E, 
and  may  be  confidered  as  compofed  of  lock- 
ing-glafs. 

Tofnd  the  -canijhing  points  of  the  refie^icn 
of  lines  ftuated  m  a  plane  perpendicular  to  the 
Mirrour. 

The  floor  F  is  perpendicular  to  the  face  of 
the  Mirrour  M  ;  wherefore  its  refledtion  will 
be  perpendicular  to  the  back  of  the  faid  mir¬ 
rour  (by  §  136)  and  confequently  will  be  a 
continuation  of  the  faid  plane  F ;  Yo  that  the 
vanififing  line,  H  L,  of  the  floor,  will  be  the 
yanilhing  line  of  its  refledtion. 

The  mirrour  M  cuts  the  floor  F  in  i  <r, 
which  produce  to  its  vanifiiing  point  V  /^Fide 
§  88)  and  becaufe  the  mirrour  (M)‘is  perpen¬ 
dicular  to  the  horizon,  draw  V  1  perpen¬ 
dicular  to  H  L ;  then  is  V  1  the  vanifhing 
line  of  the  faid  mirrour,  PFide  §  104,  page 

184 
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iSa)  next  (by  prob.  10,  page  173)  find  the 
vanifiiing  point  (L.)  of  all  lines  perpendicular 
to  the  mirrour.  Then  it  is  evident  (by  §  ^33) 
that  the  repreftntation  (i)of  the  refiedtion  oi 
any  point  (A)  will  be  in  a  line  (A  L)  drawn 
from  the  reprefentation  (A)  of  that  real  point 
to  L.  Draw  a  line  through  I  and  V,  which 
will  be  the  dijUnce  of  i  g and  if  the  point  I 
is  fuppofed  to  correfpond  with  i  (  Vide  page 
200)  then  I  G  will  correfpond  with  z  g. 
Through  I  draw  I  a  parallel  to  H  L ;  ^then 
does  1  a  correfpond  with  A  i.,  and  the  angle 
a  I  G  is  equal  to  the  angle  which  the  line  re- 
prefented  by  A  i  makes  with  the  face  oi  the 
mirrour  M  {Vide  page  199  and  2,00  ;)  where¬ 
fore  draw  I  a,  making  with  tne  bacK:  of  the 
mirrour  the  angle  GI  <3=GIa,  then  is  Izz  tne 
refleaion  of  a  1  (by  §  135)  wherefore  produ¬ 
cing  I  zz  to  V,  I  obtain  the  vaiiifliing  point  of 
the  refledlion  of  A  z,  or  of  any  line  parallel  to 
it  (by  §  138  and  17,)  In  like  manner,  if 
through  any  point  a,  a  line  a  b  is  drawn  per¬ 
pendicular  to  I  a,  it  may  be  efleemed  as  cor- 
refponding  with  A  B  (T idc  page  199  2005) 

wherefore  if  through  I,  1  m  is  drawn  parallel 
to  a  b,  the  angle  tn  I  G  is  equal  to  the  angle 
which  A  B  makes  with  the  face  of  the  glafs 
M.  Draw  I  n,  making  with  I  G  the  angle 
G  I  n=m  1  G  ;  then  if  I  n  is  produced  till 
it  cuts  the  horizontal  line  H  L,  we  obtain  the 
vanithing  point  of  the  reflexion  of  A  B,  and 

of  all  lines  parallel  to  it. 

S  4  Vln- 
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Another  Method. 


Let  I  (fig.77)be  fuppofed  to  correfpond  with 
the  any  point  i  in  the  figure  whofe  refledlion  is 
to  be  reprefented.  Firft  draw  a  figure  fimilar, 
and  correfponding  to  it  page  199  and 
200  ;)  thus  I  a,  correfponds  with  /  A  j  a  b  with 
A  B  j  and  becaufe  I  can  fee  the  reflexion  of 
objefts  in  the  mirrour  M,  which  are  hid  by 
the  fide  of  the  room  E  ^the  door  D  being  open) 
I  fuppofe  c  b  to  correfpond  with  the  fide  of  a 
room  adjoining  to  the  point  B,  and  parallel  to 
A  z .  in  this  fide  b  c,  I  fuppofe  there  is  a  door 
into  the  flreet;  alfo  at  the  point  c,  I  fuppofe 
there  is  another  fide  of  the  room,  c  d,  run- 
ning  parallel  to  a  b.  Having  thus  obtained  a 
figure  fimilar  to  the  real  figures,  whofe  reflec¬ 
tions  are  to  be  reprefented,  I  fuppofe  I  G 
(which  was  found  before)  to  be  the  face  of  the 
mirrour  j  and  I  draw  the  feveral  lines  I zz,  ah, 
he,  c  d,  &c.  of  the  fame  length,  and  in  the 
fame  pofition  to  each  other,  and  to  the  back 
of  the  mirrour  I  G,  as  their  correfpondents 
T  a,  a  b,  be  and  c  d,  are  to  the  face  of  the 
mirrour.  Then  regarding  this  refledled  figure 
as  a  real  figure,  fimilar  and  correfponding  to 
tliat  whofe  reprefentation  is  wanted,  we  may 
proceed  as  taught  in  problem  1 1,  page  216. 

Having  thus  found  the  refiedlion  of 
the  floor  of  the  two  rooms,  every  thing 
elle  IS  eafily  determined  ^  becaufe  the  cor¬ 


ners 
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ners  of  the  room,  and  the  edges  of  the 
door,  are  parallel  to  the  mirrour ;  and  the  fe-  ' 
veral  boundaries  of  the  cieling  are  parallel  to 
thofe  of  the  floor.  But  to  be  more  particular, 

V  is  the  vanifliing  point  pf  I  (which  is 
the  refledion  of  I  a-)  draw  i  v,  and  cut  it  in 
I  by  a  line  pafTing  through  A  and  L  {Vide 
§133)  ^  ^  refledion  of  /  A. 

Through  i  draw  i  n  parallel  to  A  N  {Vide 
§  1 59)  and  through  O  draw  O  y,  cutting  i  n 
in  ri',  then  is  /  O  i  n  the  refledion  of  the  pa¬ 
rallel  fide  of  the  room  z  O  N  A.  The  vanifli¬ 
ing  point  Q>i  a  b  falls  beyond  the  bounds  of  the 
plate.  Wherefore  through  any  point  (K)  in 
the  line  A  B,  K  1  is  drawn  parallel  to  i  A, 
and  cutting  the  mirrour  M  in  1 5  then  1  v  is 
the  infinite  reprefentation  of  the  refledion  of 
K  1  (by  §  138)  and  a  ruler  laid  by  K  and 
L  gives  k,  for  the  refledion  of  K  {Vide  §133) 
wherefore  flnee  i  is  the  refledion  of  A  ; 
and  k,  that  of  K,  i  k  is  the  refledion  of 
A  K.  Let  a  ruler  be  laid  by  B  and  L,  cut¬ 
ting  I  k  in  2 ;  then  is  i  2  the  refledion  of 
A  B.  Draw  2  p  parallel  to  B  P  {Vide  §  139) 
and  lay  a  ruler  by  P  and  L,  cutting  2  p  in  p. 
Laftly  draw  ;7  p ;  then  is  i  2  p  n  the  refledion 
of  the  perpendicular  fide  of  the  room  A  B  P  N. 
How  the  refledion  of  the  door,  the  inner 
room,  and  the  bird-cage  (the  fides  of  which 
are  parallel  and  perpendicular  to  the  mir¬ 
rour)  are  determined  will  eafily  appear  from 
infpeding  the  figure. 


EX- 
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EXAMPLE  11. 

When  the  mirrour  h  oblique  to  the  ground. 

In  fig.  7S,  the  fame  objeds  are  reprefented 
as  in  the  laft  figure ;  but  the  mirrour  (M)  in- 
flead  of  being  perpendicular  to  the  ground,  is 
now  inclined  to  it  j  whereby,  inftead  of  cut¬ 
ting  the  parallel  fide  (C)  of  the  room  in  a  line 
perpendicular  to  the  horizontal  line  (H  L)  as 
in  the  lafl  example,  it  now  cuts  the  faid  pa¬ 
rallel  fide  of  the  room  in  the  line  i  O,  which 
is  inclined  to  the  horizontal  line.  Let  it  alfo 
be  noted,  that  S  is  the  center,  and  I  S  is  the 
diftance  of  the  horizontal  line  {H  L)  and  alfo 
of  the  pidure.  Our  firfi;  operation  muft  be 

I'o  find  the  vanfiing  point  of  fuch  lines  as  are 
perpendicular  to  the  Mirrour  (M.) 

i  g  is  the  fedion  cf  the  floor  (F  v/hefe  va- 
nhhing  line,  H  L,  is  given)  with  the  mirrour 
M.  produce  this  till  it  cuts  H  L  in  V,  which 
is  it  vaniflu'ng  point  by  §  88  j  alfo  becaufe 
i  O  is  the  fedion  of  the  inirrour  with  the  pa¬ 
rallel  fide  ,C)  cf  the  room,  the  faid  i  O,  mufl 
be  the  reprefentation  of  a  line  fituated  in  the 
plane  of  the  mirrour,  and  parallel  to  the  pic¬ 
ture  j  confequently  (by  §  54)  the  vanifiiin^ 
line  of  the  njii  rour  M  mufl;  be  parallel  to  i  O, 
and  it  mull:  pafs  through  V  (by  §  87)  ;  where¬ 
fore  V  R  drawn  through  V  parallel  to  i  O,  is 

ths 
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tlie  vatildiing  line  of  the  mirrour  IVI.  Having 
thus  got  the  vanilhing  line,  V  R,  of  the  mir¬ 
rour,  draw  from  the  center  of  the  pidure  (S) 

S  Z  perpendicular  to  V  R(by  E.  i .  1 2)  andcut- 
ting  it  in  its  center  Z  {Vide  §  97)  ;  then  the 
point  P,  which  is  the  vanilhingpointof  all  lines 
perpendicular  to  the  mirrour,  may  eafily  be 
found  (by  prob.  10,  page  173.)  our  next  bufi- 

nefs  muft  be 

Tdo  find  the  vani/hing  line  ofi  a  plane  perpen¬ 
dicular  to  the  mirrour,  and  pajjing  by  any  line 
"wh  fie  reprefentation  is  given, 

CASE  I. 

Ifi  the  given  line  (as  B  A/^.  78)  is  not  parallel 
to  the  picture. 

Produce  B  A  to  its  vanilhing  point  S,  and 
draw  P  S  ;  then  is  P  S  the  vaniOaing  line  of 
a  plane  perpendicular  to  the  rnirrourj  for 
the  plane  palling  by  the  lines  repre- 
fcnted  by  A  B  and  B  P  is  perpendicular  to  the 
mirrour  (by  E.  1 1.  iB.)  and  P  S  is  its  vanilhing 
line  (by  §  89,  page  169.) 

CASE  II. 

When  the  given  line  is  parallel  to  the  pidlure, 
as  A  i  (fig.  78,) 

Through  P  draw  P  v  parallel  to  A  /;  and 
jt  is  the  vanilhing  line  of  a  plane  perpendicu¬ 
lar 
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lar  to  the  mirrour,  and  pafling  by  A  /.  For 
draw  A  P,  which  is  the  reprcfentation  of  a  line 
perpendicular  to  the  mirrour  (by  the  laft  ope¬ 
ration)  wherefore  the  plane  paffing  by  the  lines 
reprefented  by  A  t  and  A  p,  is  perpendicular 
to  the  mirrour  M,  (by  E.  1 1 .  1 8.)  and  the  va- 
nithing  line  of  that  plane  mufl  pafs  through 
P  S  fby  §  8' )  and  muft  be  parallel  to  A  /  tbv 
§  54  )  ^  ^ 

We  may  now  proceed 

find  the  refie5iion  (i  i)  ofiany  line  (A  i) 
•whofereprefentation  andfe5iion  (/)  'with  the  inir~ 
rouKy  together  with  the  vanifidng  line  (H  L)  ^ 
the  plane  (F)  in  which  it  is  fituated,  are  given. 

Through  A,  the  extremity  of  the  given 
line,  draw  A  P,  and  through  P  draw  at  plea- 
fure  any  line  P  R,  cutting  H  L  in  Q,  and  the 
vaniihing  line,  V  R,  of  the  mirrour  in  R ; 
through  A,  draw  A  cutting  i g  produced 

in  q  ;  through  q  draw  q  R,  cutting  A  P 
in  r;  then  is  r  the  point  in  which  the  perpen¬ 
dicular  A  P  cuts  the  mirrour:  For  P  R  may 
be  confidered  as  the  vanifhing  line  of  a  plane 
perpendicular  to  the  mirrour,  becaufe  it  pafTcs 
through  P  'y  alfo  becaufe  it  cuts  H  L  in  Q,  A  q 
is  the  fedtion  of  the  faid  plane  with  the  door 
(F]  ;  and  q  r  is  its  fedtion  with  the  mirrour  ; 
wherefore  the  point  r  is  in  the  furface  of  the 
mirrour  M ;  and  it  is  alfo  in  the  perpendicular 
A  P  :  confequently  the  point  r  is  the  fedtion  of 

the 
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the  raid  perpendicular  A  P,  with  the  mirrour 
M.  We  have  now  nothing  more  to  do  than 
to  make  r  i  equal  in  reprefentation  to  A  r;  for 
then  the  point  i  will  be  the  refleaion  of  the 
point  A  (by§  I3v)  To  do  this  ‘trough 
Ld  A,  draw  any  two  lines,  P  t  and  A  u,  pa¬ 
rallel  to  each  other,  and  cut  them  in  the  points 
t  and  u,  by  a  line  paffing  through  r :  make 
u  x=A  u,  and  draw  t  x,  cutting  A  p  mi: 

then  is  r  i  equaliu reprefentation  to  A  t(Fide 

6  84,  page  123)  and  the  point  i  is  ‘j’® 

tion  oY  the  point  A  (by  §  133  J) 
the  point  i  is  (ituated  both  m  the  mirrour  M 
and  the  line  in  queftion  i  A,  1  i  is  the  reflec- 
tion  of  i  A.  We  come  now  to  the  tourth 

Operation. 

The  Jeaion  (!  g)  of  my  pime  iV)mlh  th 

mirrour,  and  itmaniJbmglme(fi  V)  l>eti^gmn, 
as  alfo  the  refleSion  (iT )  offome  me  {t^ty ituated 
in  tie  faid plane  (F)  to  find  the  vamjlitng  line 
(y  \)  of  the  refcviion  oj  that  plane. 

The  reflexion  (/ 1)  of  the  line  A  is  in  a 
plane  paffing  by  A  i,  and  perpendicuUr  to  the 
mirrour  (by  §  1 34)  of  which  plane  P  v  is  the 
vanifliing  line  (Fife  page  267);  confequently 
the  point  v,  where  i  i,  when  produced,  cut» 
the  raid  vanilhing  line  P  v,  is  the  vamffi.ng 
point  of  (i  I)  the  tefledion  of  A  i.  Having 
now  obtained  the  vaniffiing  point  v  of  the  re- 
fleftion  (<•  1)  of  a  line  A  i,  fituatedm  the  floor 
(F)  and  having  allb  given  the  vaniffiing  poim 


t  270  ] 

V  of  the  refiedion  (/  g)  of  another  line  (/  g)^ 
lituated  in  the  fame  plane  of  the  floor  (F)  the 
line  V  V  pairing  through  thefe  vanilhing 
points,  will  be  the  vanilhing  line  of  the  reflec¬ 
tion  of  the  floor,  (Vide  §  89,  or  any  other  ho¬ 
rizontal  plane,  by  §  137.) 

_  The  center  f,  and  dihance  f  J  of  this  va- 
nilhing  line,  may  be  found  (by  §  100,  page 
^ 7^ ')  the  vanifliing  point  (p)  of  fuch  lines 
as  are  perpendicular  to  fuch  planes  as  have  V  v 
for  their  vanifliing  line,  may  be  found  by  the 
latter  part  of  prob.  i  o,  page  1 7 ^  •,  and  then  we  are 
fufKciently  xurniflied  for  flndingthereprefenta- 
tion  of  the  refledf  ion  of  the  tides,  cieling  and  floor 
of  the  room,  and  of  any  object  whofe  fituation, 
with  refpea  to  either  of  thefe  planes,  is  known; 
for,  by  reafen  of  the  inclined  pofltion  of  the 
mirrour  M,  the  pof  tion  of  all  the  refledled 
objedts  will  be  thrown  into  an  inclined  fltua- 
tion  ;  but  the  magnitudes  and  pofitions  of 
thefe  objedts  to  each  other,  mufl:  be  efteemed 
the  fame  as  the  real  objedts  themfelves 
§^3F)Vvis  to  be  efteemed  as  the  horizon¬ 
tal  line,  V  is  the  vanifliing  point  of  the  reflec¬ 
tion  of  A  /,  and  of  all  lines  parallel  to  it,  (Vide 
§138)  wherefore  J  v  is  the  diftance  of  that  re- 


*  For  fince  i  g  is  fituated  both  in  the  glafs 
and  in  the  floor,  its  refledtion  will  coincide 
with  itfelf. 
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fieftlon  /  I.  Through  J  draw  J  1  perpendicu¬ 
lar  to  J  V,  and  cutting  V  v  in  1  j  then  is  1  the 
vanifliin<T  point  of  the  refleaion  of  A-'B,  .and 
of  all  other  lines  perpendicular  to  A  Alfo 
V  is  the  vanilhing  point  of  the  refleaions  ot 
fuch  lines  as  are  parallel  to  the  floor  (F)  and  to 
the  mirrour  M  (as  are  two  fldes  of  the  bird  cage) 
wherefore  J  u,  drawn  through  J  perpendicu¬ 
lar  to  J  V,  gives  u  for  the  vaniflimg  point  ot 
the  refleaion  of  fuch  lines  as  are  parallel  to  the 
floor  (F)  and  perpendicular  to.  the  former  (.as 
are  the  other  two  fldes  of  the  bird-cage  j)  alfo 
the  refleaion  of  all  lines  that  are  perpendicular 
to  the  floor  (F)  as  the  edges  of  the  door, 
the  corners  of  the  room,  the  line  by  which  the 
cage  hangs,  &c.)  tend  to  p.  The  figure  will 
-fupply  any  other  explanation}  only  let  it  be  re¬ 
membered,  that  the  refleaion  (2)  of  any  real 
point  (B)  is  in  a  line  (B  P)  drawn  through  that 
point,  and  the  vanifhing  point  (P)  of  lines  per¬ 
pendicular  to  the  mirrour  (M).  Fide  ^  133, 
page  257. 

N.  B.  When  wc  have  found  the  diftance 
line,  '  J  V,  of  the  refleaion  of  one  fide  (  A  i)  of 
the  room,  if  we  fuppofe  J  to  coincide  with  one 
extremity  (z)  of  that  fide  of  the  room,  and  any 
point  (a)  in  J  v  with  the  other  extremity  (A 
Fide  page  200)  we  may  then  conflrua  a  figure 
fimilar  to  the  ground  plan  of  the  feveral  objeas 
whofe  refleaions  we  want  to  reprefent }  taking 

care  that  the  feveral  lines  are  drawn  in  the  fame 

pofi- 
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pofitions  rcfpefting  J  a,  as  the  real  lines  which 
form  the  ground  plan  are  in  refped;  of  A  /. 
Then  will  this  fimilar  figure  enable  us  to  find 
the  reflcdtions  of  the  fcveral  horizontal  lines, 
and  be  very  ufeful  if  there  are  many  complex 
obj  edts .  ( Vide  page  264.) 

As  thefe  two  examples  comprehend  the 
moft  difficult  fituations  that  can  be  affigned 
to  the  mirrour,  it  will  be  needlefs  to  explain 
the  method  of  determining  the  refledions  of 
the  objeds  by  the  water  in  fig.  79 ;  for  in 
this  cafe,  the  refleding  plane  being  perpen¬ 
dicular  to  the  pidure,  all  lines  and  planes 
which  are  perpendicular  to  it,  will  be  paral- 
Jel  to  the  pidure  ;  and  confequently,  to  find 
the  refledion  of  any  point  of  an  objed,  we 
have  only  to  draw  from  that  point  a  line  per¬ 
pendicular  to  the  horizontal  line  (which  is  th» 
vaniffiing  line  of  the  water  or  refleding  plane) 
and  continue  it  fo  much  below  the  furface  of 
the  water  as  the  point,  whofe  refledion  is 
wanted,  is  above  the  faid  furface. 
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CHAP.  xiir. 

^he  manner  of  finding  the  bearings y  difiances 
and  magnitudes  of  objedisy  by  having  their  per^ 
fpedlive  reprefentations  giveny  with  fame  obfer^ 
nations  for  drawing  extenfive  views  from  Nature y 
and  making  fuch  views  anfwer  the  end  of  a  map 
or  plan  :  alfo  concerning  fuch  fituations  of  objedls 
as  are  not  difc  over  able  by  viewing  their  perfpec- 
tive  reprefentations, 

rT-\ 

J|_  HERE  is  this  difference  between  a  map, 
or  ground-plan,  of  a  place  and  its  perfpedlive 
reprefentation ;  the  former  makes  us  acquaint¬ 
ed  with  the  true  fituation,  bearings  and  diftan- 
ces  of  the  feveral  objedts  contained  within  its 
limits,  but  leaves  us  uninformed  of  the  fenfa- 
tion  that  would  arife  from  feeing  them  either 
lingly  or  in  a  group ;  whereas  the  latter  takes 
us  to  a  certain  point,  gives  us  a  view  of  thefe 
objedts,  and  difmiffes  us  with  that  uncertainty 
relative  to  thofe  particulars  fupplied  by  the 
map,  which  ever  attends  a  curfory  view  of  a 
place  from  one  ftation  only. 

The  map,  or  plan,  and  the  perfpedlive  re¬ 
prefentation  fupply  each  others  defcdls  j  and 
it  has-been  the  bufinefs  of  moft  of  the  preced¬ 
ing  pages  to  fliew,  when  the  intelligence  fup- 

T  plied 
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plied  by  the  former  is  given  or  affumed,  how 
the  latter  may  be  obtained  ;  to  which  end  the 
heights  of  the  feveral  objeils  were  alfo  fup- 
pofed  to  be  determined  either  by  adtual  men- 
furation  or  arbitrary  affignment :  And  it  will 
now  be  very  eafy  to  {hew  when  the  perfpec- 
tive  reprefentation,  with  the  center  and  dif- 
tance  of  the  picture  (by  which  fuch  reprefen¬ 
tation  was  obtained)  are  given,  how  to  ob¬ 
tain  the  ground  plan,  as  alfo  the  relative 
heights  of  the  feveral  objects  rep  refen  ted. 

PROBLEM  I. 

CXL.  A  perfpedlive  drawing  with  its  cen¬ 
ter  and  dijiance  being  giveny  alfo  the  bearing  {by 
the  Cotnpafs)  of  any  point  in  the  picture  from  the 
eye,  to  confriidi  a  compafs  that  Jhall  Jhew  the 
bearing  of  all  the  objeiis  in  the  pidiure  from  the 
eye,  and from  each  other. 

In  this  and  the  following  Problems  I  {hall 
confine  myfelf  entirely  to  the  upright  pic¬ 
ture  :  fig.  79  reprefents  a  perfpeftive  drawing 
of  a  Landfeape,  S  is  the  center  and  S  I  the 
diflance  of  the  pidture.  Alfo  when  the  draw¬ 
ing  was  made,  I  fuppofe  the  artift  took  with 
a  compafs  the  bearing  of  the  nearefl  corner 
(A)  of  the  caftle  which  was  North  JEaft. 

This  being  agreed,  through  A  draw  a 
line,  A  B,  perpendicular  to  the  horizontal 
line,  H  L,  and  cutting  it  in  a;  then  draw 
f  a,  and  deferibe  a  circle  about  the  center 
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(I)  andconftrua  a  fmall  compafs  *  making  the 
N  E  point  to  coincide  with  I  a.  Theri  v/ill 
this  compafs  inform  us  of  the  bearings  of 
every  objed:  in  the  pifture  from  each  other, 
and  alfo  from  the  ftation  where  the  eye  was 
fuppofed  when  the  view  was  drawn.  Thus 
by  drawing  rumb  lines  from  the  center  of  the 
compafs  to  the  points  where  any  perpendicu¬ 
lar  objed  cuts  the  horizontal  line,  we  obtain 
the  bearing  of  the  faid  objedt  from  the  eye  ;  fo 
we  find  the  corner  (C  D)  of  thehoufe  (Z)  bears 
from  the  eye  E  N*  The  corner  of  the  ftreet, 
E,  bears  E  b  N  :  the  corner  of  the  caftle  G 
bears  N  N  E  j  and  the  corner  of  the  houfe 
L,  bears  N  bW,  &c.  If  we  would  know  how. 
anyofthefe  objeds  bear  from  any  point  m 
the  pidure  j  as  if  I  fuppofe  myfelf  placed  at 
A,  and  I  want  to  know  how  the  feveral  ob- 
ieds  in  the  pidure  bear  from  that  ftation  j 
we  muft  know  the  fedions  of  the  feveral 
obieds  whofe  bearings  we  want,  as  well  as  of 
the  ftation  from  which  thofe  bearings  are 
are  to  be  inveftigated,  either  with  the  ground 
or  with  fome  plane  parallel  to  it.  This  be¬ 
ing  known,  1  lay  a  ruler  by  the  ftation  A,  and 
the  fedion  of  the  objed  whofe  bearing  from 


*  For  the  conftruAion  and  names  of  the  points  of  the 
compafs,  fee  any  initiatory  treatife  on  geography  or  ^ 
navigation. 
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it  I  want ;  and  I  mark  where  it  cuts  the  ho¬ 
rizontal  line  j  by  which  point,  and  the  center 
of  the  compafs,  I  lay  a  ruler  j  and  it  will  fliew 
the  bearing  required,  having  regard  to  the  ob- 
fervation,  page  200.  Thus  a  ruler  laid  by  the 
points  D  and  A  cuts  H  L  in  c ;  by  which 
point,  and  the  center  of  the  compafs  (I)  if  a 
ruler  is  laid,  I  find  the  corner  of  the  caftle 
A  B,  and  the  corner  of  the  houfe  C  D 
bear  N  b  E  t  E  and  S  b  W  t  W  from 
each  other;  and  by  the  obfervation,  page 
200,  it  is  evident  that  the  corner  of  the  houfe 
C  D  bears  from  the  ftation  A,  S  b  W  i  W. 

The  reafon  of  thefe  operations  will  foon 
become  evident,  if  we  confider  that  the  rumb 
lines  which  meafure  the  bearings  of  "objedts 
from  each  other,  are  lines  paffing  through 
thofe  objeds  parallel  to  the  horizon  :  confe- 
quently  c  D,  being  the  reprefentation  of  a 
line  parallel  to  the  horizon,  and  paffing 
through  A  B  and  C  D,  it  is  the  rumb  line 
which  exprefies  their  bearingfrom  each  other  : 
but  cD  correfponds  with  I  c  by  page  200.  It  is 
,  alfo  evident  that  the  point  a,  is  the  reprefenta¬ 
tion  of  a  line  parallel  to  the  horizon  and  paf- 
les  through  the  eye,  diredly  over  the  point  A. 
(or  which  pafies  through  the  eye,  and  cuts  the 
line  A  B)  and  therefore  this  point  a  is  the  re¬ 
prefentation  of  the'  rumb  line,  which  ffiews 
the  bearing  of  A  B  from  the  eye ;  but  this 
correfponds  with  I  a ;  and  therefore  all  lines 
which  have  a,  for  their  vaniffiing  point,  are  in 
a  N  E  and  S  W  diredion. 

PROBLEM 
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problem 

CXLI.  T^he  reprefentation  of  aJiy  P^' 
rallel  to  the  picture  being  ghen,  and  conjidered 
as  afcale  of feet,  yards,  &c.  by  it  to  find  the  mea- 
fiireofany  other  line  whofe  reprefentation 

Suppofe  the  corner  of  the  building,  A  B, 
fig.  79,  to  be  40  feet  high,  which  therefore 
I  diviL  into  four  equal  parts,  and  one  of  thefe 
divifions  again  into  ten  equal  parts  j  then  1 
have  a  fcale  by  which  I  may  meafum  the 
length  of  any  line  whofe  reprefentation  is 
given.  Thus,  fuppofe  I  would  meafure  the 
Light  (M  N)  of  the  houfe  Y,  a  ruler  by 
M  and  A  cuts  H  L  m  g  j  alfo  a  ruler  by  N 
and  g  cuts  A  B  30  feet  above  A,  which  is  the 
height  required  to  be  found.  For  the  leafon 

of  which  Fide  §  69.  , 

But  if  the  line  I  want  to  meafure  is  pa¬ 
rallel  to  the  piaure  the  operation  will  be  a 
little  more  complicated.  Thus  if  I  want  to 

know  the  length  (M  QJ  of  ‘ho 
of  the  houfe  Y  ;  through  one  extremity  (M) 
of  the  given  line  M  Q,  draw  a  line  M  N  pa¬ 
rallel  to  the  fcale  line  (A  B)  and  by  P’^ob.  4, 
cafe  I,  page  205,  cut  olf  from  it  a  part  M  q 
equal  to  M  Qj  then  by  the  laft  proceis  cut 
off  a  part  of  A  B  equal  to  M  q,  which  will 
(hew  the  length  required ;  m  this  cafe  20  leet. 
This  proceeding  needs  no  demonilration ;  alio 
various  other  methods  will  prefent  themfelves 
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to  the  pra(!litioner  when  occafion  renders  them 
necelTarj. 

CXLII.  The  two  foregoing  Problems  will 
teach  us  to  draw  extenfive  views  of  bays, 
ri\^rs,  head-lands  and  capes,  in  a  manner  per¬ 
fectly  agreeable  tq  the  rules  of  perfpedive, 
and  which  fliall  afford  fuch  information  of 
their  bearings  and  diftance  from  each  other, 
and  alio  pf  their  appearance,  as  fhall  be  vaftly 
lupenor  to  any  map  or  common  drawing  con- 
fideredfeparatelyj  and  is  worthy  the  attention 
of  gentlemen  in  the  fea  fervice,  who  will  ’ 
hereby  be  enabled  to  make  their  accounts  of 
the  places  they  have  vifited  much  more  ufe- 
lul,  pleafing,  and  valuable,  than  is  ufually 

To  conftruSi^  a  fimpk  Apparatus  for  taking  ex¬ 
tenfive  views  with  certainty  and  propriety, 

^  For  this  purpofe  in  fig  8 o  is  a  view  of  a 
river  or  harbour,  in  vyhich  are  the  feveral 
points  and  head-lands  there  exhibited  j  which ' 
view  I  fuppofe  the  artift  draws  in  the  follow¬ 
ing  manner.  Provide  a  fquare  frame  (abed 
fig.  8i)  which  crofs  with  two  large  threads 
h  1  and  v  r)  parallel  to  the  fides  of' the  frame, 
on^  of  which  (v  r)  pafies  through  its  center, 
and  the  other  (h  1)  cuts  v  r  in  f,  which  is 
about  one  third  of  v  r  from  v  j  in  the  middle 
(v)  of  the  fide  a  b,  let  a  hole  be  cut  to  fix  in  a 
(v  rn)  perpendicular  to  the  frame  (abed) 

which 
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which  joint  may  be  of  any  length  fhorter  than 
rv  a')  half  the  fide  of  the  frame.  Alfo  at  m, 
InoLr  joint,  m  i,  muft  be  fixed  to  v  m  w.th 
a  hinge, which  will  let  it  open  fo  as  to  Hand 
at  right  angles  to  v  m.  In  this  joint  (m  i)  a 
hole  muft  be  made  at  ! ;  fo  that  when  the 
whole  is  properly  fixed,  the  hole  i 
aaiy  oppoflte  to  the  point  f ;  for  which  reafo 
ni  i  muft  be  equal  to  v  f.  Let  v  and  h  be  con- 
fidered  as  the  points  of  contad 
ah  and  a c  for  their  tangents  and 
to  fi  for  their  radii,  and  divide  thefe  fid 
a  h  and  a  c  each  way  from  v  and  h, 
equal  to  the  tangents  of  points  hj  ^  • 

and  (if  greater  accuracy  is  fought  after)  qi  - 
ter  poiniofthe  compafs.  Through  thele  di- 
vifions  let  threads  be  paffed  parallel  to  a  b  and 
a  c ;  and,  by  this  means,  the 

divided  into  unequal  fquares. 
and  fit  for  ufe  j  but  it  will  be  proper  tor 
greater  diftindtion  to  make  the  threads  which 
|afs  through  every  fourth  divifion  from  v  an 
h  (or  which  exprefs  whole 
'  black  •  thofe  again  which  bifedl  thefe,  an 
exprefs  half  points  fmaller  and  red,  and  thofe 
^Lh  again^bifcd  thefe  lafl,  and  fhew  quar¬ 
ter  points,  fiill  fmaller  and  white. 

When  we  want  to  draw  any  view  with  this 

inftrument;  on  the  paper  allotted  for 

pofe  draw  two  lines,  H  L  and  V  R,  fig-  jo, 
koffing  each  at  right  angles  m  S,  and  divid 
tliefe  lines  into  tangents  fimilar  to  the  d 
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fions  on  the  frame,  affuming  any  radius  rS  I) 
for  that  piirpofe,  which,  by  this  means,  be¬ 
comes  the  diftance  of  the  pidlure.  Then 
through  thefe  divifions  draw  lines  dividing 
the  paper  into  unequal  fquares  fimilar  to  the 
frame,  fig.  8i.  Let  the  artift  now  take  his 
apparatus  to  fome  elevated  fiationj*  and  pla¬ 
cing  his  frame  before  him,  he  will,  by  look¬ 
ing  t  rough  the  fight  i,  fee  the  objedts  he 
wants  to  draw  depidlured  on  the  fquares  of 
his  frame;  which  he  may  eafily  and  accu¬ 
rate  y  copy  on  his  paper,  by  drawing  in  each 
Iquare  what  is  contained  in  the  correfponding 
fquares  of  the  frame.  Laftly,  let  him  take  I 
compafs  and  fet  the  exadl  bearing  of  any  ob¬ 
ject  he  has  drawn  ;  as  fuppofe  he  obferves  the 
point  K  bears  N  W  b  W,  then  making  ST 
equal  to  the  diftance  of  the  pidure,  and  draw¬ 
ing  I K,  we  obtain  the  N  W  b  W  point  of  the 
compafs,  by  which  the  other  points  may  be 
dravvn;  from  whence  the  bearings  of  the  fe- 
veral  objeds  from  the  eye,  and  from  each 
other,  may, be  determined  by  Prob.  I  j  and  ifwe 
.tolerable  guefs  at  the  height  which 
any  objed  in  the  pidure  is  above  the  furface 


water  ^  he  m.r  ^  anchor  in  fmooth 

cap.  ^  ^  upright  on  the 


of 


of  the  water,  fuch  objed:  may  ferve  as  a  fcalc 
to  meafure  the  heights  and  diftances  of  the 
other  objeds  :  thus  if  x  is  that  point  in  the 
mainmaft  of  the  fhip  which  is  even  with  the 
furface  of  the  water,  and  the  truck  (t)  at  the 
topgallant  maft  head  is  6o  yards  above  it,  the 
line  t  X  may  be  efteemed  as  a  fcale  to  meafure 
all  the  diftances.  Thus  through  x  draw  u  x 
parallel  to  H  L,  and  equal  to  t  x  5  divide  it 
into  fix  equal  parts,  and  continue  the  fcale  as 
the  figure  thews.  Then  to  meafure  the  dif- 
tance  of  any  two  points,  as  B  and  D,  cut  off 
(by  the  laft  Problem,)  a  part  of  u  x  equal 
to  B  D  :  or,  thus,  produce  B  D  till  it  cuts 
H  L  in  v }  make  v  d  equal  to  v  I  j  then  lay¬ 
ing  a  ruler  by  d  and  B,  and  D,  it  cuts  ux  in  the 
points  g  and  h,  which  by  the  fcale  are  100 

yards  afunder  (Vide  §  7^*^ 

CXLIIL  Since  we  can  thus  obtain  the  bearing 
of  every  objed  from  any  two  ftations  (as  from 
the  place  of  the  eye,  and  alfo  from  any  point 
as  K)  and  fince  we  can  alfo  find  the  diftance  of 
any  two  of  thefe  objeds  from  each  other,  any 
perfon  who  is  the  leaft  converfant  in  the  art  of 
furveying,  will  not  be  at  a  lofs  how  to  plot 
thefe  objeds  in  a  map  or  plan  ;  from  whence 
the  true  bearing  and  diftances  of  them  all  from 
each  other  may  be  known. 

Jteafon  why  the  Jquares  of  the  frame  are  not 

made  equal. 

CXLIV.  Some  may  wonder  that  in  the  reti¬ 
culated  frame  I  make  ufe  of  unequal  divifions, 

formed 
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formed  by  tangents,  inftead  of  equal  divifions 
which  would  anfwer  the  fame  end  3  but  advan¬ 
tages  arife  from  this,  which  the  common  me-* 
thod  of  making  equal  fquares  will  not  fupply. 
To  exemplify  fome  of  thefe,  fuppofe  I  have  the 
vanishing  point  m,  fig  80,  of  ©ne  fide  of  the 
roof  of  the  houfe  (M)  I  may  eafily  find  the 
yanifhing  point  (n)  of  the  other  fide,  by  tak- 
ing  n,  eight  points  (or  large  divifions  on  the 
horizontal  line)  from  m  3  becaufe  eight  points 
are  equal  to  a  right  angle  3  but  if  the  fronts  of 
the  houfe  were  not  perpendicular  to  each 
other,  fo  many  points,  quarter  points,  &c. 
fhould  have  been  reckoned  from  m,  as  might 
equal  the  inclination  of  the  faid  fronts  to  each 
other.  Again,  becaufe  I  know  that  moft 
churches  Hand  call  and  well,  I  make  one  fide 
of  the  roof  of  the  church  tend  to  the  north 
point  in  the  horizontal  line  (which,  in  this 
example,  correfponds  with  the  center  of  the 
pidure  3  and,  of  confequence,  the  other  fide 
of  the  roof  which  flands  eaft  and  weft,  muft 
be  made  parallel  to  the  horizontal  line. 

If  it  ftiould  be  objeded  that  thefe  ufes  of  a 
perfpedive  drawing  cannot  be  underftood  by 
perfons  unacquainted  with  that  art  3  I  muft 
obferve  that  the  fame  objedion  lies  againft 
all  geographical  maps  and  charts,  which  are 
ufelefs  if  we  know  not  the  principles  on 
which  they  are  conftruded.  If  a  map  is 
drawn  by  the  principles  of  ftereographic  pro- 
jedion,  the  bearings  and  diftances  of  the 

places 
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places  laid  down,  cannot  be  obtained  by  the 
fame  means  as  we  meafure  a  map  conuru^ed 
by  the  orthographic  projedion.  And  each  of 
thefe  are  different  from  the  methods  we  are 
to  purfue  if  the  map  is  conftrudled  by  Merca¬ 
tor’s  projection,  which  differs  again  from  the 
plane  chart ;  for  thefe  reafons  the  fcientifical 
writers  on  navigation  have  thought  it  necel- 
fary  to  inftruCl  the  mariner  in  the  principles 
of  all  thefe  kinds  of  projeftions  and  it  is 
hoped  that  the  art  of  perfpeCtive  will,  m  tim^ 
be  confidered  as  a  branch  of  fcience,  with 
which  a  naval  officer  ffiould  not  be  wholly  un¬ 
acquainted. 

It  muft  be  acknowledged,  that,  as  objects 
recede  to  a  great  diflance,  their  fituations 
grows  lefs  and  lefs  perceptible ;  and  the  lules 
we  have  laid  down  will  only  furniffi,  with 
certainty,  the  bearings  of  the  feveral  objeds 
from  the  eye  j  but  this  will  fuffice  if  we  niake 
two  drawings  from  flations,  whofe  bearings 
and  diflance  from  each  other  are  mentioned ; 
and  if  what  is  obfcure  and  too  far  off  at  one  fla- 
tion,  is  more  at  hand  and  diflinguiffiable  in 
the  other  j  then  will  thefe  two  drawings  fup- 
ply  all  the  data  neceffary  to  plot  the  leveral 

objects  in  a  map. 

I  would  not  infinuate  that  the  accuracy  af¬ 
forded  by  thefe  methods  is  to  compare  with 
plans  made  by  flriCt  and  careful  furveys  ;  and, 
at  befl,  they  are  deficient  in  the  mofl  ufeful 

information  which  the  others  fupply;  namely, 

the 
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the  foundings  or  depths  of  water,  which  alone 
are  to  regulate  the  courfe  of  the  velfel :  but 
when  the  young  artift,  who  is  mafter  of  per- 
fpedlive,  is  furniihed  with  a  good  plan,  by 
the  help  of  the  foregoing  obfervations,  he  may 
conftrudl  fuch  views  as  will  be  moft  ufeful  and 
ornamental  companions  for  it,  and  entitle 
him  to  the  favour  and  patronage  of  his  fupe- 
riors. 

CXLV.  From  thefe  methods  of  meafuring 
the  bearings  and  diftances  of  objedls  reprefent- 
ed  in  a  perfpedive  view,  we  come  at  the  true 
knowledge  of  their  fituation,  which  we  find,  in 
fome  inftance,  to  be  very  different  from  what 
we  fhould  apprehend  from  a  curfory  view  of 
the  drawing  only.  Thus  I  find  that  the  oblique 
fronts  of  the  houfes  Y  and  Z,  on  the  right  and 
left  fide  of  fig.  79,  recede  from  each  other  ;  fo 
that  the  farther  ends  are  more  apart  than  the 
nearefi;  ends ;  which  I  fhould  not  have  ima¬ 
gined  from  barely  infpedting  the  figure ;  on 
the  contrary,  an  ignorant  perfon  would  im¬ 
agine  they  approach  each  other  j  and  even 
a  connoiffeur  might,  from  viewing  the  out¬ 
line  of  thefe  figures  alone,  conceive  the  two 
fronts  were  parallel.  This  is  a  cafe  in  which 
I  rnufl:  own  the  perfpeSlive  reprefentation  of  an 
objedt  gives  an  idea  different  from  what  arifes 
by  viewing  the  real  objedt  itfelf ;  for  I  believe, 
if  the  real  houfe  Z  was  viewed  from  the  fitu- 
ation,  which  is  afligned  to  the  eye  in  this 
fcheme,  the  front  would  feem  to  recede  from 

the 
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the  p'ldure  in  an  obtufe  angle,  as  it  really 
does  ;  whereas  its  ferfpeBive  reprefentatwn 
leads  us  to  conclude,  that  this  front  is  ehher 
perpendicular  or  inclined  towards  the  pidurc 
in  an  acute  angle  ;  but  it  muft  be  rememb^- 
ed  that  Linear  PerfpeSike  only  fupplies  the 
out-line  of  objeds  j  and  if  this  out-hne  was 
filled  up  with  proper  {hades  and  colours,  it 
would,  I  conceive,  impart  as  perfe^  an  idea 
of  the  true  fituation  of  the  objedl  reprefcnted, 
as  arifes  from  viewing  the  objea  itfelf  from 
that  fituation  which  was  aflTigned  to  the  eye, 
when  the  faid  reprefentation  was  determined 

by  the  rules  of  perfpeaive.  ^ 

^  CXLVI.  The  true  fituation  of  an  upright 
plane  reclining  from  thepi6lure,is  rendered  lefs 
apparent  becaufe  the  reprefentations  of  other 
oUeds  do  not  contribute  to  point  it  out  But 
the  cafe  is  very  different  in  planes  which  re¬ 
cline  from  the  picture  below  the  horizontal 
plane,  or  which  conflitute  what  is  called  a 
down-hill  planer  becaufe  objefts  pofited  on 
fuch  planes  acquire  a  form  very  different  to 
what  they  would  have  if  they  flood  u^n  le¬ 
vel  ground.  In  order  to  render  this  affertion 
evident,  in  fig.  72,  are  reprefented  twofimilar 
rows  of  houfes,  one  Handing  on  level  ground, 
and -the  other  on  a  hill  defeending  from  the 
pidure  j  the  very  different  afped^  of  which 
fufficiently  charaderizes  the  inclined  fmia- 
tion  ;  and  therefore  1  am  obliged  to  dillent 

from  a  too  popular  opinion,  “  "Lhat  it  is  im- 
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fojfihle  to  draw  a  down-hill  view ;  becaufe,  fay 
its  advocates,  fuch  a  view  will  impart  to  the 
mind  a  conception,  that  the  objedls  are  litu- 
ated  on  an  afcending  plane ;  for  if  the  vanifh- 
ing  line  (V 1)  of  the  hill  is  high  er  than  the  bot¬ 
toms  of  the  houfes,  the  reprefentations  of 
thofe  bottoms  (which  tend  to  fome  point  in 
the  faid  vanishing  line)  muft  rife,  as  they  do 
in  this  example ;  or  if  the  faid  bottoms  of  the 
houfes  are  above  this  vanilhing  line,  then  they 
will  be  hid,  and  a  perfon  who  views  the  draw¬ 
ings  will  conceive  them  placed  in  a  ditch.  As 
this  argument  turns  upon  the  conceptions 
which  will  arife  from  viewing  fuch  drawings, 
1  confefs  myfelf  unable  to  decide,  unlefs  I  had 
heard  the  unbiaffed  opinion  of  great  numbers 
of  perfons,  on  viewing  fome  well  executed 
drawings  of  this  fort.  But  of  this  I  am  cer¬ 
tain,  from  mathematical  evidence,  that  the 
pidlure  formed  on  the  retina,  (Vide  Art.  30 
page  74)  by  viewing  the  prefent  fcheme,  has 
the  fame  outline  as  the  pidure,  which  would 
be  formed  on  the  retina,  by  viewing  a  row  of 
real  houfes  fituated  on  a  defcending  plane ; 
that  to  me,  this  reprefentation  does  not  appear 
to  be  the  reprefentation  of  a  row  of  houfes 
flanding  on  an  afcending  plane,  but  the  con¬ 
trary  ;  and  that  feveral  perfons  to  whom  I 
have  (hewn  a  drawing  of  this  kind  rudely  exe¬ 
cuted,  have  diredlly  pronounced  it  to  be  a  flreet 
going  down  hill.  And  I  have  no  doubt  but  if 
a.ny  good  artift  was  to  make  a  painting  or 

drawing 
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drawing  of  this  kind,  although  the  reprefen- 
tation  of  the  farther  end  of  the  defcending 
plane  would,  in  reality,  be  higher  than 
that  of  the  neareft  end,  the  moft  ignorant  per- 
fon  (who  in  this  cafe  would  be  the  moft  pro- 
per  iudse)  would  pronounce  it  to  defcend,  by 
the  teftimony  arifing  from  the  difpofitions  of 
the  objeds  which  infift  upon  it. 

problem  III. 

CXLVII.  Having  given  the  reprefentation 
(A  B,  fig.  47)  of  a  line  divided  in  a  certain  point 
(d) ;  aljo  its  vanijhing  point  (V ,)  to  find  the  pro- 
i)ortion  of  its  parts  (A  d  and  d  B.) 

Through-the  points  V  and  d  draw  any  two  ^ 
lines  (V  L  and  ad  b)  parallel  to  each  other ; 
affume  any  point  (D)  in  the  line  V  L,  and 
through  it,  and  the  extremities  of  the  given 
line  (A  B)  draw  lines  cutting  a  b  in  the  points 
a  and  b.  '  Then  will  a  d  and  d  b  have  the  fame 
proportion  to  each  other  as  the  originals  repre- 
fented  by  A  d  and  d  B. 

demonstration. 

•  Becaufe  V  L  pafles  through  the  vanilhing 
point  (V)  of  A  B,  it  may  be  confidered  as  the 
vanilhing  line  of  a  plane  pafiing  by  A  B  j  and 
becaufe  a  b  is  parallel  to  It,  it  is  the  reprefen¬ 
tation  of  a  line  parallel  to  the  pidlure  {Vide 
^  C4)  whofe  parts  (a  d  and  d  b)  have  the 

fame  proportion  to  each  other  as  the  originals 
^  repre- 
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reprefented  by  them  (by  §  59).  But  the  tri- 
angles  a  d  A  and  B  d  b,  are  the  reprefen ta- 
tions  of  fimilar  triangles  ;  becaufe  A  a  and  B  b 
reprefent  parallel  lines  §  17)  wherefore 
(by  E.6.4)  the  original  of  A  d:  original  of  dB 
(original  of  a  d  :  origin  of  d  b:;)  ad:dbrbv 
E5.11)  Q^E  D  ^  ^ 

PROBLEM  IV. 

I 

CXLVIII.  Th  draw  a  triangle  fmilar  to  one 
whofe  reprefentation  is  given }  the  vanijhing  line 
and  its  center  and  dijiance  the  plane  tn  which 
it  ts  fituatedi  being  alfo  given. 

Let  a  b  i  (fig.  82)  be  the  reprefentation  of 
a  triangle  fituated  in  a  working  planey  whofe 
vanilhing  line  is  V  L,  and  I  is  place  oj" the 
eye  (Vide  page  24  and  199,  &c.)  produce  the 
tides  of  the  triangle  to  their  vanifliing  points 
V,  L  and  d,  and  draw  the  difiance  lines  I L, 

I  V  and  I  d :  then  fuppofing  the  point  I  to 
correfpond  with  i  (^f  page  200  and  202)  if  a 
line  (A  B)  is  drawn  parallel  to  1 L,  cutting  the 
other  two  lines  any  where,  as  in  the  points  B 
and  A  j  a  triangle,  I  B  A,  will  thereby  be 
formed  fimilar  to  the  triangle  reprefented  by 
iab.  For  the  reafon  of  this  operation.  Vide 
Prob.  9,  page  213,  which  is  only  the  con- 
verfe  to  this. 

By  the  foregoing  problems  we  may  find  the 
magnitudes  and  pofitions  of  all  the  principal 
objc<fis  reprelented  in  a  picture ,  but  we  muft 

either 
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either  know  its  center  and  diftance,  or  have 
fome  other  data  which  is  primarily  derived 
therefrom,  before  we  can  attempt  their  folu- 
tion ;  the  center  and  diftance  of  any  perfpec- 
tive  drawing  fliould,  therefore,  always  be 
pointed  out,  if  we  would  extend  its  utihty 
farther  than  merely  to  amufe  the  eye.  Yet 
this  is  very  feldom  done  j  and  indeed  many 
very  fine  and  admirable  produftions  would 
difcover  much  impropriety  if  mcafured  with 
the  rigour  of  thefc  Problems.  The  following 
Problems  will,  in  many  cafes,  help  us  to  find 
the  center  and  diftance  of  the  pidure,  when 
the  angles  and  the  proportions  of  the  tides  ot 
fome  of  the  objeds  reprefented,  are  known. 

PROBLEM  V. 

CXLIX.  Having  given  the  reprefentation 
(A  B,  fig.  47)  of  a  line  divided  into  Hvo  parts, 
(A  d  and  d  B)  and  the  proportion  of  thofe  parts 
(A  d  and  d  B)  to  each  other-,  to  find  the  vamjhing 
point  of  the  faid  line. 

Through  d  draw,  at  pleafure,  the  line  ^  d  b, 
and  make  a  d  to  d  b  as  the  part  reprefented  by 
A  d  is  to  that  reprefented  by  dB.  Draw  ^  A  and 
b  B  cutting  each  other  in  D  ;  and  through  D 
draw  V  L  parallel  to  ab  ;  laftly,  produce  AB 
till  it  cuts  V  L  in  V,  which  will  be  its  vanifli- 

Vhis  is  only  the  converfe  of  Problem  III, 

^  COROL- 
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CL.  Hence  if  the  reprefen tation  of  two  dL 
vided  lines  are  given,  the  vanilhing  line  of  the 
plane  in  which  they  are  fituated,  may  be  found. 

§  89. 

PROBLEM  VJ, 

CLI.  The  reprefentation  (i  b  a,  fig.  82)  of  a 
triangle  being  given,  nvith  the  vanifiing  line, 
V  L,  oj  the  plane  in  ^ijohtch  it  is  ftiiated  j  as  alfa 
the  angles  of  the  faid  iria?igle  :  to  find  the  center 
and  diftance  I  S  of  the  given  vanifoing  line. 

Suppofe  i  b  a,  to  be  the  reprefentation  of  a 
right  -angled  triangle,  whofe  oblique  angles 
reprefented  by  b  a  i  and  b  i  a,  are  each  equal 
to  45°. 

Produce  the  fides  of  the  given  triangle  to 
their  vanifhing  points  V,  d  and  L  then  by 
E.3.33.  on  V  d  defcribe  the  fegment  of  a 
circle,  which  fliall  contain  an  angle  ecjual  to 
that  reprefented  by  b  i  2—45“.  Alfo  on  d  L 
defcribe  the  fegment  of  a  circle,  which  fliall 
contain  an  angle  equal  to  that  reprefented  by. 
bai,  (which  in  this  cafe  is  alfo  45°);  then 
from  the  point  (I)  where  thefe  two  arcs  cut 
each  other,  draw  I  S  perpendicular  to  V  L  j 
then  is  S  the  center,  and  I  S  the  diftance  of 
the  ^iven  vanfthing  line  V  L. 

D  E  M  O  N. 
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demons  T'R  a  T  t  0  N. 

In  §  32  it  was  demonftrated,  that  when  the 
place  of  the  eye  (I)  was  laid  down  on  the  pic¬ 
ture,  the  didance  lines  (I  V  and  I  d)  of  any 
vifuals  (i  V  and  i  d)  make  the  fame  angle  with 
each  other  as  the  original  line  reprefented  by 
thofe  vifuals }  wherefore  it  is  evident  (from  the 
condruftion  and  E.  3.  21)  that  the  place  of 
the  eye  (I)  mud  be  in  the  circumference  of 
both  the  circular  fegments ;  confequently  it 
mud  be  in  the  point  (I)  where  thofe  fegments 
cut  each  other*  E.  D* 

COROLLARY. 

CLIL  If  the  reprefentation  of  two  fides  of  a 
fquare  had  been  given,  it  is  eafy  to  perceive  how 
it  might  have  been  refolved  into  two  fuch  rights 
angled  triangles  as  is  reprefented  in  this  ex- 
arnple;  or  if  any  irregular  trapezium  of  a 
known  fimilarity  is  given,  it  may  be  refolved 
into  triangles,  whofe  angles  will  be  known  ^ 
*from  whence  the  center  and  didance  of  the 
vanifhing  line  may  in  like  manner  be  de¬ 
termined. 

Any  perfon  verfed  in  the  theory  and  prac¬ 
tice  o'f  perfpeaive,  will  eafily  find  thfe  hori¬ 
zontal  line  of  mod  drawings  or  paintings 
that  fall  under  his  obfervation  ;  ^nd,  if  the 
piece  is  executed  with  iTcill  and  propriety,  its 
and  Malice  will  be  pointed  out,  to  an 
.U  a  intelli- 
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intelligent  obferver,  by  feveral  concurring 
circumftances,  which  it  would  be  needlefs  to 
mention,  as  bv  this  time  I  conceive  the  reade 
(whom  I  fhall  now  ceafe  to  call  the  Learner 
has  fo  much  knowledge  of  the  theory  of  this 
art,  as  will  enable  him  to  extend  the  practice 
beyond  thofe  limits,  which  are  needful  to  be 
explained  in  books. 


CHAP. 
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CHAP.  XIV. 

Of  the  Anamcrphojis ;  and  the  reprefentation  of 
objects  on  irregular  furfaces  compofed  either  of 
curves  or  a  variety  of  planes,  as  the  fcenes  of  a 
theatre. 

I  SHALL  have  occahon  to  fay  but  little  on 
thefe  fubjefts,  the  firft  part  being  rather 
recreative  than  ufeful ;  and  the  other,  when 
taken  in  its  utmoft  latitude,  eafily  folved  by  a 
general  mechanical  procefs,  although  it 
might  require  much  ftudy  and  labour  to  invent 
and  perform  rules  for  the  fcientifical  folutions 
of  all  the  cafes  that  might  be  propofed.  ^ 

It  was  obferved  before,  that  when  the  pic¬ 
ture  is  inclined  to  the  original  objects,  their 
reprefentations  become  very  diffimilar  from 
them;  and  if  it  is  fituated  very  obliquel^y 
with  rcfpea  to  them  and  the  eye,  the 
reprefentations  will  not  convey  (unlefs  m  one 
certain  point)  any  ideas  of  thofe  objedts ;  but 
will  feem  a  confufed  heap  of  lines  drawn  at 
random.  This  being  the  cafe,  let  us  fuppofe 
A  BCD,  fig.  83,  to  be  a  regular  perfpedive 
drawing  on  a  pidurc,  whofe  center  is  C,_and 

diflance  C  I,  which  we  fuppofe  determined 

agree- 
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agreeable  to  Chap.  VI :  it  is  plain  that  if  this 
pidare  is  viewed  by  an  eye  at  I,  it  will  con¬ 
vey  a  juft  and  pleafing  idea  of  the  original  ob- 
jeds  which  are  reprefented  on  it.  Let  this 
pidure,  which  we  call  the  Prototype,  be  di¬ 
vided  into  any  number  of  fmall  fquares ;  anil 
by  the  top  A  B  of  the  prototype,  let  a  plane 
G  H  V  be  paired  at  pleafure,  fo  as  to  have  any 
obliquity  to  the  faid  prototype.  Then  if  the 
rays  which  come  from  the  fides  of  the  fquares 
drawn  on  the  piototype,  to  the  eye  at  I,  are 
continued  till  they  cut  the  oblique  plane 
GHV,  they  will  divide  that  part  of  it, 
A  B  G  H,  which  is  beyond  the  prototype,  into 
the  like  number  of  irregular  trapeziums,  (as  are 
exprefted  by  the  dotted  lines)  which  will  be 
more  or  lefs  unequal  and  irregular,  according  as 
the  plane  G  H  V  is  more  or  lefs  oblique  to  the 
prototype.  Let  whatever  is  contained  in  each 
fquare  of  the  prototype,  be  drawn  in  its  cor- 
refporiding  trapezium  on  the  plane  G  H  V ;  fo 
will  the  whole  trapezium  A  B  G  H  contain 
a  diftorted  reprefentation  of  the  regular  pic¬ 
ture  A  B  C  D,  but  which  to  the  eye,  at  I,  can¬ 
not  be  diftinguillied  from  that  regular  pidure 
or  prototype.  This  reprefentation  may  be  ob¬ 
tained  two  ways :  the  firft  by  the  rules  of  per- 
fpedivej  for  if  we  confider  the  inclined  plane 
G  H  V  as  the  pidure,  and  I  as  the  place  of 
the  eye ;  then  a  perpendicular  I  S  drawn  from 
the  eye  to  the  pidure,  will  give  S  for  its  cen¬ 
ter,  and  S  I  for  its  diftance  ^  and  if  the  pro¬ 
totype 
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totypc  A  B  C  D  is  confidcrcd  ss  sn  orig-in3.1 
plane,  whofe  entering  line  is  A  B,  VI  being 
drawn  through  the  eye  parallel  to  the  perpen¬ 
dicular  fide  of  the  fquares  of ^  the  prototype, 
will  give  V  for  their  vaniihing  point,  and 
V  I  for  their  diftance.  We  are  now  furniih- 
ed  with  all  the  requifites  for  reprefenting  the 
fquares  of  the  prototype  in  perfpedlive,  as  is 
exemplified  by  the  lines  diftinguilhed  by  the 
Italic  Capitals,  which  exadtly  correfpond  to 
thofe  marked  by  the  Roman  Capitals  already 
defcribed.  To  make  this  diftorted  reprefenta- 
tion  appear  regular,  we  mufi:  raife  at  ^  a  line,  or 
fmall  flick,  having  at  top  a  plate  with  a  fmall 
hole  in  it,  perpendicular  to  the  plane  of  the 
paper,  and  equal  to  S I  or  S  I then  provide  a 
fquare  frame  of  the  fame  fize  with  the  proto¬ 
type  A  B  C  D  ;  place  one  fide  to  coincide  with 
A  B,  and  incline  it  to  the  plane  on  which  the 
deformed  reprefentation  is  drawn,  in  an  angle 
equal  io  S  V I  i  then  if  viewed  through  the 
hole  already  defcribed,  the  deformed  reprefen¬ 
tation,  or  anamorphofis,  will  exadtly  fill  the 
fquare  frame,  and  appear  as  regular  as  the  prp- 

totype  A  B  C  D.  i 

It  muft  be  obferved  that  the  diftance  of  the 
eye,  I,  from  the  line  A  B,  that  is,  the  line 
I M  OT  IM,  ought  never  to  be  lefs  than  fix  in¬ 
ches  ;  for  if  it  is,  as  in  our  plate,  the  eye,  when 
placed  to  view  the  anamorphofis,  will  not  have 
diflindl  vifion  of  the  neareft  parts  of  it,thc  rays 

at  fo  fmall  a  diflance  diverging  too  much  to  be 

united 
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united  on  the  retina  by  the  humours  of  the 
eye.  Vide  page  75. 

The  fecond  method  to  find  the  irregular 
trappeziums  which  anfwer  to  the  fquares  of  the 
prototype,  is  more  general  and  eafy,  although 
wholly  mechanical ;  for,  inftead  of  the  pro¬ 
totype,  let  us  fuppofe  a  frame  of  the  fame  di- 
menfions  exactly  divided  into  the  fame  num¬ 
ber  of  fmall  fquares,  by  means  of  threads 
eroding  each  other,  to  be  put  in  the  place  of 
the  prototype  A  B  C  D ;  and  at  I,  where  the 
eye  was  fuppofed  to  be  fituated,  let  the  flame 
of  a  lamp  be  placed  (which  is  better  than  a 
candle,  becaufe  it  will  not  alter  its  fituation  by 
burning  lower)  then  it  is  evident  the  fhadows 
‘of  the  threads  on  the  frame  A  B  C  D,  will 
produce  on  the  inclined  plane  G  H  V,  thofe 
irregular  trappeziums  which  are  the  reprefenta- 
tions  of  the*  fquares  on  the  prototype,  which 
may  be  traced  over,  and  filled  up  as  before  di¬ 
rected. 

If  inflead  of  a  plane,  as  G  H  V,  we  have  any 
other  kind  of  furface,  either  concave  or  convex, 
or  mixed  and  comprizeO  of  feveral  concave, 
convex  and  plain  furfaces  joined  together  in  a 
manner  ever  fo  irregular,  it  is  eafy  to  con¬ 
ceive,  that  the  fliadows  of  the  threads  will 
divide  this  irregular  furface  into  fpaces,  which 
anfwer  to  the  fquares  on  the  prototype. 

N.B.  Care  mufl  be  taken  if  the  prototype  is 
a  perfpeCtive  drawing  of  various  objeCts,  that 
|;he  flame  of  the  lamp  be  placed  in  the  true 

point 
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of  fielit  wfiich  the  eye  ought  to  he  In 

that  drawing,  agreeable  to  what  was  obferved 

Id"  ^ 

This  thought,  purfued  a  little  farther,  may 
hint  an  eafy  method  of  drawing  the  fcenery 
of  theatres  j  for  if  the  prototype  is  rnade  to 
confift  of  fuch  a  perjpe^ive  reprejentcjtton,  as  is 
to  refult  from  the  whole  fcenery  put  together, 
(in  the  drawing  of  which  prototype  the  cur¬ 
tain  may  be  confidered  as  the  pidure,  and  the 
eye  may  be  fuppofed  fituated  juft  above  the 
imddle  of  the  front  boxes,  or  the  bottom  ot 
the  lower  gallery)  and  if  a  reticulated  fram^e  is 
placed  in  lieu  of  the  curtain,  behind  which 
planes  are  to  be  fituated  in  fuch  a  manner  as 
may  be  moft  convenient  for  the  adion  of  the 
Drama  j  and  if  a  lamp  is  placed  m  the  fttua- 
tion  chofen  for  the  eye  when  the  prototype  was 
drawn,  the  ftiadows  of  the  fquares  of  the  reti¬ 
culated  curtain  will  mark  on  the  fev'eral  planes 
placed  behind  it  (which  are  the  fcenes^,  the 
fpaces  which  are  to  be  filled  up  from  the  pro¬ 
totype  firft  drawn.  This  method  perhaps, 
will  be  more  pradicable  if  a  model  of  the 
ftaee,  and  the  fituation  chofen  for  the  eye,  is 
made  on  a  fmali  fcale ;  became,  ethereal 
theatre,  the  ftiadows  of  the  threads  will  be 
indiftina,by  reafon  of  the  great  diftance  which 
the  front  boxes  (where  the  lamp  is  to  be 
placed)  are  from  the  back  part  of  the  ft  age 
where  the  moft  remote  flat  Icene,  which 
boundsthe  whole  view,muft  be.  This 


aflifted  with  the  theory  of  vaniHiing  points  and 
lines,  explained  in  Chap.  VIII.  will  enable  the 
reader  to  amufe  himfelf  with  difpofing  a  num-r 
her  of  perfpeftive  reprefentations  together,  in 
fuch  a  manner  as  to  afford  the  moft  beautiful 
and  natural  appearances  imaginable.  Th^’re 
is  a.  method  ftill  better  than  this.  If  when  the 
prototype  is  drawn,  we  alfo  mark  out  thereon 

the  perfpedive  reprefentations  ofthatpartof  the 

ftage  on  which  the  adion  is  to  be  performed, 
and  alfo  draw  the  reprefentations  of  the 
planes,  which  are  to  receive  the  fcenery  ac¬ 
cording  to  the  fituation  in  which  they  muff  be 
placed  on  the  flage ;  then  it  is  evident  the 
v/hole  prototype  will  fall  upon  one  or  other 
of  thefe  reprefented  planes ;  and  If  on  the  real 
planes,  or  fcenes,  the  images  are  copied 
which  fall  on  the  reprefentations  of  thofe 
planes,  according  to  the  meafures  and  por¬ 
tions  which  may  be  obtained  by  the  lafl  chap¬ 
ter  }  the  whole  will,  when  fet  up  in  their  pro¬ 
per  places,  paint  on  the  retina  of  the  eye  the 
fame  pidure  as  is  formed  by  viewing  the  pro¬ 
totype  from  the  proper  point  of  fight.  I  only 
offer  thefe  hints  for  the  intelligent,  w^hofe  bu- 
finefs  or  pleafure  may  incline  them  to  repre¬ 
fentations  of  this  kind ;  and  who  will  be  able 
to  underfland  me  without  a  long  train  of 
words  and  fchemes,  which  would  only  en¬ 
hance  the  bulk  and  price  of  this  work  with 
yvhat  is  not  generally  ufeful. 
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